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Gravity Recovery and Climate Experiment (GRACE) data are a valuable source of information for
estimating hydrological mass changes. Several approaches have been conducted to investigate surface
density changes from satellite-based observations. The traditional approaches are mainly based on the
Stokes coefBcients, related to a spherical harmonic representation of the gravitational potential. This
study aims to develop an alternative method to estimate the temporal variations in water storage. It is
based on a speciBc type of mascon technique that investigates the possibility of obtaining a solution
without Stokes coefBcients. The method uses a piecewise constant surface density function to estimate
surface density changes based on the GRACE satellite-to-satellite tracking (SST) data. The surface
density changes are directly obtained from the variations in positions and velocities of the two GRACE
satellites. We therefore avoid the series truncation and aim to improve the leakage problem at the price
of higher numerical burden. The proposed method is numerically tested on synthetic data similar to
level-1 GRACE data for a period of one month. Two regularization methods, the well-known Tikhonov
solution and a method that accounts for the areas of different patches, are employed to obtain a
stable solution. The accuracy assessment over the Greenland area indicates that the estimated values
are reliable and statistically significant, a further conBrmation of the eDcacy and stability of the
method.
Keywords. Mascon estimation; surface density changes; earth water storage; satellite-to-satellite
tracking (SST); local basis functions (LBFs); Greenland.

1. Introduction
Modelling the Earth’s surface density has been the
subject of intensive research in the satellite’s
missions like Gravity Recovery and Climate
Experiment (GRACE). Changes in the density of a
given area on the Earth surface cause variations in
the gravity Beld of the Earth and consequently a
deviation in the path, position and velocity of the
satellite. Accordingly, if changes in the satellite

orbits are observed, variations in the surface
density can be estimated.
On the other hand, there is ongoing research on
the estimation of temporal variations in the earth
water storage. The main traditional methods that
determine the mass changes of a speciBc geophysical Beld are based on the GRACE data using
either level-1 or level-2 products. In general, there
are two classes of methods that handle this problem (Scanlon et al. 2017). The Brst class includes
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methods that are based on the spherical harmonics
(SH) (Wahr et al. 1998; Bettadpur 2007), whereas
the second class contains the mascon methods that
use the Stokes coefBcients to estimate the mass
concentration from the satellite-to-satellite-tracking (SST) data (Bettadpur 2007; Awange et al.
2011; Luthcke et al. 2013; Watkins et al. 2015; Save
et al. 2016; Wiese et al. 2016).
From the Brst class, the method proposed by
Wahr et al. (1998) models the general Earth surface density changes based on the global basis
functions. They describe how the mass distribution
can be inferred from the harmonic gravity solutions. The time-variable component of the gravity
Beld is obtained by removing the long-term mean
of the Stokes coefBcients from each monthly solution. The mean Beld, dominated by the static
density distribution inside the solid Earth, is
obtained from one of the static Belds available as
level-2 products. Removing the static Beld indicates that all contributions from the mean stored
water were removed, and hence it is only possible
to recover the time-variable component of the
water storage (Wahr et al. 1998). Therefore, they
estimated the surface density changes, Dr, using
the time-variable Stokes coefBcients DClm and
DSlm , with l and m being the degree and order of
the Legendre function, respectively. Such a global
representation of the gravity Beld increases the
leakage errors induced from other areas due to
aliasing or mis-modelling. Further, the processing
burden of this method is also reported being
expensive (Swenson and Wahr 2006; Rowlands
et al. 2010; Ramillien et al. 2012).
The second class, which is based on the common
basis functions by Stokes coefBcients, has been
recently become popular and frequently used. This
class of methods uses GRACE data with regional
mass concentration (mascon) functions for mass
Cux applications (Tapley et al. 2004; Rowlands
et al. 2005; Luthcke et al. 2006; Arendt et al. 2008;
Krogh 2011; Watkins et al. 2015). Such methods
have applications in both surface density changes
and other hydrological research projects.
Several major groups have applied the mascon
method to terrestrial total water storage anomalies
(TWSA) and surface density changes estimation in
the last decade. The Brst group, at Goddard Space
Flight Center (GSFC), has developed GRACE
mascon solutions in a series of studies (Luthcke
et al. 2006; Rowlands et al. 2010; Sabaka et al.
2010; Luthcke et al. 2013). Instead of applying a
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Bltering technique to the GRACE level-2 monthly
Stokes coefBcients, they used a mascon technique
by applying geolocatable anisotropic constraints to
estimate the global mass change directly from the
GRACE level-1B data (Luthcke et al. 2013).
Consequently, they extract the surface density
changes based on the global basis functions. Their
method includes the inter-satellite K-Band Range
Rate (KBRR) data, which account for the full
Stokes noise covariance matrix (Luthcke et al.
2013).
The second group, at Jet Propulsion Laboratory
(JPL), has also estimated and developed GRACE
mascon solutions for hydrological applications
(Ivins et al. 2011; Watkins et al. 2015; Wiese et al.
2016). They used explicit partial derivatives with
an analytical expression for mass concentration to
relate the inter-satellite range rates to the individual mascons (Save et al. 2016). They have also
used data based on the level-1 GRACE observations. The third group that has used the mascon
approach is Jacob et al. (2012), Schrama et al.
(2014) and Velicogna et al. (2014). Their mascons
are Bt to geopotential coefBcients obtained from
GRACE level-2 data without direct use of range
rates. Save et al. (2016) and Scanlon et al. (2017)
investigate the differences, similarities and
(dis)advantages of the above-mentioned methods.
In all traditional mascon methods, there is a
leakage error due to the series truncation, as
explained in the following. The partial derivatives
of the GRACE KBRR observations, with respect
to the mascon parameters, are computed by the
chain rule using the partial derivatives of the
KBRR observations with respect to the standard
Stokes coefBcients and then the differential Stokes
coefBcients with respect to the mascon parameters.
Therefore, the observation equations are of the
form (Luthcke et al. 2013):
j
j
1 X
l
oq_ i X
oq_ i oClm
oq_ i oSlm
¼
þ
;
orj
oClm orj
oSlm orj
l¼0 m¼0

ð1Þ

where oq_ i =orj , is the partial derivative of KBRR
observation i with respect to the jth mascon parameter rj ; oq_ i =oClm and oq_ i =oSlm are the partial
derivatives of the KBRR observations with respect
to the geopotential Stokes coefBcients, which are
computed as part of the KBRR reduction and level-1
data processing; oClm =orj and oSlm =orj are the
partial derivatives of the delta Stokes coefBcients
with respect to the mascon parameter in the region j.
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In this approach, the series has to be truncated at a
certain lmax as:
j
j
lmax X
l
oq_ i X
oq_ i oClm
oq_ i oSlm
¼
þ
:
orj
oClm orj
oSlm orj
l¼0 m¼0

ð2Þ

Having the above partial derivatives, Luthcke
et al. (2013) estimated the mascon parameters
based on the following linear model of observation
equations:
_
Dq_ ¼ ðoq=orÞDr
¼ ADr;

model are elaborated in section 4. Finally, the
results and their discussions are presented in
section 5. Section 6 provides a few conclusions.

ð3Þ

where an assemblage over j of the above equations
provides a set of partial derivatives. In equation
(3), Dq_ is the observed changes in the range rates,
_
A ¼ oq=or
is the partial derivatives of the range
rate q_ with respect to the surface density changes
Dr. In this method, there is a leakage due to series
truncation at lmax leading to an aliasing error of the
truncated higher-order terms into the partial
derivatives. In addition to this limitation, the global representation of Stokes coefBcients has been
proven to be an appropriate tool to study only the
global surface densities. To study local surface
density changes, one would suggest introducing a
local representation of Stokes coefBcients and
hence local basis functions (LBFs). This will
accordingly mitigate the aforementioned errors and
drawbacks of the traditional methods.
In this contribution, we introduce a mascon
method to process GRACE-like mission data. In
this method, the variation of the range rates is Brst
calculated. The derivatives of range rates with
respect to densities are obtained. The surface
density changes are then directly calculated from
the changes in the range rate and their derivatives,
without taking the Stokes coefBcients detour. In
this way, we avoid the series truncation and hence,
we aim to improve the leakage problem on the cost
of higher computational burden. The proposed
method is numerically tested on synthetic data
comparable to level-1 GRACE data for a period of
one month. In addition to the proposed mathematical framework, two regularization methods,
namely, the well-known Tikhonov solution and
a new method accounting for the areas of the
patches, are introduced and compared.
The paper is organized as follows. The mathematical framework of the proposed method is presented in section 2. Then the regularization
approach used to estimate surface densities with
the proposed method is explained in section 3.
Explanation of the simulation settings and its

2. Mathematical framework of proposed
method
The method is elaborated in three parts. First, the
theory is developed in section 2.1, followed by the
derivation of satellite gravity acceleration in an
Earth-Bxed system in section 2.2. The proposed
variational equations are derived and presented in
section 2.3.
2.1 Motivation and theory development
The GRACE data used in this methodology are
GRACE-like data similar to level-1 for a period of
one month. Similar to Watkins et al. (2015), we also
assume that some corrections have been removed by
dynamic force models such as the gravitational
eAects of the solid body tides, ocean tides and thirdbody gravitational perturbations on the spacecraft
while some else can be measured and computed
including the short period non-tidal variability in
the atmosphere and oceans. This can include, for
example, solar radiation pressure eAects and kinematic eAects of atmospheric friction in spacecraft.
The data include variation of the inter-satellite
_ and the derivatives of the range
KBRR data Dq,
_
We estimate
rates with respect to density, oq=or.
the surface density changes for equiangular surface
patches directly from the satellite-to-satellite
tracking (SST) data, without implicitly using the
spherical harmonics coefBcients detour.
The basic idea behind the mascon methods is
that a change in the surface density Drij of the
mascon patch will change all the Stokes coefBcients
by DClm and DSlm (Luthcke et al. 2013). This
indicates that for a recovery of Drij ; the change of
all Stokes coefBcients over the entire Earth is to be
derived from the range-rate observations in the
global orbits. This is impossible as the recovery has
to be truncated by degree lmax . The coefBcients
beyond lmax alias into the recovered coefBcients
(Iran-Pour 2013), and therefore the estimated
densities will also be aliased. The idea of using
LBFs can partly handle this problem.
We aim to estimate the local surface density
changes based on the LBFs, providing more
stable results compared to the global base functions, and hence approximating the local signals on
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the earth surface more appropriately. The idea is to
compute the partial derivatives directly from the
following equation:
oq_ i
oq_ oXj oq_ i oX_j
¼ i
þ
;
orj oXj orj oX_j orj

ð4Þ

where X ¼ X2  X1 and X_ ¼ X_2  X_1 , with X1 and
X2 being the position vectors of both GRACE
satellites at the time instant t, and X_1 and X_2 , their
velocity vectors, all expressed in an inertial
coordinate system.
The geometrical parts oq_ i =oXj and oq_ i =oX_j are
known. The dynamic parts, namely, the variation
of position and velocity with respect to surface
densities (i.e., nj ¼ oXj =orj and n_ j ¼ oX_j =orj ),
respectively, are computed as the solution of the
variational equations:
d 2 oX
oX orT
þ
;
n€ ¼ 2 ¼ r2 U ðX Þ
dt or
or
or

ð5Þ

where n ¼ n2  n1 , n_ ¼ n_ 2  n_ 1 ; and n1 ; n2 ; n_ 1 and
n_ 2 are the solutions of variational equations of
the GRACE satellites 1 and 2. The disturbing
potential T is computed in a surface Xij of the
region directly by the numerical quadrature
(Folland 1995):
Z
r
dS ðY Þ;
ð6Þ
T ðX Þ ¼ G
Xij jX  Y j
where Y is the position vector of the surface
element dS ðY Þ over that region, X is the satellite
position and G is the constant of gravitation. In
this manner, a series truncation can be avoided
on the cost of a higher numerical burden. The
changes in the density of the Earth’s surface
result in the deviation of satellites’ orbit, and
hence satellites’ position and velocity will be
changed. This is the main difference between our
mascon method and the traditional mascon
methods.
The range q and the range rate q_ between the
two satellites can be calculated respectively as:
q ¼ kX2  X1 k ¼ kX k;

T
q_ ¼ ðX2  X1 Þ X_2  X_1 =kX2  X1 k
¼ X X_ T =kX k;

oq_
¼
or



i
nX_ T þ X n_ T q  X X_ T oq
or
q2

where oq=or ¼ ðXnÞ=q, is the derivative of the
range with respect to the surface density.
The variation equations can be obtained from
€ with respect
the derivative of the acceleration X,
2
€
to the surface density as n ¼ ðd oX Þ=ðdt 2 orÞ ¼
€
oX=or.
Then, a second order differential equation
is to be solved (see section 2.3). The surface density
changes can then be estimated by a linear system of
equations similar to equation (3), where A contains
the above partial derivatives of range rates with
respect to density.
2.2 Satellite gravity acceleration in Earth-Bxed
system
If the positional coordinates of a point are denoted
as X ¼ ðx; y; z ÞT , two kinds of coordinate systems
are introduced, space-Bxed (called also inertial)
and Earth-Bxed. The space-Bxed coordinates,
velocities, and accelerations are denoted with the
index s and those in the Earth-Bxed system with e.
Therefore, the inertial position and velocity vectors
of the satellites are then respectively deBned as:
Xs ¼ ðxs ; ys ; zs ÞT ;

X_s ¼ ðx_s ; y_s ; z_s ÞT ;

Xe ¼ ðxe ; ye ; ze ÞT ;

X_e ¼ ðx_e ; y_e ; z_e ÞT :

ð10Þ

Transformation from a space-Bxed tropical system
into an Earth-Bxed conventional system is based
on the Earth’s rotation matrix R, which is
represented as follows:
Xe ¼ Rðxt ÞXs ;

X_e ¼ R_ ðxt ÞXs þ Rðxt ÞX_s ; ð11Þ

where
0

cos xt

B
Rðxt Þ ¼ @  sin xt
0
 sin xt

B
R_ ðxt Þ ¼ @  cos xt

where k : k denotes the norm of a vector. Taking
_
these into account, the term oq=or
in equation (4)
can be reformulated as follows:

ð9Þ

and those in the Earth-Bxed system are:

0
ð7Þ

ð8Þ

;

0

sin xt
cos xt
0

0

1

C
0A
1

cos xt
 sin xt
0

0

1

ð12Þ

C
0 A;
0

and x is the angular velocity of the Earth. The
gradient of the potential in the Earth-Bxed system
is given by:
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GM
oT
rVe ¼  3 Xe þ r
;
re
oXe T

ð13Þ

where re ¼ kXe k. The above equation can then be
used to obtain the gravity acceleration X€e as
(Rowlands et al. 2010; Luthcke et al. 2013):
X€e ¼ rVe þ Z þ C
1
0 1
0
oT=oxe
xe
GM B C
C
B
¼  3 @ ye A þ r@ oT=oye A þ Z þ C ;
re
ze
oT=oze
ð14Þ


where Z ¼ x  ðx  Xe Þ and C ¼ 2 x  X_e
are the centrifugal and Coriolis accelerations,
respectively. The gravity acceleration X€e ¼
ð x€e y€e z€e ÞT can Bnally be obtained in the
Earth-Bxed system as:
1 0 2 1
0 1
0
oT=oxe
xe
x xe
GM
C
C
C
B
B
B
X€e ¼  3 @ ye A þ r@ oT=oye A þ @ x2 ye A
re
ze
oT=oze
0
0
1
2xy_e
B
C
þ @ 2xx_e A:
ð15Þ
0
The solution of the above ordinary differential
equations can provide the positions and velocities
of the GRACE satellites.
2.3 Variational equations
The solutions of the variational equations
n1 ; n2 ; n_ 1 and n_ 2 were deBned in section 2.1. The
variation of position vectors of satellite 1 and 2
with respect to density, n1 and n2 , and the variation of velocity vectors, n_ 1 and n_ 2 , can respectively
be written as:
8

T
>
oX1
ox1 oy1 oz1
>
T
>
¼ ð n11 n12 n13 Þ ¼
< n1 ¼
or
 or or or T
>
oX
ox2 oy2 oz2
2
>
T
>
¼ ð n21 n22 n23 Þ ¼
: n2 ¼
or
or or or

ð16Þ
8
>
oX_1 
>
>
¼ n_ 11
< n_ 1 ¼
or
>
oX_2 
>
>
¼ n_ 21
: n_ 2 ¼
or

n_ 12
n_ 22

T



ox_1
¼
 or
T
ox_2
n_ 23 ¼
or

n_ 13

oy_1
or
oy_2
or

T
oz_1
or 
T
oz_2
:
or

ð17Þ

Let rU be the gradent of the potential, deBned as
rU ¼ ðGM =kX k3 ÞX. Differentiating from rU
with respect to r results in:
!
GM
3XX T
2
n;
ð18Þ
I
r U ¼
kX k2
kX k3
where I is an identity matrix of size 3. In conclusion, the variational equations n€ are obtained
from the derivative of the acceleration with respect
to the surface density. Equation (5) can then be
rewritten as:
oX€
n€ ¼
or
!
GM
3XX T
orT oZ oC
¼
þ
þ
:
nþ
I
3
2
or
or or
kX k
kX k
ð19Þ
One can then calculate the variation vectors n1 ;
n2 ; n_ 1 and n_ 2 by solving a second-order ordinary
differential equation. In an Earth-Bxed coordinate
system, equation (19) can further be developed to
formulate the variational equations as:


oX€
GM
3XX T
€
ð n1 n2 n3 ÞT
I
¼
n¼
or
kX 3 k
kX 2 k


T
oT oT oT T  2
þ
þ x n 1 x2 n 2 0
ox oy oz

T
þ 2xn_ 2 2xn_ 1 0 :
ð20Þ
We solve the differential equations of the GRACE
satellites 1 and 2 using the medium order method,
implemented by the ‘ode45(.)’ command in
MATLAB. It is noted that, in case of real data
processing, the KBRR observation contains also
errors in orbital state vector parameters (position
error, velocity error, accelerometer bias and scale).
However, in our simulation study, only the inCuence of uncertainties in the KBRR observations are
investigated on the surface densities. Therefore, an
assumption was made that the initial state was
exactly known, and neither the initial position
nor the initial velocity depends on r; both initial
values, nð0Þ and n_ ð0Þ; are set to zero.
3. Least-squares regularized solution
We use the least squares regularization to estimate the surface density changes. To do so, the
above-explained theoretical framework should be
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formulated in a proper mathematical model in the
form of a linear model of observation-equations as
follows.
3.1 Model of observation equations
If the surface density over a region on the Earth
surface in time instant t0 is rðt0 Þ ¼ r0 and changes to
rðt Þ ¼ r, the density state at the time instant t, the
surface density change will be Dr ¼ r  r0 . As the
goal is to estimate Dr, based on the range rate
variations Dq_ from the two GRACE satellites, we
may write rðt Þ ¼ rðt0 Þ þ Dr. If we further assume
the range rate q_ ðr0 Þ at time t0 , and changes to q_ ðrÞ at
time t, we may use the Taylor series expansion as:
q_ ðrÞ ¼ q_ ðr0 þ DrÞ ¼ q_ ðr0 Þ þ

oq_
Dr;
or

ð21Þ

where q_ ðrÞ and q_ ðr0 Þ are the range rate
observations, expressed as Dq_ ¼ q_ ðrÞ  q_ ðr0 Þ; and
used in equation (3); q_ ðrÞ is observed after the
density changes induced due to force, while q_ ðr0 Þ is
derived based on the previous observations. We
can also calculate the derivative of the range rate
_
with respect to the density, i.e., oq=or,
from either
equation (4) or equation (8). Finally, if we consider
_ as the m-vector of observations, A ¼ oq=or
_
‘ ¼ Dq;
as the m  n design matrix, and x ¼ Dr as the nvector of unknown parameters (with m, the
number of observations and n, the number of
unknowns), one can rewrite equation (3) in the
following linear system of equations:
‘ ¼ Ax þ v;

1
x^ ¼ A WA AT W ‘ ¼ N 1 u;
T

3.2 Regularized solution
In recent years, several studies have been conducted on the regularization problems of the mascon methods, e.g., Save (2009), Save et al. (2016)
and Loomis et al. (2019). To regularize the least
squares solution, in this study, we employ two
distinct approaches including the well-known
Tikhonov method and an alternative procedure
called the ‘area eAect’ approach. The Tikhonov
regularized solution
is deBned asothe solution for
n

minimizing min kAx  ‘k2 þakx k2 , which modiBes
x

equation (23) to (Tikhonov 1963):

1 T
x^a ¼ AT WA þ aI
A W ‘;

ð23Þ

where W is the m  m weight matrix, N ¼ AT WA
is the n  n normal matrix, and u ¼ AT W ‘ is an
n-vector.
Because the observations are contaminated
with noise, the observations in equation (23) are
in fact of the form ‘ ¼ Dq_ þ noise. Further, due to
the instability and ill-posedness of the design

ð24Þ

where a is the regularization parameter. The
preceding equation is a regularized solution of
equation (22) for which an appropriate value for a
should be determined. The least squares estimate
of the residuals is
_
v^ ¼ ‘  Ax^ ¼ Dq_  ðoq=or
ÞD^
r;

ð25Þ

and the estimated variance of unit weight r^20 is
given by

ð22Þ

where v represents the m-vector of observational
noises (residuals). Because the m  n design matrix
A is not invertible, equation (22) is usually an
over-determined linear system for which we have
m [ n. The least squares method can be used to
obtain a unique solution for this system. The least
squares estimate x^ of the unknown parameters
would be:


matrix A, the normal matrix N ¼ AT WA; is not
regularly invertible. This will make the least
squares solution in equation (23) unstable, and so
we need a regularization method to stabilize the
solution. Two regularization methods will be
addressed.

r^20

P
wi v^i2
v^T W v^
kv^k2
¼
¼
;
¼
mn mn
mn

ð26Þ

where wi is the weight of ‘i (diagonal entries of W ,
when it is diagonal), v^i is its corresponding residual
^ and m  n is the redundancy of
(ith entry of v),
the linear system of equations. The variance–
covariance matrix of the estimated surface densities
can be approximated as:

1
:
Rr ¼ r^20 AT WA þ aI

ð27Þ

The square root of the diagonal elements of Rr gives
the standard deviation, SDi , of each estimated
surface density D^
ri :
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SDi ¼ Rr ði; i Þ:
ð28Þ
The difference between the true values Drc and the
estimated values D^
r is
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e ¼ D^
r  Drc ;

ð29Þ

which provides an indication tool for the error of
the estimates. One can only guarantee that the
Tikhonov regularization is able to produce a useful
regularized solution if a is somewhat greater than
zero (see Hansen 2005).
Another regularization method we have considered is to take into account the area eAect of each
patch in the calculation procedure. Let dXij be the
area of the surface patch ði; j Þ. The surface element
spanning from # to # þ d# and k to k þ dk on a
spherical surface at radius r has an area of (see
Bgure 1):
dX ¼ r 2 sin #d#dk;

ð30Þ

where # and k are the colatitude and the longitude,
respectively. The regularization method takes into
account the surface area because it is directly
related to the variance of the estimated surface
densities: the smaller the area is, the higher the
estimated variance will be. For the surface patch
ði; j Þ; we may include the pseudo-observation rij
into the functional model. Its variance is assumed
to be
E

n
 2 o
1
:
rij  E rij
¼
dX2ij

ð31Þ

Such pseudo-observation is included in the
linear system of equations. If the unknown
vector includes all surface densities rij , as x ¼
vecðrij Þ; with vec the vector operator, the
covariance matrix of such pseudo-observations
becomes:
!!
1
;
ð32Þ
Cx ¼ s02 diag vec
dX2ij
where diag is an operation making a square matrix
by putting entries of vecð1=dX2ij Þ, on its main diagonal, and s02 is a regularization variance parameter, to be determined. Therefore, we introduce
the zero-value pseudo-observations with known
variances in the form of an extended linear model
of observation equations as:
‘
A
¼
x þ e;
0
I

ð33Þ

with the joint covariance matrix:
Ce ¼

r^20 W 1
0

0
:
Cx

ð34Þ

The ratio of the known/estimated signal variance
r^20 of the original observations and the unknown

Figure 1. An example of a surface element over the Earth’s sphere.
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regularization variance factor s02 of the pseudoobservations is a priori unknown and has to be
determined by numerical experiments (in fact, this
ratio serves as the regularization parameter).
Based on the new linear model, the surface densities are again estimated by equation (23), but now
with the augmented design matrix in equation (33)
and the augmented weight matrix expressed as
W ¼ Ce1 . It is noted that the area of patches
reduces from the equator to the pole over the surface of the Earth. Therefore, by accounting for the
area eAect, we intend to investigate the eAect of
such area variations in the estimation of the surface
density changes.
4. GRACE-like data and model construction
The mascon methodology proposed in this contribution is now employed to estimate the surface
density changes of the Greenland region over a
period of one-month. The Greenland region is
divided into 406, 2  2 patches for the orbit
motions of the GRACE satellites (Bgure 2). In this
research, based on the previous literature, the
average surface density changes over Greenland
was considered approximately to be Dr ¼
250 kg/m2 in the coastal area. For the inland area,
the average density change is less than this value
and for the outside area (in the sea area as shown in
Bgure 2), it is considered to be zero. We have
considered the area of interest (AOI) as a rectangular region within latitude (58, 86) and longitude (72, 14) for the estimation of the surface

Figure 2. Surface density changes based on assumed values;
they are used as true values of the unknown parameters to be
estimated using the proposed method.

J. Earth Syst. Sci. (2021)130:26
density changes. The arcs of the satellites’ path are
extracted from those that are crossing over the AOI.
We now need to obtain the initial values of the
positions and velocities of the satellites for each
arc. The acceleration expressed in equation (15) is
then rewritten for our application as:
406
X
GM
X
þ
ri rT i þ Z þ C ;
X€ ¼ 
kX k3
i¼1

ð35Þ

where r1 ; r2 ; . . .; r406 ; are the unknown densities
for each patch (see Bgure 2). By solving the
ordinary differential equation given by equation
(35) and considering the gradient of the potential
rTi (generated for the 406 patches over the
Earth surface, with different surface densities), both
the positions and velocities of the GRACE satellites
were obtained along each arc in an Earth-Bxed system. We then calculated the variational equations
_
based on equation (20) and Bnally obtained oq=or;
for the 132 arcs and 406 patches.
As previously explained, Dr can be estimated
from the range-rate q_ of the linear model expressed
in equation (22). We, then have the observations
Dq_ for all 132 arcs. Available GRACE satellite
observations are geographically clipped and preBltered for Greenland. In addition, we have the
derivatives for all 406 patches and all 132 arcs. We
then make the derivatives matrix from the Brst arc
to the last one, and hence create the model of
observation equations ‘ ¼ Ax; as:
3
2
oq_ 1
oq_ 1
oq_ 1



6 or1
or2
or406 7
7
6
72
3 6
3
2
6 oq_
Dq_ 1
oq_ 2
oq_ 2 7
7 Dr1
6
2

76
7 6
7
6
6 Dq_ 2 7 6 or1
or2
or406 76 Dr2 7
76
7 6
7
6
76 . 7
6 . 7¼6
7
6 .. 7 6 .
6
.
..
..
.. 74 . 7
5 6 .
5
4
.
.
.
. 7
6
7
6
Dq_ 132
7 Dr406
6
7
6
4 oq_
oq_ 132 5
132 oq_ 132

or1
or2
or406
ð36Þ
This linear model holds schematically for the case
when each arc has only one observation, making
the total m ¼ 132 observation equations. Because,
in principle, each arc contains more than 200
epochs of observations, the number of observations
increases in total to m = 33,728. We have also
simulated independent Gaussian white noise with
the standard deviation of r0 ¼ 108 and added
them up to the constructed observations.
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Figure 3. Singular values in Tikhonov regularization method (a), best a parameter occurs at the minimum s^2 in Tikhonov
regularization method (b).

5. Results and discussions
The surface density changes are now estimated
based on the simulated observations of the previous section. To obtain estimated values from
solving the observation equations (36), the estimation procedure has been performed under the
two regularization methods explained in section 3.2, i.e., (i) standard Tikhonov regularization
method and (ii) area-effect regularization method,
which takes the area of the patches into account.

method have been tested and similar results have
been obtained.
The estimated surface densities obtained from
Tikhonov regularization are shown in Bgure 4. A
similar trend to the true values presented in
Bgure 2 is clearly visible in this Bgure. Further, to
investigate the accuracy of the estimated surface
density changes, D^
ri ; i ¼ 1; . . .; n ¼ 406, we consider the following tolerance range, which corresponds to 99.7% conBdence interval of the
estimated values
ri \Drci þ 3SDi ;
Drci  3SDi \D^

5.1 Regularization based on Tikhonov method
We Brst investigate the ill-posedness of the problem. For this purpose, we consider the singular
value decomposition of the design matrix A.
Figure 3(a) shows the singular values, which decay
gradually to zero, conBrming that the problem is
indeed ill-posed. Also, the condition number of the
normal matrix N is quite large (j ¼ 8:05  1015 ),
indicating that the normal matrix is not regularly
invertible. This problem is thus considered to be illconditioned, which results in the instability of the
ordinary least squares solution.
To obtain a proper regularization parameter, we
compute a variance factor s^2 for different regularization parameters as:
s^2 ¼

eT e Rei2
¼
;
n
406

ð38Þ

where Drci ; i ¼ 1; . . .; n, are the chosen (true) density changes and SDi s are the estimated standard
deviations of D^
ri , obtained from equation (28). To
have a reliable and precise estimation method, the
estimated surface density changes should be in the
conBdence interval of equation (38). This comes

ð37Þ

where e is given by equation (29). Figure 3(b)
shows the best regularization parameter a at which
the indicator variance s^2 of the estimate becomes
minimum. The minimum value of s^2 is reached at
a ¼ 2:4  1020 , which is used here as the regularization parameter. Other techniques like L-curve

Figure 4. Estimate of the surface density changes based on
observations with noise SD ¼ 108 , 132 arcs using Tikhonov
regularization method.
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Figure 5. Estimated surface density changes using Tikhonov regularization method with tolerances of density errors at the
conBdence interval of 99.7%.

Figure 6. Singular values for area-effect regularization method (a), best a parameter occurs at minimum of s^2 in area-effect
regularization method (b).

true based on the results presented in Bgure 5. This
Bgure shows the results of this accuracy assessment
for the 406 patches over the Greenland area. The
green lines are the estimated surface densities,
whereas the red lines indicate the deBned tolerances of the conBdence intervals. These results
show that all estimated densities are located within
the conBdence interval, indicating that reliable
results have been obtained.

equation (32), the smaller the area is, the higher
the estimated variance will be. We therefore
hypothesize that the area-effect approach is compatible with the structure of the problem in which
the area varies as a function of the colatitudes.
Based on equation (30), the area of the 2  2
patches is computed as:



2p 2  2 2
¼ r p sin # =8100: ð39Þ
dX ¼ r 2 sin #
180

5.2 Regularization based on areas of patches

As demonstrated, the area of the patches in our
study region (Greenland) is about 26,000 km2 near
the equator and reduces to about 3400 km2 close to
the North Pole.
Here also, to investigate the ill-posedness of the
problem, we obtain the singular values of the
design matrix. Figure 6(a) shows the singular values, which decay gradually to zero in our problem.

The second regularization approach takes into
account the eAects of the patches’ areas in the Bnal
solution. The area of the surface patches has no
direct inCuence on the variance of the observations,
whereas it has an inCuence on the variance of the
estimated surface densities rij . As illustrated in
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We now apply the area-effect formulation for the
regularization of the normal matrix when considering the weight matrix as W ¼ Ce1 . We obtained
an appropriate value of s02 ¼ 8:3  1039 ; in equation
(32) because it minimizes equation (37) as shown in
Bgure 6(b). The estimated surface density changes
based on the observations having a standard
deviation of SD ¼ 108 , and for the 132 arcs, is
shown in Bgure 7. The visual inspection shows high
similarity between these results (Bgure 7) and
those provided as true values in Bgure 2 and also
the estimated density changes of the Tikhonov
regularization method provided in Bgure 4.
To further highlight the importance of the
results provided by the area-effect method, a
comparison is made between the density changes

Figure 7. Estimate of the surface density changes based on
observations with noise SD ¼ 108 , 132 arcs using regularization method with area eAect.
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estimated from the two cases of the area-effect
method and the Tikhonov method (Bgure 8). The
results indicate that accounting for the eAects of
the patches’ areas provides similar results with
those given by the Tikhonov regularization
method. This is what we would expect because the
two regularization methods are based on a similar
regularization principle. Comparison of the posterior standard deviation of the two methods shows
that the smoothness of the results is slightly better,
if we consider the patches’ areas in the estimation
process by imposing an appropriate weight matrix.
Figure 9 shows the results of the accuracy assessment for the 406 patches over the Greenland area.
It shows that all estimated values are within the
given conBdence interval. Figure 10 provides the
relative errors of the estimated surface densities.
The maximum relative errors occur in the patches
located in the border areas, i.e., in the transition
points from land to ocean, having (very) small
absolute values of surface density changes. The
signal oscillation at the border points is known as
the Gibbs phenomenon (Gibbs 1898, 1899), which
requires further investigation in the future studies.
Although the accuracy assessment of the proposed mascon solution was shown to be eAective
in practice, one may argue that the regularized
inversion problems using the two methods are
likely to produce biased estimates for the surface
density changes. The is in conjunction with the
results provided by Save et al. (2016) and Loomis
et al. (2019), who indicated that a regularized
solution is indeed biased. A theoretical framework should be developed to quantify the
uncertainty and bias of the estimated mascons.
In addition, further simulated data sets under

Figure 8. Comparing estimated densities in two cases, considering area eAect (red) and without area eAect (blue).

26

Page 12 of 14

J. Earth Syst. Sci. (2021)130:26

Figure 9. Estimated surface density changes using area-effect regularization method with tolerances of density errors at the
conBdence interval of 99.7%.

Figure 10. Relative error (in percentage) of surface density
changes estimated using the proposed area-effect method.

different scenarios are to be generated to investigate the biases induced by these regularization
methods.
6. Concluding remarks
This study suggested a new mascon method that
estimates the Earth surface density changes based
on the GRACE Level-1 product. The main feature
of the proposed method is that it employs the
LBFs. The spherical harmonic method and the
available mascon methods include modelling of
the general Earth surface density changes using the
global basis functions, while our mascon method

employs the LBFs. Local signals can better be
detected by the proposed method rather than the
global basis functions.
It is well known that there is a leakage error due
to the series truncation in the traditional mascon
approaches, leading to an aliasing error of the
higher order terms into the detected signals. In the
proposed method, we avoid the series truncation
and therefore we aim to reduce the leakage problem. The method was applied to estimate surface
density changes on the Greenland using simulated
GRACE-like data. The results show that the
maximum errors arise in the edges, i.e., at the
boundary of Greenland region. This is known to be
the Gibbs eAect. In addition, based on other
experimental tests, we found that a greater number
of short-arcs in one-month period can significantly
improve the accuracy of the estimated surface
density changes.
We also highlight the main limitation of our
approach compared to the traditional methods.
Through the estimation of mascon using the Stokes
coefBcients, in addition to the surface density
variations, several other parameters such as the
Geoid variations, the gravity anomaly variations,
and other functions of gravity potential can be
estimated from these coefBcients. However, when
we estimate the mascon from SST data using our
method, we can only estimate the surface density
variations.
We further proposed and compared two different
regularization methods: (i) the Tikhonov solution
and (ii) a regularization accounting for the area
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eAect of the patches. The results of the accuracy
assessments for the studied area over Greenland
show that all surface densities are reliably estimable and statistically significant for both approaches. The results prove that both methods can
handle the ill-posedness problem of the design
matrix in the estimation of the surface density
changes.
The proposed mathematical framework, in general, and its area-effect variant, in particular, open
new research subjects in the future. There are still
other issues to address. We may at least consider
the following:
• Two regularization methods were proposed to
handle the ill-posedness problem. However,
having an appropriate regularization method is
still a challenging problem. This could be either
of the proposed methods, a combination of the
two, or other regularization methods.
• The sensitivity analysis of the results provided
by the proposed method needs further investigation. A series of issues – sensitivity to observations’ noise for example – can be investigated
in this analysis.
• So far we have considered the surface patches


being of size 2  2 . The performance of the
method should also be tested for smaller patch
sizes. The threshold for the highest resolution
that provides appropriate results is still a challenging problem.
• The method can be adapted to other Belds of
applications. The GRACE-like missions such as
GRACE Follow-On project is one of such
applications.
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