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In this paper, we present a modiBed version of the Pereyra–Rosen algorithm to the solution of
ill-conditioned linear and nonlinear inverse problems arising in gravimetry. We perform a sensitivity
analysis of the solution to the two main tuning parameters of this algorithm, comparing its solution with
LSQR and the truncated SVD. First, we show the application to a general-purpose linear system whose
system matrix has been created by conditional simulation and whose solution is known and to a synthetic
1D gravimetric problem for two different geological set-ups (smooth Gaussian and blocky geophysical
anomalies) in the noise-free and noisy cases. The Pereyra–Rosen algorithm provides very good results
using a reduced number of column vectors of the system matrix. We Bnally show the fast inversion of a
real gravity proBle in the Atacama Desert (north Chile). The algorithm is well suited for the solution of
large-scale ill-conditioned linear problems as the ones encountered in the Bne discretization of continuous
linear inverse problems in several dimensions and in the iterative linearization of nonlinear inverse
problems in several Belds of geosciences.
Keywords. Geophysical inversion; Pereyra–Rosen pseudoinverse; basin exploration; gravimetry.

1. Introduction
Solving linear systems of the kind Ax ¼ b in a
robust way is one of the main challenges in many
linear and nonlinear inverse problems. In the case
of nonlinear problems, this kind of systems appear
related to linearization around a model x0 that
changes iteratively as the local optimization
advances.
Many different methods exist in the scientiBc
literature for that purpose (e.g., Haber 1997; Saad
2003; Davis 2006) using different strategies to
achieve their solution. Ill-conditioning is an

additional complexity appearing in the solution of
large-scale linear systems, that can be geometrically related to the eccentricity of the linear region
of equivalence (Fern
andez Martınez et al. 2013),
and it is the main cause of ill-posedness. Hadamard
(1923) deBned the concept of ill-posed problems as
problems with no solution, with no unique solution,
or those that lack of continuity with respect to the
data (unstable or ill-conditioned).
In 1963, Tikhonov introduced the concept of
regularization to face the ill-conditioning numerically and achieving stable and unique solutions.
Parker (1977) conceived a weighted regularization
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in order to obtain a model that Bt the observed
data and fulBlled at the same time some speciBc
features. With significant advances in regularization techniques (Hanke 1995; Engl et al. 1996;
Hansen 1997), the main problem consists in
implementation of the regularization in large scale
problems and in choosing the optimum regularization technique for a speciBc problem.
Another class of methods for solving large-scale
ill-conditioned linear systems is based on the iterative relaxation of the coordinates of an approximate solution until convergence (Saad 2003). Most
of the existing iterative techniques use orthogonal
projections onto Krylov subspaces, such as in
GMRES (Saad and Schultz 1986; Calvetti et al.
2000), conjugate gradient (Hestenes and Stiefel
1952), LSQR (Paige and Saunders 1982) and all its
variants and improvements. Other iterative techniques use non-orthogonal projections, such as the
biorthogonalization algorithm (Lanczos 1950) or
the biconjugate gradient method (van der Vorst
1992). These methods show slow convergence, and
preconditioning is a key ingredient for their success
(Paige and Saunders 1982; Chen 2001; Benzi 2002).
The pre-conditioners depend on the structure of
the system matrix, that is, there is no unique preconditioner for all linear systems.
In the case of rectangular systems (underdetermined or overdetermined), these methods are
applied to the solution of normal equations,
AT Ax ¼ AT b, with the additional drawback that
the normal equations are much worse conditioned
than the original system.
Least squares methods are very important in
geophysical inversion to solve overdetermined linear inverse problems and nonlinear inverse problems through linearization (see for instance, Golub
and Reinsch 1970; Menke 1989; Barhen et al. 2000;
Richardson and Zandt 2009; Aster et al. 2013). In
the case of a linear system, Ax ¼ b, its leastsquares solution depends on its typology:
(1) In the case of purely overdetermined linear
systems, the normal least-squares solution is
written as

1
xLS ¼ AT A AT b:
(2) In the case of purely underdetermined linear
systems, the minimum norm solution is written
as

1
xMN ¼ AT AAT b:
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(3) And Bnally, in the case of rank deBcient linear
systems, the Moore–Penrose pseudoinverse
provides the minimum norm solution of the
least-squares linear system AT AxLS ¼ AT b,
that has an inBnite set of solutions of the
kind xLS ¼ xp þ kerðAÞ. The Moore–Penrose
solution xy ¼ Ay b has no components in the
kernel of A. Therefore, the Moore–Penrose
pseudo-inverse provides the minimum norm
least squares solution. This solution generalizes
the least squares solution for purely overdetermined and for purely underdetermined
linear systems.
The numerical computation of the Moore–Penrose pseudoinverse of A, Ay ¼ VRy UT , involves
the singular value decomposition of A ¼ URVT ,
that needs the diagonalization of the column
ðAT AÞ or row ðAAT Þ correlation matrices of A,
preventing its computation for the case of large
scale linear systems. The Pereyra–Rosen algorithm
is a good alternative for these cases since there is no
need for diagonalization, although it requires a
higher computational time.
In this paper, we present a modiBed version of the
Pereyra–Rosen algorithm (Pereyra and Rosen 1964)
and its application to large-scale ill-conditioned
linear systems and their least-squares solutions
comparing the results that are obtained by LSQR
(Page and Saunders 1982) and truncated SVD.
We also perform a sensitivity analysis of the
solution to the main parameters of the algorithm.
This algorithm acts on the system matrix by
selecting the column vectors that better approximate its numerical rank, that is, the Pereyra–
Rosen algorithm tries to Bnd a low rank
approximation of the column space of
A 2 Mmn ðRÞ: colðAÞ ¼ ha1 ; a2 ; . . .; an i. Based on
this set of vectors, the algorithm constructs an
approximate reduced pseudoinverse. This
approach is therefore different from using orthogonal transforms to concentrate the energy of the
system matrix, reducing the dimension and performing an approximate pseudoinverse (Fern
andez-Martınez et al. 2017; Fern
andez-Muñiz et al.
2017).
We show the application of this algorithm to the
solution of a very ill-conditioned gravimetric linear
inverse problem for two different geological set-ups
(smooth Gaussian and blocky geophysical anomalies) in the noise-free and noisy cases, analysing
the eAect of noise in data to the tuning of the
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Pereyra–Rosen parameters. We also show the
application of this algorithm to the solution of a
well-conditioned linear system where the system
matrix has been generated via geostatistical simulation, and we Bnally show the inversion of a real
gravity proBle in the Atacama Desert (north
Chile). In all the cases, the modiBed Pereyra–
Rosen algorithm provided, with a drastic model
reduction of the system matrix size, very good
results that are very close or even coincide with
those that have been obtained by the LSQR
method.
The modiBed Pereyra–Rosen algorithm can be
applied to any kind of linear system Ax ¼ b; illconditioned or not. Particularly, the algorithm is
very eDcient for large-scale ill-conditioned linear
systems (over and under-determined) with or
without noisy right-hand data terms, allowing for a
drastic reduction of the system size. The Pereyra–
Rosen algorithm also provides the index of the
column vectors that are independent to compute
the approximate pseudoinverse, and can also be
applied to Bnd the most relevant data in order to
obtain an acceptable inverse solution. Besides, the
algorithm is easy to implement, fast to compute,
and preconditioning is not necessary. Taking into
account all these features, we can conclude that the
modiBed Pereyra–Rosen algorithm is an interesting
alternative to solve ill-conditioned linear systems
of any size as we have shown in the comparison to
LSQR (Page and Saunders 1982) and the truncated
SVD (see for instance Stewart 1993). Besides, from
the ‘no free lunch’ theorem (Wolpert and Macready 1997), it has been proven that no numerical
method in search and optimization is superior to
any others when used for the solution of a wide
variety of real problems. Therefore, continued
research is needed to design novel inversion
methods.

2. The Pereyra–Rosen algorithm for
linear inversion
The Pereyra–Rosen method (Pereyra and Rosen
1964) serves to compute the pseudoinverse of a
matrix A of unknown rank, that is, when the
condition number of the system matrix is so high
that it prevents numerical calculation of its
numerical rank. The goal of this method is to
obtain the best solution (in the appropriate sense)
of the linear system Ax ¼ b, determining the
numerical rank r of A and a set of r linearly

independent columns of A to approximate
numerically the Moore–Penrose pseudoinverse.
Let us consider a matrix A 2 Mmn ðRÞ with
rankðAÞ ¼ r  minðm; nÞ. Therefore, it is possible
to select r linearly independent columns of A to
form an m  r matrix B, so that
A ¼ ½B R;

ð1Þ

with R being the remaining m  ðn  r Þ matrix.
Matrix B has rank r, therefore the symmetric r  r


matrix BT B is non-singular and the pseudoinverse
of B is given by the r  m matrix:

1
ð2Þ
Byr ¼ BT B BT :
Taking into account that r  m, the following
n  m pseudo inverse matrix can be deBned from
the matrix Byr :
 y
Br
:
ð3Þ
Ayr ¼
0
It is possible to show that xb ¼ Ayr b is a solution
of the normal equations AT Ax ¼ AT b and has
minimum norm with at most r nonzero components (Rosen 1960). In addition, the matrix Byr
provides an explicit expression for Ay as follows
(Greville 1960):
C ¼ Byr A;


1
AyPR ðBÞ ¼ CT CCT Byr :

ð4Þ

Subscript PR in expression (4) refers to the
Pereyra–Rosen pseudoinverse, provided by the
Pereyra–Rosen algorithm, which is a numerical
approximation of the Moore–Penrose pseudoinverse.
The norm kBC  Ak2 will increase with the illconditioning of matrix A or if an almost-linearly
dependent column of A is added to matrix B.
Pereyra and Rosen (1964) designed a recursive
computational algorithm that is composed of two
steps:
2.1 First step
The aim is to obtain a matrix Bq ¼ ½b1 ; b2 ; . . .; bq 
composed of q linearly independent column vectors
(ai ) of matrix A. These column vectors do not need
to be consecutive and/or beginning from the Brst
one. The algorithm starts with B1 ¼ ½a1 . To add a
new column vector b2 (that is not necessarily a2 ),
the orthogonal projection of b2 onto the orthogonal

182

Page 4 of 13

space to colðB1 Þ is performed, selecting those
vectors ai ; i [ 1 whose projection norms are
greater than a given parameter (called ORTP).
Mathematically this is done as follows:
(1) If aqþ1 ¼ kðI  Bq Byq Þaqþ1 k22 [ ORTP, then


Bqþ1 ¼ Bq aqþ1 is constructed.
(2) The matrix Bqþ1 should provide a better
approximation Ayqþ1 to the pseudoinverse Ay
(formula 4) than Bq , therefore the following
condition should be fulBlled: kAAyqþ1  Ik2 [
kAAyq  Ik2 :
The condition for accepting a new column vector as
being independent from the others that have already
been accepted is that the parameter aqþ1 is greater
than a certain predetermined constant (called
ORTP). This is one of the parameters that have to be
tuned in the Pereyra–Rosen algorithm. In our case we
will show that the optimum ORTP value depends on
the level of noise that is present in the observed data (or
right hand term in Ax ¼ b). Nevertheless, we will
show that the Pereyra–Rosen algorithm converges for
a wide range interval of values for this parameter.
If aqþ1 ¼ 0, then the algorithm checks
aqþ2 ; aqþ3 ; . . ., until Bnding aqþ1 6¼ 0. In case this
search cannot be accomplished (ai ¼ 0; i ¼
q þ 1; . . .; n), then the algorithm stops and choses
B ¼ Bq : Pereyra and Rosen also proposed a
recursive formula to update the inverse in (2):

1
BT
qþ1 Bqþ1
0
1
1
T
1
T
1
B
þa
u
u
a
u
B
q
q
qþ1 q q
qþ1 q A
;
ð5Þ
¼@
1 T
aqþ1 uq
a1
qþ1
1 T
with uq ¼ ðBT
q Bq Þ Bq aqþ1 :

2.2 Second step
This step consists in checking the independence of
the columns vectors of A that have been rejected in
the Brst step, to avoid a possible eAect of the order
in which the analysis was performed. The algorithm selects the column vector with the maximum
projection onto the orthogonal space to colðBq Þ
and performs two additional checks:
1
(1) The norm kðBT
qþ1 Bqþ1 Þ k1 has to be lower
than a given constant, called SUPER, to avoid
the ill-conditioning in matrix Bqþ1 . This is the
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second parameter in the original version of the
Pereyra–Rosen algorithm that needs to be
tuned. In our case, we will show that the
impact of this parameter is less important than
the value of ORTP, if SUPER  108 .
Pereyra and Rosen also proved that the norm
1
kðBT
qþ1 Bqþ1 Þ k1 could be bounded by the
formula:


1

BT

qþ1 Bqþ1
1

pﬃﬃﬃ
þ a1
qþ1 1 þ q :



BT
q Bq

1
1

ð6Þ

(2) The second and Bnal test consists in checking the decreasing of the following
misBts: kAxqþ1  bk2 , kAxb  bk2 and
kBqþ1 Byqþ1 A Ak2 , with:


xqþ1 ¼ AyPR Bqþ1 b;
"
#
ð7Þ
Byqþ1
b:
xb ¼
0
xb is called by the authors the basic solution.
2.3 Third step
Finally, once B is constructed then AyPR ¼ AyPR ðBÞ
(see formula 4), and the Bnal solution is
xNM ¼ AyPR b, which is the minimum norm solution. The Pereyra–Rosen algorithm also provides
an estimation of the numerical rank of matrix A.
Pereyra–Rosen is similar to the rank revealing QR
algorithm (Foster 1986; Chan 1987; Chan and
Hansen 1992), but it does not perform any QR
factorization. The rank revealing QR factorization
can be used as a reliable and eDcient computational alternative to the singular value
decomposition.
The Cow diagram of the Pereyra–Rosen algorithm is shown in Bgure 1. In this paper, we have
only considered the Brst and third steps of the
algorithm and only preserve the columns chosen on
the Brst part of the algorithm (step 1). This modiBcation, which is based on the numerical analysis
of the different parts of the original Pereyra–Rosen
algorithm, was named in this paper the modiBed
Pereyra–Rosen algorithm. Therefore, the main
novel contribution of this paper is to understand
the inCuence of the numerical parameters of this
algorithm in order to achieve fast and accurate
solutions in high dimensional nonlinear problems.
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Figure 1. Flow diagram for the original Pereyra–Rosen
algorithm. In this paper, only steps 1 and 3 have been
implemented (modiBed Pereyra–Rosen algorithm).

3. Numerical experiments and sensitivity
analysis
In this section, we show the application of the
Pereyra–Rosen method to the solution of two kinds
of problems: ill-conditioned and well-conditioned
linear systems. In the Brst group, we have the
gravimetric inverse problem modelled by the
equation:
Z b
D
ð8Þ
gzj ¼ G


2 3=2 qðx Þdx;
a
2
D þ sj  x
where gzj is vertical component of the gravity
attraction generated by the density anomaly at the
observation point sj , G is the gravity constant, D is
the depth of the body that generates the anomaly,
and qðx Þ is the unknown density function, and ½a; b
denotes the limits of the dense body. This inverse
problem was named 1D gravimetric problem when
the density distribution depends only on the
abscissa (x), but equation (10) can be generalized
for any mass distribution (see for instance Zhdanov
2015) as follows:
ZZZ
z  zs
qðx; y; zÞ
dxdydz;
ð9Þ
gz ðrs Þ ¼ G
kr  rs k
V

where gz ðrs Þ represents the vertical component of
gravity acceleration measured at a point rs .
In this case, the body is located on the interval
½3; 6 meters in a local system of reference at a
depth of 10 m. In this Brst example, the gravity
synthetic data were not aAected by noise, while in
the second one, 3% level of Gaussian noise was
added to the observed data. The data are measured in the interval ½10; 10. Figure 2 shows the
sketch for this synthetic problem. For both types
of data, with and without noise, and density
anomalies, with Gaussian shape and blocky discontinuous shape, we have constructed a highly
under-determined linear system with matrix size
1250  5000, with rank 16 and condition number
3:21  1014 .
In the second group, we present a linear system
with a system matrix of size 512  512 generated
via geostatistical simulation with a given spatial
correlation function. The condition number is
4:882  104 ; and its rank is 512. The second hand
term has been generated by adopting a synthetic
solution xsol (b ¼ Axsol ) that we tried to recover.
This synthetic solution is shown in Bgure 8(A). For
this case, we present the solutions of the initial
system Ax ¼ b and their corresponding least
squares solutions (normal equations and minimum
norm linear systems). This kind of experiment
represents the discrete solution of equation (9) for
an arbitrary mass distribution.

3.1 Sensitivity analysis
We have studied the variation on the solutions
with the parameters SUPER and ORTP. For the
sensitivity analysis, we have scanned a grid of
values for ORTP and SUPER in logarithmic scale,
adopting a maximum computational time of 100
sec for all cases. It is necessary to remark that all of
results shown in all of the Bgures are calculated
using only the columns of the matrix system chosen
by the Brst step of the Pereyra–Rosen algorithm, so
we do not need the SUPER parameter. Because of
this, the elapsed time spent to calculate the solutions has been reduced to less than 63 sec for all
cases, except the real (Atacama Desert) system for
which the elapsed time is less than 1.43 sec. The
caveat is that our programs are not necessarily
coded in the most eDcient way.
When the matrices Bqþ1 are very ill-conditioned,
the elapsed time is larger than the Bxed time and

182

Page 6 of 13

J. Earth Syst. Sci. (2021)130:182

Figure 2. Sketch of the synthetic 1D gravimetric problem.

Figure 3. Gaussian anomaly. (A and B) Noise free case. (C and D) Noisy case. (A) Relative error plot (%) for different (ORTP,
SUPER) values in log 10 scale. (B) Relative data prediction error for different values of the ORTP parameter. The minimum
error norm is obtained for ORTP = 104 . (C) Relative error plot (%) for different (ORTP, SUPER) values in log 10 scale.
(D) Relative data prediction error for different values of the ORTP parameter. The minimum error norm is obtained
for ORTP = 102:5 .

the algorithm is aborted. This is the reason why
some misBts are not shown in Bgure 3(A and C).
Figure 3(A) shows the relative errors in a grid of
different values of ORTP and SUPER. The relative
error is deBned as follows:

xtrue  xPR 2
 100 ð%Þ;
ð10Þ
kxtrue k2
and highly depends on the ORTP parameter, since it
is the same for different SUPER values if ORTP
Erel ðxÞ ¼
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remains Bxed. In the (ORTP, SUPER) points of the
grid without error value, the Pereyra–Rosen algorithm did not converge within the maximum computational elapsed time, that was 100 sec.
Figure 3(B) shows the relative error plot as a function of ORTP for a Gaussian anomaly in the noisefree case, controlling the linear independence of the
selected column vectors of the forward matrix. It can
be observed that the minimum prediction error is
obtained for ORTP = 104 and it is monotonously
increasing. Nevertheless, for ORTP  102 , the
error remains smaller than 5%. Figure 3(C) shows a
similar relative error plot as in Bgure 3(A) for the
noisy case (3% of Gaussian noise added to the
observed data). The numerical solution is computed
within 100 sec in most of the cases, if SUPER  109 .
Therefore, it can be concluded that the noise acts as a
kind of regularization, damping the ill-conditioning
of the approximated pseudoinverse. Fern
andezMartınez et al. (2014a, b) have already pointed this
fact through theoretical analysis for linear and
nonlinear inverse problems. Similar conclusions as
in Bgure 3(B) can be outlined, since the error plot
depends mainly on the ORTP value. Figure 3(D)
shows for the noisy case a similar plot to the one
shown in Bgure 3(B). The graph is monotonously
increasing with ORTP, as in the noise-free case. The
biggest errors are found for ORTP = 10–2.5 and the
smallest for ORTP = 10–0.5.
Figure 4(A) shows the reconstructed Gaussian
anomaly with ORTP = 104 for the Pereyra–Rosen
algorithm, for the LSQR algorithm with tol ¼ 106
and for the truncated SVD with tol ¼ 109 . It can be
observed that the inverted solutions obtained by
Pereyra–Rosen and LSQR are very similar and have
the same behaviour at the extremes of the interval but
the solution obtained by the truncated SVD is the best
one Btting the true solution. In the Pereyra–Rosen
algorithm case, other good solutions can be obtained
values
for other
 of the ORTP parameter in the interval
104 ; 102 , for the same value of the SUPER
parameter. Figure 4(B) shows the reconstructed
Gaussian anomaly obtained with ORTP = 102 for
the Pereyra–Rosen algorithm (corresponding to the
minimum misBt), tol ¼ 104 for the LSQR algorithm
and tol ¼ 104 for the truncated SVD, in the noisy
case. It can be observed that the inversion provides a
worse approximation than for the noise free-case,
mainly at its boundaries in the three cases that are now
almost equal to each other. Eventually, with very
small ORTP values some results with no physical
meaning are obtained, due to the fact that the
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Figure 4. Gaussian anomaly. (A) Noise free case. Density
anomaly obtained by the Pereyra–Rosen for ORTP = 104 ,
SUPER = 108 , LSQR and truncated SVD for tol = 109
algorithms. (B) Noisy case. Density anomaly obtained by
the Pereyra–Rosen for ORTP = 102 , SUPER = 108 , LSQR
for tol = 104 and the truncated SVD for tol = 104
algorithms.

column vectors that are selected do not match the
requirements of linear independency, and the
approximated linear system found by the Pereyra–
Rosen algorithm has a linear equivalent region (see
Fern
andez-Martınez et al. 2012, 2013) whose center
(minimum misBt solution) lies in a zone of the
model parameters space with negative density
values. This is obviously related to the ill-conditioning of the approximated linear system used,
that depends on both parameters, ORTP and
SUPER. In this analysis and for the sake of simplicity, we do not show the data predictions, but we
would like to point out that all the models Bt
perfectly in the observed data.
To conBrm these results, a similar analysis has been
performed for the case of density blocky anomalies.
Figure 5(A) shows the relative error plot for a grid of
different values of ORTP and SUPER for the blocky
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anomaly. The Pereyra–Rosen algorithm converges
 4 3for

9
values of SUPER \ 10 , and ORTP 2 10 ; 10 .
It can be observed that the error highly depends on the
ORTP parameter. Figure 5(B) shows a detailed
analysis of the relative error as a function of ORTP.
The minimum prediction error is obtained for
ORTP = 104 and it is increasing monotonously
 4 with

this parameter. However, for ORTP 2 10 ; 102 ,
the error remains smaller than 5%. Figure 5(C and D)
shows similar plots for the noisy case. The graph shown
in Bgure 5(C) is monotonously increasing with ORTP
such as in the noise-free case and the admissible errors
correspond to ORTP 2 ½102:5 ; 100:5 . The error plot
as a function of ORTP (Bgure 5D) remains always
greater than 5.4%, being the minimum value for
ORTP = 101:5 .
In conclusion, the Pereyra–Rosen algorithm
9
converges
 4 3for
 values of SUPER \ 10 , and ORTP 2
10 ; 10 . The error highly depends on the ORTP
parameter. The minimum prediction error is obtained
for ORTP = 104 and it is increasing monotonously
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with
 4 this
 parameter. However, for ORTP 2
2
10 ; 10 , the error remains smaller than 5%. For
the noisy case, the admissible errors correspond to
smaller values of ORTP 2 ½102:5 ; 100:5 .
Figure 6(A) shows the blocky discontinuous
anomaly and the noise-free case, a similar plot to that
shown in Bgure 4(A) for the Gaussian anomaly. In this
case, the solutions represented are for ORTP = 104
value, for tol ¼ 106 and tol = 1010 for LSQR and
truncated SVD, respectively. As in the Gaussian
anomaly case, the solutions obtained by LSQR and
Pereyra–Rosen algorithms coincide. Figure 6(B)
shows the shape of the blocky anomaly in the noise
case with ORTP = 101:5 for the Pereyra–Rosen
algorithm, tol = 104 for the LSQR algorithm and
tol = 103 for the truncated SVD algorithm. As
ORTP increases, the anomaly becomes smoother but
the prediction error increases. As we can see, the three
solutions are the same.
Finally, we have applied the Pereyra–Rosen
algorithm to a general purpose linear system with

Figure 5. Blocky anomaly. (A and B) Noise free case. (C and D) Noisy case. (A) Relative error plot (%) for different (ORTP,
SUPER) values in log 10 scale. (B) Relative data prediction error for different values of the ORTP parameter. The minimum
error norm is obtained for ORTP = 104 . (C) Relative error plot (%) for different (ORTP, SUPER) values in log 10 scale.
(D) Relative data prediction error for different values of the ORTP parameter. The minimum error norm is obtained for
ORTP = 101:5 .
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Figure 6. Blocky anomaly. (A) Noise free case. Blocky
density anomaly obtained by the Pereyra–Rosen for
ORTP = 104 and SUPER = 108 , LSQR and truncated
SVD algorithms for tol = 1010 . (B) Noisy case. Blocky
density anomaly obtained by the Pereyra–Rosen for
ORTP = 101:5 and SUPER = 108 and LSQR for tol = 104
and the truncated SVD for tol = 103 algorithms.

system matrix shown in Bgure 7(A). Figure 7(B)
shows its corresponding spectrum or singular values curve. Figure 8(A) shows the exact solution
and the one that is found using the Pereyra–Rosen
algorithm with ORTP = 100:9 and SUPER =
1010 , LSQR algorithm with tol = 101:4 and truncated SVD for tol = 9. It can be observed that the
Pereyra–Rosen and SVD solutions are very oscillating, while the LSQR is smoother.
Figure 8(B) shows the normal least-squares

1
solution xLS ¼ AT A AT b with parameters
SUPER = 108 for Pereyra–Rosen, tol = 106 for
LSQR and tol = 50 for the truncated SVD algorithms, and ORTP = 102 . Figure 8(C) shows the

1
minimum-norm solution xMN ¼ AT AAT b
using the same parameters as for the least-squares
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Figure 7. (A) System matrix obtained by conditional simulation. (B) Spectrum (singular values) of the system matrix.

system, except ORTP = 102:5 . It can be observed
that the Pereyra–Rosen algorithm shows its best
solution and behaviour at the borders of the
anomaly for the case of least squares solution.
In the numerical experiments treated in this
paper, LSQR is about 60 times faster than the
truncated SVD and 200 times faster than the
Pereyra–Rosen algorithm, although the latter has
not been conveniently optimized to further reduce
the computation time, since it was not the primary
target of this research.
3.2 Model and data dimensionality reduction
As we previously showed, we used the modiBed
Pereyra–Rosen algorithm to reduce the number of
parameters involved in the linear system. In this
section, we apply the Pereyra–Rosen algorithm to
reduce both, the number of parameters and the
number of data, by selecting the observations such
that they do not provide redundant information.
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Figure 9. Data reduction. Gaussian anomaly – Noise free case.
(A) Gaussian density anomaly obtained by the Pereyra–Rosen
(ORTP = 104 , SUPER = 108 ) with only six selected data,
LSQR with a relative error less than tol = 106 and the
truncated SVD with tol = 109 . Gaussian anomaly – Noise
case. (B) Gaussian density anomaly obtained via the Pereyra–
Rosen (ORTP = 102:5 , SUPER = 108 ) with only four selected
data and LSQR and truncated SVD for tol = 104 .

Figure 8. Linear system Ax ¼ b. (A) True and Pereyra–Rosen
solution for a Bxed value of the parameter ORTP = 100:9 and
SUPER = 108 , LSQR for tol = 101:4 and truncated SVD for
tol = 9. Least squared system. (B) True and Pereyra–Rosen
solution for a Bxed value of the parameter ORTP = 102 and
SUPER = 108 , LSQR for tol = 106 and truncated SVD for
tol = 50. Minimum norm least squared system. (C) True and
Pereyra–Rosen solution for a Bxed value of the parameter
ORTP = 102:5 and SUPER = 108 , LSQR solutions for
tol = 106 and truncated SVD for tol = 50.

The method consists of applying the Pereyra–
Rosen algorithm to AT to obtain the independent
rows and restricting the linear system to corresponding data. Once the unselected rows have been
removed, the Pereyra–Rosen algorithm is again
applied to calculate the inverse solution.
Figure 9(A) shows the solutions obtained by the
Pereyra–Rosen, LSQR and truncated SVD algorithms for the gravity problem. The LSQR method
provides the best solution for tol = 106 , but the
Pereyra–Rosen algorithm employed only six data
(1, 121, 226, 708, 782 and 1148) ORTP = 104 and
SUPER = 108 . The truncated SVD needs six
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singular values and tol = 109 to get a solution
exactly equal to the LSQR method. Figure 9(B)
shows the solutions obtained by the Pereyra–Rosen
algorithm with ORTP = 102:5 and SUPER = 108
for only four selected data (1, 293, 519 and 879),
and LSQR and the truncated SVD for four singular
values and tol = 104 . The solution provided by
the LSQR and the truncated SVD methods are
better than the Pereyra–Rosen one, nevertheless
we have to take into account that the size of the
system matrix is in this case 1250  5000 and the
data reduction is very remarkable.
Figure 10 shows the same comparison for the
system matrix example obtained by conditional
simulation, where the Pereyra–Rosen algorithm
have only used 56 data with ORTP = 100:7 and
SUPER = 108 , LSQR with tol = 101:4 , and the
truncated SVD for tol = 9. The truncated SVD
with 56 singular values provides exactly the same
solution as the one shown in Bgure 10. The solution
obtained by the Pereyra–Rosen algorithm is very
similar to the solutions provided by the other
algorithms, with a considerable data size reduction.
The elapsed CPU time for the calculations is in this
case around 10 times the time employed by the
truncated SVD and 25 times the time employed by
the LSQR algorithms, being the CPU time for the
Pereyra–Rosen around 1 sec. Therefore, the model
and data dimensionality reduction are crucial features of the Pereyra–Rosen algorithm, without a
degradation of its accuracy.

This section presents the application of the modiBed
PR algorithm to the inversion of a real gravity proBle
in the Atacama Desert (north Chile) (see Mortimer
1973; Isacks 1988 for more information). The density
contrast used in the inversion between the sedimentary Cuvial formations and the andesitic basement is Dq ¼ qs  qb ¼ 800 kg m3 (Gabalda et al.
2005), which was also the value used in Pallero et al.
(2015) for the same inversion using particle swarm
optimization (PSO).
The gravity observations (53 points) were
acquired along a 30-km long proBle and the station
coordinates were determined by differential GPS
measurements using full wavelength data (dualfrequency receivers) from a reference base station
located in the El Salado valley (proBle topography
ranged between 1050 and 1900 m) (Gabalda et al.
2003). The geophysical model used for the inversion is composed of 630 right rectangular twodimensional prisms (which is a commonly used
parameterization for this kind of environments (see
for example, Silva et al. 2009; Chakravarthi et al.
2013) of 50 m width. The top sides of the prisms are
located at the terrain surface, and the height (the
absolute height above the sea level) of the bottom
sides are the unknowns in this inverse problem.
The formula to compute the gravity attraction of a
2D right rectangular prism of constant density on
an external point is presented in Barbosa and Silva
(1994).

Figure 10. Data reduction. Linear system Ax ¼ b. True and
Pereyra–Rosen solution for a Bxed value of the parameter
ORTP = 100:7 , SUPER = 108 with 56 selected data, LSQR
with tol = 101:4 and truncated SVD with tol = 9.

Figure 11. Observation points, best PSO model, initial guest
and Pereyra–Rosen, LSQR and truncated SVD solutions.
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The initial model was estimated using a formulation based on the Bouguer’s plate correction
formula (see Pallero et al. 2015, 2021). Figure 11
shows the observation points distribution along the
proBle, the terrain surface, and the solutions
obtained via different algorithms, including PSO
(Pallero et al. 2015), Pereyra–Rosen, trucanted
SVD and LSQR. All the inverted models are very
similar and coincide with the solution presented
in Gabalda et al. (2005). The parameters employed were ORTP = 102 , SUPER = 108 for the
Pereyra–Rosen algorithm and tol = 106 for the
LSQR method.
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5. Conclusions
This paper analyzes the Pereyra–Rosen algorithm
applied to the solution of linear ill-conditioned
systems that arise in integral equations, in different
geophysical linear inverse problems, and in the
linearization of nonlinear inverse problems. We
show the application to different synthetic cases
obtaining very good results. We have also performed the sensitivity analysis of the Pereyra–
Rosen algorithm, showing that it is very sensitive
to the values of the ORTP parameter in order to
obtain good solutions. However, the algorithm is
not very sensitive to the value of SUPER, obtaining several good solutions with a similar misBt
error for the noisy and noise-free cases.
good
 A

8
interval for this parameter is: SUPER 2 10 ; 1010 .
The good values for the ORTP parameter are
located in the interval ½104 ; 100:5  for ill-conditioned problems, increasing its value when the level
of noise increases. In all cases, the number of
selected columns is very small (six or less) compared to the rank of the matrix. The elapsed CPU
time for these calculations is moderate if we take
into account the size of the system matrix of the
linear systems that are treated in this paper, and
the fact that the algorithm design was not optimized. Besides, the results after dimensionality
reduction, both in parameters and in data, are
quite good even in the presence of noise. Therefore,
the Pereyra–Rosen algorithm can be used for both,
model and data dimensionality reduction.
Finally, the Pereyra–Rosen algorithm has been
applied to a nonlinear inverse problem in gravity
inversion with real data from the Atacama Desert.
The solution provided by the Pereyra–Rosen
algorithm is very similar to the one obtained via
the LSQR and the truncated SVD algorithms.
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and Pedruelo-Gonz
alez L M 2014a The eAect of noise and
Tikhonov’s regularization in inverse problems. Part I: The
linear case; J. Appl. Geophys. 108 176–185, https://doi.
org/10.1016/j.jappgeo.2014.05.006.
Fern
andez-Martınez J L, Pallero J L G, Fern
andez-Muñiz Z
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