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The crustal structure along the 90 km seismic proBle from Kuppam to Bommidi in the southern part of
Archean Dharwar Craton and Southern Granulitic terrain is used to obtain a 2D thermal structure for the
region. The temperatures are computed for known values of the radiogenic heat production, thermal
conductivity and associated boundary conditions. The heterogeneous nature of the subsurface compels
one to consider the controlling parameters to be a realization of a random process, as estimation of
realistic values for these parameters is very difBcult. Uncertainties in the model in such a situation can be
analyzed by solving the governing heat conduction equation with its associated boundary conditions from
a stochastic point of view. A 2D thermal model for this area is obtained using the Bnite element method
for the heat conduction problem using the COMSOL Multiphysics software. The crustal temperatures for
different layers along the 90 km proBle is computed by incorporating randomness in thermal conductivity
values. Using seismic velocities, the heat production in the layered earth is computed along the proBle.
The 2D temperature-depth proBle along with upper and lower bounds is plotted and results obtained
reveal that the temperature varies from 405° to 498°C at Moho depth along the proBle. The errors are
varying from 100° to 115°C. The Moho depth along the proBle is seen to vary from 34 to 45 km. At a few
locations, the 1D solution along with error bounds is plotted and the results are seen to match well with
that of the 2D thermal result at that location.
Keywords. Temperature; thermal conductivity; heat production; COMSOL; Monte Carlo.

1. Introduction
The solutions to transport equations can be solved
both deterministically where the parameters and
sources are known with certainty and stochastically where the sources and parameters are associated with errors. Under a stochastic framework,
the solution to the problem can be obtained both

analytically and numerically. Analytically several
researchers have obtained the solution to the heat
transfer problem (Vasseur et al. 1985; Vasseur and
Singh 1986; Nielson 1987). Several shortfalls do
exist even though the stochastic approach is known
to provide insight into the transport phenomenon
in the Earth. One such limitation in the perturbation approach is small randomness assumption
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required in the parameter and generally can handle
randomness only in one parameter at a time.
Numerically, the stochastic heat transfer is solved
using the Monte Carlo simulation which is used
most widely as it allows to incorporate random
variation of both heat production and thermal
conductivity. Forward geothermal modelling using
random modelling technique for uncertainty analysis in the lithospheric thermal regime is carried
out by Jokinen and Kukkonen (1999a, b, 2000).
Using Monte Carlo simulation, Royer and Danis
(1988) solved the 2D heat transfer in the crust and
obtained the errors on temperatures. In yet another
study, 2D thermal model using the Bnite difference
approach 2D thermal model is solved by Kukkonen
and Clauser (1994). Later, random normal thermal
conductivity values were generated using Monte
Carlo simulation, the thermal state of the lithosphere was computed (Gallagher et al. 1997).
Stochastic analytical modelling of the heat conduction problem using the Adomain decomposition
method is extensively studied in literature by Srivastava and Singh (1999), Srivastava et al. (2006)
and Srivastava and Singh (2008), Harini and
Srivastava (2016), and Harini et al. (2018).
Researchers, modelling the subsurface thermal
structure of the earth from a stochastic point of
view have incorporated Gaussian uncertainties or
randomness in the thermal conductivity and for a
varying heat source. In modelling 1D thermal picture, the major disadvantage is that the lateral
inhomogeneities in the thermal parameters/sources
is not taken into consideration for computing the
temperatures and heat Cow. To solve this heat
equation, we need to know the mechanical properties such as heat generation, speciBc heat C, and
density of the material in addition to the boundary
conditions. The Bnite element method (FEM),
which is one of the most widely used numerical
methods, is used to solve this 2D heat conduction
equation. This method has proven to be versatile
and it can be used to study the eAects of geometry
and various material properties of the physical
process for a better understanding of the problem
being solved.
The fundamental concept of FEM is that given
continuous Belds such as temperatures can be
approximated by a set of continuous piecewise
functions called elements. This is deBned over the
subdomain using a continuous quantity at a
number of points called nodes.
In this method, partial differential equation is
transformed into an integral equation which
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includes derivatives of Brst order only. Then the
integration is performed over elements into which
the region under consideration is divided.
Inclusion of stochastic terms in the modelling of
complex systems is gaining recognition and the
addition of such terms throws light into new mathematical problems being solved from a stochastic
point of view. Several geoscientiBc investigations
like seismic, magnetic, and gravity are carried to
delineate the subsurface structures. Various techniques are in vogue to quantify the earth’s physical
and chemical structure as well as the processes
operating within. From seismic studies, the elastic
properties of the earth are obtained.

2. Mathematical formulation
The general two-dimensional advection–diffusion
reaction equation is as follows:
qCp

 @T
@2T
@2T
¼
K
þ
K
x
y
s @t
@Z 2
@X 2

@T
 qCp f U
þ AðX; ZÞ;
@z
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where q is the density, Cp is the heat capacity, K is
thermal conductivity, t is time, U is vertical ground
water Cow, dependent variable T is the temperature, Z is the depth, and X is the space variable
(length). The subscripts f and s represent the Cuids
and solid matrix, respectively. Here A (X, Z) is the
radiogenic heat source. In this model, we consider a
no-Cow condition on the two lateral ends as shown
in Bgure 1.
For the steady-state condition without the
advection term, the equation reduces to
Kx

@2T
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þ
K
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The radiogenic heat distributes uniformly throughout each layer and can be represented as:
AðX; Z Þ ¼ A:

ð3Þ

Boundary conditions considered herein are:
TðX; 0Þ ¼ T0 at Z ¼ 0
K

dT
¼ Qr at Z ¼ L
dZ

dT
¼ 0 at X ¼ 0
dX

ð4Þ
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Figure 1. The 2D model depicting the four-layer model with boundary conditions, velocity in each layer and the two locations A
and B, where 1D proBles are computed.

dT
¼ 0 at X ¼ M :
dX
For this initial-boundary value problem, the
numerical solution is obtained using COMSOL
Multiphysics software based on the Bnite element
method where the domain is discretized into small
elements with user-deBned mesh.
COMSOL multiphysics, a Bnite element solver,
is used to solve coupled phenomena or multi-physics problems in different areas such as electrical,
mechanical, Cuid and heat, chemical Belds, etc. In
COMSOL multiphysics, the heat transfer module contains simulation tools which solve the heat
transfer by conduction, convection, and radiation
and it includes a comprehensive set of features for
investigating the thermal state with different initial and boundary conditions and the solution to
the temperature Belds and heat Cow throughout
the earth can be modelled.

3. Study area
The region under consideration is Kuppam to
Bommidi proBle (Bgure 2) in the Southern Indian
Shield of India. This is modelled two-dimensionally
in a stochastic framework. A deep seismic sounding
(DSS) proBle from Kuppam to Bommidi provides
the velocity depth-distribution. Reddy et al. (2003)
and Vijay Rao et al. (2006) have given the velocity
depth distribution from Kuppam to Bommidi. In
their paper, they have given a four-layered crustal
structure along the Kuppam to Bommidi proBle

with mid-crust having a low-velocity layer in the
depth range 20–34 km. Using the gravity studies,
Singh et al. (2003) too obtained low-density in the
low velocity layer. From this velocity information,
the data on the radiogenic heat production is
obtained for the entire region. Radiogenic heat
production is obtained by using the following correlation between seismic velocity and concentration of radioactive elements (Rybach and
Buntebarth 1982, 1984). Using this information,
Manglik (2006) has compiled the information and
gave an average crustal structure obtained from
seismic gravity and the heat production in the four
layers as 0.531, 0.259, 0.868, and 0.102 lW/m3.
The model depth for this study region is constrained from the DSS study and has helped in
Bxing the lower boundary of the model. The crustal
structure up to Moho is delineated for the Kuppam
to Bommidi portion of the DSS proBle in Eastern
Dharwar Craton and parts of southern granulites.
The tectonic map of the study area is given in
Bgure 2.
Southern granulite terrain has gone through
extensive metamorphism in late Archean and Pan
African times in comparison to Western Dharwar
craton and Eastern Dharwar craton. Southern
granulite terrain has a huge Precambrian lower
crustal section (Newton and Perkins 1982; Rao
et al. 2003).
There are two distinct terrains in the southern
granulite terrain situated on two sides of Cauvery
shear zone (CSZ). To the north of the terrain is
Neoarchean early Proterozoic granulites. The
southern block, south of CSZ has charnockites
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Figure 2. Geological map of Southern Indian Shield showing the seismic proBle from Kuppam to Bommidi in the Eastern
Dharwar Craton (modiBed after Vijay Rao et al. 2006).

khondalites granites and gneisis. This tectonically
active segment is also associated with huge uplift
like Nilgiri domain.
Vijay Rao et al. (2007) reported a Moho depth of
around 42 km along the Kuppam–Bommidi section. Yet another section from Kolattur–Palani
was revisited by Vijay Rao and Prasad (2006) and
delimited the presence of a collisional zone between
Dharwar craton and SGT and magma under
plating below CSZ.
Also, the stability of the region is constrained from
the low mantle heat Cow (11–16 mW/m2) and thick
lithospheric root (Ray et al. 2003). The crustal structure beneath the Kuppam–Bommidi geo-transect is
obtained by integrated deep seismic and gravity
modelling studies and other geochemical studies.
The thermal conductivity is assumed to be a
realization of a Gaussian random process and the
mean behaviour of the temperature Belds along

with its error bounds is obtained. The temperature
is seen to increase with depth and so also the errors
on the temperatures. The temperature along the
proBle does not vary significantly due to the more
homogeneity in the horizontal direction.
The mantle heat-Cow estimates vary from *11
mW/m2 beneath the region of the oldest, undeformed tonalitic crust of the WDC to *23 to 32
mW/m2 beneath the region of the late Archean
post-accretion granulites as discussed in Ray et al.
(2003). The mantle heat-Cow range in the Closepet
granite is 12–14 mW/m2, which is consistent with
previous estimates from the EDC (Roy et al. 2008).
Integrating seismic, gravity and heat Cow studies, Manglik (2006) analyzed the surface heat Cow
values from the northern block of SGT and have
suggested a collisional model for the SGT’s evolution. Global estimates of low mantle heat Cow
values for other Archean–Proterozoic belts are seen
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Figure 3. Plot of mean temperatures up to Moho depth along the DSS proBle from Kuppam to Bommidi.

Figure 4. Plot of mean temperatures + 1 SD up to Moho depth along the DSS proBle from Kuppam to Bommidi.

to be in agreement with the estimates obtained for
SGT which is around 17 ± 2 mW/m2.
The two-dimensional plot of the mean temperature–depth distribution shows that the mean temperature Beld is increasing with depth as expected.
The plot of standard deviation, which is a measure
of uncertainty in the system behaviour, shows that
it also increases with depth. Further with an
increase in errors in the input, an increase in the
errors in the system behaviour is also observed.
The result shows that the Curie isotherm, which is
the isotherm of *550°C, lies *55 km depth and is
the Moho temperature in some regions.

4. Numerical results and discussions
The 2D crustal thermal structure along with its
errors is computed along the 90 km Kuppam–
Bommidi proBle is the SGT (Bgure 2) using the
heat transfer module of COMSOL Multiphysics.
The crust in this region is divided into four
layers along the seismic proBle. The crustal thermal structure for this area is solved for different
layers using the Bnite element method for the heat
conduction problem with surface temperature and
observed heat Cow values as lower boundary conditions and controlling thermal parameters such as
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Figure 5. Plot of mean temperatures –1 SD up to Moho depth along the DSS proBle from Kuppam to Bommidi.

Figure 6. Plot of mean temperatures ± 1 SD up to Moho depth at two different locations along the proBle.

thermal conductivity and heat production along
the proBle. The crustal thermal structure is computed for changes in thermal conductivity by
incorporating randomness in thermal conductivity
values. In this study, the lower boundary condition
is taken to be constant, i.e., 17 mW/m2.
The general formula for heat generation in terms
of uranium, thorium and potassium contents is
given as:
A ¼ 0:1325qð0:718cU þ 0:193cTh þ 0:262cK Þ; ð5Þ
where cU and cTh are the uranium and thorium
content (in ppm), cK is the potassium content (in
wt.%) and q is in g/cm3.
Rybach and Buntebarth (1982) studied the
relationship between the density, seismic velocities

and the general trend between A, vp, q is evaluated.
Later, Rybach and Buntebarth (1984) obtained a
relationship between seismic velocities and heat
production given as:
lnðAÞ ¼ 12:62:17vp ;

at ð20 C; 100 MPa Þ: ð6Þ

The heat production value is not in an
exponential model. The heat production in each
layer is computed from the velocity model and used
as constant in each layer.
Mean heat production values (0.531, 0.259,
0.868, 0.102 lW/m3) are considered in this study
for different layers, suggesting that the upper
crustal layer has high heat production as compared
to lower crustal layers. The third layer is a low
velocity layer and having low density implying a
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higher heat production. Thermal conductivity was
taken as 2.4 W/mK for all the layers (Ray et al.
2003; Manglik 2006). For felsic granulites, the
thermal conductivity values range between 2.5 and
3.0 W/mK, between 2.5 and 3.5 W/mK for intermediate granulites and between 2.4 and 2.7 W/mK
for maBc granulites have been measured by Ray
et al. (2015).
Several realizations of the thermal conductivity
have been computed using Monte Carlo simulation
with mean 2.4 ± 0.5 W/mK standard deviations in
the thermal conductivity values and for all these
realizations, the mean temperature and the standard
deviation in the temperature Beld are computed.
Figure 3 shows the plot of the temperature–
depth distribution and the isotherms are plotted.
Figure 4 shows the plot of mean + SD and Bgure 5
shows the plot of mean  standard deviation.
Along the proBle, a few locations have been
taken and, using the formulation given by Srivastava and Singh (1999), the 1D temperature depth
proBle along with its error bounds have been
computed (Bgure 6). The two locations along the
proBle have been marked as A (at 20 km from
Kuppam which is Varatnapalli) and B (70 km
distance from Kuppam which is Mookanur). The
errors on the temperatures at these locations are
computed and we observe that the Moho depth at
Varatnapalli is at 42 km and the temperature at
this depth is 428±66°C. From 2D studies, the mean
temperature at this location is obtained as
463±112°C. In case of Mookanur, the 1D model
gives the temperature along with its error bounds
as 456 ±75°C at Moho depth and the 2D model
result at the location is 489±115°C. We have validated our model results using the 1D thermal
model at the given locations and see that the
results are in good agreement.

incorporating randomness in thermal conductivity
values. Radiogenic heat production for different
layers is obtained from seismic velocities. COMSOL Multiphysics software is used to calculate
subsurface temperatures and its errors along the 90
km seismic proBle. The calculated thermal structure depicts the uncertainty in the subsurface
temperatures. Modelling of the crustal thermal
regime along and beneath the Kuppam–Bommidi
and using heat Cow, random thermal conductivity
and heat production information, the temperatures
obtained are seen to be varying from 405° to 498°C
at Moho depth along the proBle with about 25–30%
errors. Integrating these results with other geophysical and geological information would give a
better evaluation of the crustal structure along the
proBle.
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