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Abstract. The spiral arms of disk galaxies are very sensitive to various
morphological properties, such as, the gas content, the disk-to-bulge ratio
etc. Here, the stability of self-gravitating annular disks surrounding the
central rigid bulge component has been studied in order to explain the
transition from the tight spiral arms in Sa galaxies to rather open
patterns in Sc galaxies as the central amorphous component diminishes.
Smooth spiral patterns are found associated with the dominant (or the
fastest growing) modes of the system. When the disk-to-bulge mass
ratio is small, a tight pattern results restricted to the inner regions of the
disk. This pattern opens up and occupies larger disk areas as the disk
component becomes comparable to the bulge. It is found here that
the ‘ explosive ‘ instabilities of the global density waves do not occur in
the presence of a massive bulge. The growth-rates of the eigen-modes
decrease as the disk-to-bulge mass ratio decreases. It is also found that
unstable modes of the annular disk can be suppressed by increasing
the thermal pressure sufficiently.
Key words: global density waves—spiral galaxies—disk-bulge systems

1. Introduction
The density-wave theory has been the most successful approach in explaining the
spiral structure of disk galaxies (Lin and Shu 1964, 1966; Lin, Yuan and Shu 1969).
However, these ‘local’ density-wave theories are based on asymptotic approximations and face severe theoretical difficulties, viz. the anti-spirality (Lynden-Bell and
Ostriker 1967; Shu 1970) and the problem of radial propagation of these waves
(Toomre 1969). These problems can be removed to some extent by invoking certain excitation mechanisms for the density waves (Kato 1970; Mark 1977; Ambastha
Α.—3
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and Varma 1978; Bertin and Mark 1978) and, alternatively, by considering the nonlinear effects on the local density waves (Norman 1978).
Such asymptotic theories, which are essentially based on the assumption of tightly
wrapped spiral waves, are obviously inappropriate for the study of galactic systems
having rather open spiral structures. In fact, even the origin of the spiral structure
remains unclear, as these theories assume, a priori, the existence of a quasi-stationary
spiral structure (QSSS) and then proceed to study its consequences through a dispersion relation. However, there have been some attempts to relax the assumption
of tight winding by including the terms of higher order in the asymptotic studies
(see the review by Bertin 1980). But, for a complete understanding of the largescale stability of the disks, a global approach with suitable boundary conditions
has to be undertaken (lye 1978; Aoki, Noguchi and Iye 1979; Pannatoni and
Lau 1979). Ambastha (1981) has studied the global stability of a large
number of flat disk models in the form of an eigen-value problem with
increasing central density and thermal energy of the disk. A large number
of unstable modes are allowed in cold disks, the fastest-growing mode exhibiting
the tightest patterns. As the central condensation increases, modes with
smaller growth rates are stabilized. On the other hand, an increase in the thermal
energy affects the tight spiral modes more appreciably and stabilizes them. In almost
all cold disks, with no thermal or internal energy, there exists a number of ‘explosive’
modes with large growth-rates as compared to their pattern-frequencies. However,
some computer simulations (Hohl 1976), as well as studies of global modes (Takahara
1978) have found that the ‘ explosive ‘ instabilities could be suppressed to some extent
if extensive halos existed around the flat disk. We find here that a massive central
bulge may also have a pronounced effect on the density waves sustained by the annular disk surrounding it.
The central bulge or the spheroidal subsystem of the disk galaxies may vary from
a very massive and prominent one as in NGC 4594 to extremely small sizes as in
NGC 4565. Also, there are galaxies with essentially no bulge, for instance, NGC
598 and NGC 5204. Though the spiral patterns are the characteristic features of the
flat disk component, their physical appearance seems to be governed by the size and
the massiveness of the bulge which itself does not exhibit any such features. Sandage, Freeman and Stokes (1970) and Freeman (1970) have discussed the role of the
disk-to-bulge ratio in the classification of normal spiral galaxies. The bulges, in fact,
comprise of old stars with large random velocities and hence they have a spheroidal
spread. They do not possess any significant circular rotation and can be assumed
to be rigid and stationary. On the other hand, the disk consists of massive young
stars, gas and dust clouds and other population I objects apart from a background
distribution of intermediate class of population II stars. The grand spiral arms are
delineated by these young objects and appear to originate symmetrically from the
edge of the central bulge. These spiral tracers are distributed in a ring within
2 kpc < r < 16 kpc with a peak in density at r ~ 4–6 kpc in our Galaxy. (Gordon
and Burton 1976; Stecker 1976; Hart and Pedlar 1976; Kodaira 1974).
Considering such a picture of the disk galaxies we have divided the model under
investigation here into two subsystems-viz. the fixed, central spherical bulge and the
flat disk surrounding it–in order to carry out the stability analysis and to understand
the effect of the bulge-to-disk ratio on. the density waves sustained by the annular
disk. The problem has been posed as an eigen–value problem and the allowed modes
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of oscillation in the plane of disk are obtained under the combined influence of the
self-consistent potential of the disk and the external potential contributed by the
bulge.
We have considered a wide range of values of the ratio of disk mass to the mass
of the bulge and also the ratio of the bulge radius to the radius of the disk. Various
components of the disk, like gas, dust and young objects have been assumed to constitute a single averaged smeared-out distribution and hence one-component hydrodynamic equations have been used to describe the dynamics of the material constituting the disk. The surface-density profile considered for the annular disk is of a
similar form as that of the radial distribution of the spiral tracers in disk galaxies.
In a mathematically similar attempt, Yabushita (1969) has studied the stability
of Saturnian rings against axisymmetric (m = 0) perturbations under the potential
of the massive planet and determined the ratio of the mass of the rings to the mass
of the planet in order that the rings may be stable. However, in the galactic context
of the spiral structures, one is interested in the non-axisymmetric (m ≠ 0) modes in
pressureless as well as warm disks.
We consider the basic equations describing the dynamics of the disk in Section 2;
the equilibrium of disk-bulge system is defined in Section 3. The stability of the
equilibrium state against small amplitude perturbations is formulated in Section 4.
Section 5 discusses the results in detail and some conclusions are derived in
Section 6.
2. Basic equations
In this Section we consider the hydrodynamic equations governing the dynamics of
the flat disk around the fixed central bulge. The disk is rotating about an axis perpendicular to its plane and passing through the centre of the bulge. In what follows,
we have used the cylindrical coordinates.
The continuity equation of the disk is given by
(1.1)
where σ (r, θ, t) is the surface-density at a point on the annular disk; u(r, θ, t) and
υ(r, θ, t) are the radial and the azimuthal velocities, which are given by the momentum conservation equations as
(1.2)

(1.3)

Here, ψd (r, θ, t), ψb (r), p(r, θ, t) represent the self-consistent potential of the
disk, the fixed potential exerted by the central bulge and the pressure, respectively.
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The gravitational potential of the disk ψd (r, θ, t), corresponding to the surfacedensity σ (r, θ, t), is given by Poisson’s equation
(1.4)
The term ∂ψb/∂ r representing the gravitational force at a point on the disk due to
the bulge has been defined in Section 3.
Finally, we assume a polytropic relation for pressure in the form
(1.5)
for the closure of the set of Equations (1.1) – (1.4). Here, c represents a measure of
the ‘ warmness ‘ of the disk and γ is the polytropic index.
3. Equilibrium of the disk-bulge system
Let us now consider a general axisymmetric surface-density distribution in a flat
annular disk

(2.1)
where
(2.2)
Here, J0 (x) and Y0 (x) are Bessel functions of order zero and λ(0)
j denote the roots
of the transcendental equation
(2.3)
Also, Gj(0) in Equation (2.2) are defined as
(2.4)
in order to ensure the vanishing of the surface-density at both the edges of the annular
disk, i.e. at the inner radius r = a, and the outer edge r = b.
The roots of Equation (2.3), λ(0)j , would depend on the specification of the disk
boundary. We have listed the zeros λ(m)
of Fm (λ(m)
j
j r) = 0 at r = a in Table 1 for
a/b (≡ a) = 0·25, 0·5 and 0·75 and m = 0 and 2. The functions Fm (x); as constructed according to Equation (2.2), are orthogonal.
Now, any density distribution can be constructed in the form (2.1) by choosing
appropriate coefficients of expansion, aj, which can be found by using the orthogo-
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Table 1. Roots of Fjrm = 0 at r = a and r = b.

nality of the functions, F0 (λ(0)
j r). Thus, it should suffice here if we consider a
particular distribution of the form

(2.5)
where λ0 is the smallest root of the Equation (2.3).
The gravitational potential in the plane of the axisymmetric flat disk corresponding to a given surface-density distribution is obtained by using the Hankel transform A (ω~) of σ0(r) such that
(2.6)
This can be inverted to obtain

(cf. Clutton-Brock 1972). Correspondingly, the potential is given by
(2.7)
On substituting for σ0 (r) from Equation (2.5) in Equation (2.6), one gets
(2.8)
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~ from Equation (2.8), the gravitational potential in the plane
On substituting for A0 (ω)
of the disk can be obtained, following Yabushita (1969), as
(2.9)
where I0 (x) and K0 (x) are modified Bessel functions of first and second kind and
order zero.
The equation of continuity (1.1) and the azimuthal component of the momentum
conservation equation (1.3) are satisfied identically for the axisymmetric equilibrium
disk, while the radial component of the momentum conservation equation (1.2)
yields the rotational velocity of the disk as
(2.10)
where Mb denotes the mass of the central spherical bulge. Here, GMb/r2 is the
external gravitational force exerted by the fixed bulge and dψd/dr represents the
self-consistent potential of the disk component. The azimuthal velocity, V0(r),
can thus be obtained by Equation (2.10) once the nature of the pressure force is
specified.
Now, we define the non-dimensional quantities σ^ (ξ), ψ^ (ξ) etc. such that

and
(2.11)
where ξ = r/b.
Thus, using the definitions (2.11) in Equation (2.10), we get the non-dimensional
radial equation of motion
(2.12)
where the net mass of the system is

and β = Md /Mb.
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The surface-density profiles for various values of the disk-to-bulge mass ratio
(≡ β) are shown in Fig. 1. As the mass of the bulge decreases, the mass of the disk
increases so as to keep the net mass Μ fixed. In all these cases, the ratio of the inner
and the outer radii is kept constant at α = 0·25. The circular-velocity profile is only
slightly altered if β is varied. Fig. 2 exhibits the surface-density and rotational
profiles for β = 0·2 and various values of α.
It should be noted here that, for a physical and realistic disk, the following
criteria should be satisfied throughout the disk
(2.13a)
(2.13b)
and
(2.13c)
Ω0 and K0 being the angular and epicyclic frequencies, respectively.
Here, the disks do not satisfy the condition (2.13a) when α 0·75 and β > 0·5.
The condition (2.13c) also does not hold good for disks with α 0·75. Table 2
shows the azimuthal velocities at the inner and the outer edges of the disk for some
values of the parameters α and β.

⋜

⋜

Figure 1. The radial profiles of surface density and circular velocity for various values of Md/Mb
and a/b = 0·25.
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Figure 2. The radial profiles of surface density and circular velocity for two values of inner-to-outer
radii of the disk and M d/Mb = 0·20.

4. Normal mode analysis of the perturbed disk
We consider an infinitesimally small perturbation in the gravitational potential of the
annular disk, which in turn perturbs the surface density, velocity etc. of the equilibrium disk (as defined in Section 3). Since the boundaries of the disk are free to
move, we now have

and
(3.1)
for the inner and the outer radii of the perturbed disk. Here, εa and εb are some small
quantities of first order in the perturbation. One can linearize the basic hydrodynamic equations (1.1)—(1.5) governing the system and obtain the following set
of equations for the perturbed quantities:
(3.2)
Table 2. Circular velocities for disk-bulge systems at inner and outer edges of the disk.

Note:
The condition

dΩ 0 ( ξ )
dξ

< 0 does not hold inside the box.
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(3.3)
(3.4)

~
~
where σ~ (ξ, θ, Ƭ), ~
u (ξ, θ, Ƭ), υ~ (ξ, θ, Ƭ ), P (ξ, θ, Ƭ), ψ d (ξ, θ, Ƭ) are perturbed
density, velocities, pressure and potential, respectively and Ƭ is a non-dimensional
time, given by

The bulge being rigid and stationary, the perturbations of the bulge density etc. have
been neglected and hence it does not contribute to the perturbed equations apart
from influencing the rotational profile of the system.
Since the equilibrium density distribution, σ0 (ξ), is redistributed due to a perturbation in the gravitational potential, which itself corresponds to a small density perturbation, σ1(ξ, θ, τ), the net surface density of the annular disk can be written as
(3.5)
where Λ0 is the smallest root of the transcendental equation
(3.6)
at ξ = a(Ƭ ) and ξ = b(Ƭ ). Let us write
(3.7)

where λ(m)
are the roots of the equation
k

and where

with
Similarly, one can also expand the perturbed density, σ1 (ξ, θ, Ƭ) as
(3.8)
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Here,

Thus the net surface density in the disk is
(3.9)
where we have defined Ck = Ek + Dk which is to be determined later. Now, the
potential ψ^ (m)κ (ξ ) corresponding to the surface-density distribution Fm (λ(m)
κ ξ) can
be written in a non-dimensional form as

(3.10)
as in Equation (2.9). The net potential is hence
(3.11)

Considering the azimuthal and the time dependence of the form
(3.12)
for all the perturbed quantities, and by adding to and subtracting from Equation
(3.3) i times Equation (3.4), one obtains

(3.13)

(3.14)
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and
(3.15)
And the perturbed pressure p^ (ξ) in Equations (3.13) and (3.14) is given by
(3.16)
using Equation (1.5).
We expand the perturbed quantities u^ – iv^ and u^ + iv^ as
(3.17)
and
(3.18)
where the coefficients of expansion Ak, Bk are to be determined. Substituting the
expansions for the perturbed quantities from the Equations (3.9), (3.11), (3.16)–(3.18)
in the set of Equations (3.13)–(3.15) and carrying out the necessary simplifications,
one obtains the following equations:

(3.13a)

(3.14a)
and

(3.15a)
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where we have defined

(3.19)
and
(3.20)
In all the above equations, we have dropped the superscript m from the roots λ (m)
k for
brevity.
Now, we multiply the Equations (3.13a)–(3.15a) by ξFm (λj ξ), ξFm-1 (λjξ) and
ξFm+1 (λj, ξ), respectively and integrate the resulting equations over the annular disk
in the interval (α, 1) to get an infinite s et of algebraic equations:
(3.13b)

(3.14b)

(3.15b)
with the coefficients P kj, Qkj etc. as defined in Appendix. Equations (3.13b)–
(3.15b) can conveniently be written in a matrix from as an eigen-value problem

(3.21)

or
where P, Q, R, .. represent infinite-dimensional matrices and M, consequently, is a
3 ∞ × 3 ∞ matrix.
Equation (3.21) is an eigen-value value problem for the perturba~ (ξ ,θ, Ƭ) etc. in the plane of the disk with the ω as the eigen-values
tions σ~(ξ, θ, Ƭ), ψ
and Z {≡ (A, B, C )†} representing corresponding eigen-functions.
The matrix Μ is real and, in general, is non-symmetric. Hence, the eigen-value
problem would permit real and/or complex conjugate pairs of eigen-values. The
complex eigen-modes will be associated with complex eigen-functions, contributing
radial phase shifts in the location of the maxima of the perturbations. Thus, the
complex eigen-modes may naturally allow spiral patterns in the disk. This result—
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that only complex modes admit spiral patterns—confirms the ‘antispiral’ theorem
according to which no spiral waves are allowed to be associated with the neutral (or,
purely oscillatory) modes
It is impossible to solve the eigen-value problem given by Equation (3.21) as it
stands, with infinite-dimensional matrices, and suitable truncated forms of Μ and Ζ
have to be employed. Of course, the convergence of the resulting modes of oscillations is to be ensured.
In order to study the eigen-patterns associated with the perturbations in a satisfactory way, we have plotted here the amplitudes of the perturbation, say, the surface
density perturbation, at a large number of points, in-and out-side the annular disk
boundaries. The results have been presented in a three-dimensional form.

5. Results and discussion
In this Section, we discuss the results of the eigen-value problem for the stability
of the annular disk under the combined influence of the external field of the central
bulge and the collective field of the disk. The surface density adopted vanishes
at both the boundaries. In fact, such a density distribution represents the young
objects, viz. the spiral tracers in galactic disks, which are only a small fraction of the
total mass of the disk. Thus, we have ignored the background population of the
intermediately old population II stars which have an exponential distribution in the
disk. However, we have already investigated the problem of the stability of disks
where the collective effects of the entire system has been considered (Ambastha 1981).
Here, our interest lies mainly in the study of the effects of a fixed bulge component
on the density waves sustained by the gaseous disk. For this reason, and also to
avoid the presence of the singularities at the edges, we have considered that the density vanishes at the boundaries. In a separate paper, we would consider the effect—
on the density waves in the disk—of the field generated by a static distribution of the
old population II stars in the disk besides that due to the central bulge.
Here, all the eigenvalues, real as well as complex, corresponding to a truncated
Ν × Ν matrix are obtained by using similarity transformation method for the evaluation of the eigen-value problem. The real modes exhibit spoke-like features because
of the fact that the neutral modes do not yield radial phase shifts, which would otherwise be contributed by the imaginary part of the eigen-functions in the case of the
complex modes. Thus, only the complex modes may provide spirals, and only those
which are associated with unstable modes would survive in the disk. For this reason,
we have considered here only the growing modes in detail. Since the matrix Μ is
nonsymmetric, with no regular or well-defined variations in the magnitude of the
matrix elements away from the diagonal, it is not possible to evaluate, exactly, all
the eigen-values and the associated eigen-functions of the truncated matrix. As the
dimension of the truncated matrix is increased, one expects to refine the eigen-modes;
however, the numerical errors start becoming significant for larger matrices and
hence one cannot increase the dimension of the matrix without limit. We have considered here in most cases, matrices of the order of 45 × 45. Only those modes have
been discussed which exhibit a reasonable convergence and the rest of them are
ignored while discussing the spiral patterns.
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Table 3. The principal mode for various disk-bulge models (cold disk).

The convergence of the eigen-frequency of the fastest-growing (or the principal)
mode as the dimension of the matrix Μ is increased, is shown in Table 3 for m = 2
(bisymmetric) perturbation in cold disk with α = 0·25 and β= 1·0. It can be seen
that the relative variations in the real and the imaginary parts of the eigen-value, ω
defined by

are fairly small. Here the superscripts denote the dimension of the matrices used.
For instance, considering i = 45 and j = 39, one obtains ∆ ωr = 1·4 × 10–4 and
∆ ωi =7 ×10–2.
Fig. 3 compares the eigen-patterns for the principal mode with m = 2 as obtained
from a 27 × 27 matrix and a 45 × 45 matrix. It can be noticed here that the
patterns remain essentially unaltered by an increase in the size of the matrix considered, confirming thereby the proper convergence of the frequency, as well as the
eigen-functions of the principal mode.

Figure 3. The bi-symmetnc (m = 2) principal (fastest-growing) eigen-mode as obtained by 27×27
and 45×45 matrices. Notice that the patterns are unaltered apart from a small rotational shift in
resulting patterns.
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Table 4. The convergence of various eigen-frequencies of the annular disk with the increase in the
number of segments in the interval (a, b). m = 2, a/b = 0·25, Md/Mb = 0·5, c = 0 (cold disk).

Now, the matrix elements such as Pkj, Qkj, which are certain integrated quantities
over the disk, are obtained by using a 32-point Gaussian quadrature. To check the
accuracy of the matrix elements themselves, we divide the interval (α, 1) in more
segments and then use the quadrature in each segment. The net quantities are
obtained by summing up the contributions from each segment. Table 4 shows the
allowed modes with nd = 1, 2 and 3, where nd is the number of divisions in the interval (α, 1). The relative errors for the first two modes are fairly small, while the two
lower modes do not appear to be valid unstable modes of the system since the errors
are large for them. We notice that as one adopts more accurate quadratures, these
unstable modes disappear (i.e. stabilized) and do not yield spiral patterns. In our
calculations, we have used nd =3.
In almost all the cases, we find that the principal mode shows a fairly smooth
spiral pattern. We do not find any ‘explosive’ modes, with ωi > ωr, in our calculations. Also, there are no unstable modes in the disks with α = 0·5, 0·75 when
β < 0·25. Thus, massive bulge appears to suppress the unstable modes completely.
A similar result is obtained by Hohl (1976) and Berman, Brownrigg and Hockney
(1979) that bar instabilities are completely quenched in the presence of massive halo
around the flat disk. We find here that the central spherical bulge also acts in a
similar fashion. However, for the disks with α = 0·25 this is not the case even with
the bulges as massive as 50 M d (i.e. β ~ 0·02). Thus the suppression of the unstable
modes is not efficient if the central bulge is confined to a smaller region. The pattern
velocity ( ≡ – ω i/m) and the amplification rates (≡ ωi) for the principal mode,
with m = 2, are listed in Table 5. As the bulge decreases, the pattern velocity also
decreases, which implies that the dominant pattern rotates slower in systems with
smaller bulge content. On the other hand, the amplification rate decreases as the
bulge increases (or β decreases). However, in the disks with 0·4 < β < 3·0 and
α = 0·25, ω i remains essentially constant.
Table 5. Convergence of eigenmodes with the increase in the dimension of the matrix M.
m = 2, c = 0 (cold disk), a/b = 0·25, Md/Mb = 1·0.
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Fig. 4 shows the two armed patterns associated with the principal mode in the
cold disks with α = 0·25 and with gradually increasing β. The spirals are smooth
and tightly wrapped in the systems with massive bulge component (small β). It is
noticed that the resulting patterns are strongly wrapped towards the central inner
edge of the disk. However, as β increases (or the bulge diminishes) the patterns
open up and spread over the entire disk. Thus, we find here that the spiral patterns
tend to be more open in the systems with smaller central bulge. Such a feature would,
probably in a more rigorous study with the background population II stars in the
disk, help the understanding of the transition of Sa → Sc galaxies.
Takahara (1978), Aoki, Noguchi and Iye (1979) and Ambastha and Varma (1981)
pointed out that the global density waves in self-gravitating disks can be suppressed
if the thermal energy (or pressure) is increased. In moderately warm disks, the
snort wavelength (or the tightly wound) modes are significantly affected by the pressure. We obtain a similar result here in the case of disk-bulge systems also. Table 6

Figure 4. The bisymmetric (m = 2) surface-density perturbation Patterns associated with the
principal mode.The sequence exhibits the patterns in the disks with decreasing bulge mass.
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Table 6. Effect of thermal pressure on unstable modes, (m = 2), M d/Mb = 1·0, a/b = 0·25.

shows the frequencies in. ‘hot’ disks for β = 1·0, α = 0·25 and m = 2. As the pressure (measured by the parameter c) increases, the amplification rate of the principal
mode decreases and finally vanishes completely at c = 0·03. The second unstable
mode follows this trend at c ≳ 0·015. Fig. 5 shows the pattern of oscillation associated with the density perturbations for the principal mode when β = 1·0. α = 0·25
and c = 0·002. We find that the peaks near the inner edge remain unchanged, whereas, the amplitude near the outer edge exhibits an abrupt jump.
In all cases, the eigen-patterns rotate in a clock-wise sense.

Figure 5. The principal bisymmetric mode in a hot disk, with the measure of ‘hotness’,
c = 0·002.
A.–4
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6. Conclusions

In all cold disks, there exist modes with large growth rates, which represent the
‘explosive’ or violent instabilities of the system. Such modes, however, cannot
grow indefinitely, since the energy content of the disk is not infinite. Their growth
would be affected by nonlinear effects and also by large halo enveloping the disk.
We show here that such instabilities may not occur in the presence of massive central
bulge of the galactic systems.
We find here some indications that the nature of the spiral patterns would depend
on the disk-to-bulge ratio. The dominant mode shows a regular and smooth spiral
pattern, which opens up and covers entire disk as the central bulge diminishes. This
may, in some sense, explain the transition from Sa to Sc type as the amorphous
bulge decreases in the galactic systems. There exist some modes with ω i << ωr growing very slowly compared to the principal mode and show broken and ill-defined
patterns, suggesting that the principal mode may dominate the system ultimately.
However, only a nonlinear analysis governing the evolution of the system would
resolve this problem.
It may be interesting to consider the possibility of the disk continuing inside the
bulge. However, the bulge has been considered here as fixed and spherical in shape
such that the potential contributed by it at a point, external to its surface, can simply
be assumed as the potential of a point mass placed at the centre of the system. If the
disk continues inside the bulge, the potential of the bulge has to be modified accordingly.
A study of the effect of various fixed population II distributions on the stability
of the annular disks is being carried out.
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Appendix
We list here the expressions for the matrix elements constituting the infinite
sub-matrices, Ρ, Q, R ... of the eigen-matrix, M:
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where, we have defined

and
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Also, Mj, M'j and M"j are defined as

In all the above expressions, we have represented Bessel’s functions, for brevity, as
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