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The planetary boundary layer (PBL) mediates interactions between the surface and free atmosphere. In
Martian PBL, surface can force convective vortices leading to dust devils. We use the Navier–Stokes
equations and the continuity equation to determine mean (with respect to time) tangential wind velocity
in cylindrical co-ordinate system within the surface layer of a planetary atmosphere. We utilize Martian
surface layer properties for theoretical derivation of our solution. However, our results remain valid for
any planetary surface layer as long as all of our assumptions are valid. Our theoretical values of the
tangential wind velocity lie well within the range of observed values. The derived equation represents the
dependency of tangential velocity on both radial distances from the center of vortex, and the altitude. As
we move further away from the vortex center, the eﬀect of vortex becomes non-significant, and velocities
start following the standard logarithmic proﬁle. Due to dependency of tangential wind velocity on altitude, the tangential velocity increases as we move higher up in the vortex system. At 100 m altitude, for
an order of magnitude increase in the radial distance, the mean tangential wind velocity drops by about a
factor of 1.5 in magnitude.
Keywords. Atmosphere dynamics; Mars atmosphere; planetary dynamics; terrestrial planets.

1. Introduction
The circulation of wind in the atmosphere is
driven by the pressure gradient developed
between two locations, incoming energy from the
Sun, and the rotation of the planet. The
Navier–Stokes (NS) equations describe the motion
of viscous ﬂuid substances and are a formulation
of the conservation of momentum of the system.
NS equations or momentum equations in inertial
frame of reference can be given as (Schlichting
et al. 1955):
Dui
1 op
o2 ui
þ m 2  g di3 ;
¼
q oxi
Dt
oxj

where ui is the component of ﬂuid velocity, q is the
density of the ﬂuid, m is the kinematic viscosity of
the ﬂuid (= dynamic viscosity (l)/density of ﬂuid
(q)), p is the pressure in the surrounding, and g is
the acceleration due to gravity of the planet.
The Navier–Stokes equations in rotational frame
of reference (tensorial notation) for incompressible
ﬂuid, are given as (Schlichting et al. 1955; Dong
and Wu 2015):
oui
oui
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o2 ui
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ot
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ð2Þ

ð1Þ

where X is the angular rotation of the planet.
Though the Navier–Stokes equations represent
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winds in any part of an atmosphere, modeling the
wind proﬁles in the boundary layer is challenging
(Petrosyan et al. 2011; Bryan et al. 2017). A two
dimensional set of Navier–Stokes equations reduces
from an elliptical equation to a parabolic equation
in the boundary layer under certain assumptions
which is easier to solve (Davis et al. 1986; Bell et al.
1989). Here, we will follow a different approach to
ﬁnd wind proﬁle in a boundary layer.
On Mars, the atmospheric boundary layer
extends up to an altitude of about 10 km as compared to about 1 km on Earth (Petrosyan et al.
2011). The Earth’s daytime surface layer extends
up to about 0.1 km. However, the Mars’ daytime
surface layer can extend up to 1 km (Petrosyan
et al. 2011). The logarithmic layer (ﬁgure 1c) gets
its name due to the fact that the vertical proﬁle of
wind velocity is approximately logarithmic in this
particular layer. The expression for the mean horizontal wind velocity (for logarithmic layer) in
Cartesian co-ordinate system is given as (Zheng
2009):
u ¼

u z
ln ;
k z0

ð3Þ

where, u is the threshold friction velocity near
surface, ‘k’ is von Karman constant, z is the altitude, and z0 is the aerodynamic roughness length of
the surface. The roughness parameter measures the
eﬀectiveness of a surface structure to absorb
momentum and is the height where the extrapolated wind ﬂow approaches zero or at which the
turbulent ﬂuid ﬂow become laminar. The above
semi-empirical relationship describes the vertical

distribution of horizontal mean wind speeds within
the lowest 1 km of the planetary boundary layer.
The logarithmic variation of horizontal wind
velocity is not valid in mixing layer or above due
to high ﬂuctuations in physical parameters
like pressure, temperature, and density with
altitude.
A cylindrical co-ordinate system is a threedimensional coordinate system that speciﬁes point
positions by the distance from a chosen reference
axis, the direction from the axis relative to a chosen
reference direction, and the distance from a chosen
reference plane perpendicular to the axis (Moon
and Spencer 2012). The expression for mean horizontal velocity of wind in the Cartesian co-ordinate
system provides a good approximation for atmospheric wind movement in the logarithmic layer
of any planet. However, this expression fails to
accurately determine the tangential velocity of
wind for a vortex system such as dust devil,
tornado, and storms.
Significant amount of dust loading occurs during
dust storms in Martian atmosphere. However, the
mechanism of dust lifting is still debatable. One
mechanism could be, for example, vortical eruptions resulting from instabilities induced by a
convective vortex which could lead to concentrated
vortices or dust devils (Sengupta et al. 2003, 2018).
Events like dust-devils, occur very frequently in
the Martian climate system (Ryan and Lucich
1983; Metzger et al. 1999; Greeley et al. 2006;
Stanzel et al. 2006; Reiss et al. 2011). Therefore,
accurate estimation of wind velocity in such
climate system is very important for understanding

Figure 1. Typical vertical structure of Martian atmosphere. (a) The atmosphere is divided into two broad zones viz., daytime
convective boundary layer and free atmosphere. (b) The boundary layer can be further divided into surface layer, mixing layer
and entrainment zone. (c) The surface layer consists of a roughness layer and a logarithmic layer.
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that system’s behaviour. Most often, a cylindrical
system is used for experiments or simulations of
vortex systems (e.g., Williamson 1996; Huang et al.
2008; Horton et al. 2016). Therefore, we consider a
cylindrical vortex system to estimate the wind
velocity variation with radial distance from vortex
center, and altitude. In this paper, we derive the
equation of mean tangential velocity of wind in
cylindrical co-ordinate system (for planetary surface layer) using NS and continuity equations. Our
co-ordinate system coincides with the center of
vortex system at surface. We assume our vortex
system to be in steady-state. In a steady-state
condition, the structure of a vortex system does not
undergo any change with time. The velocity ﬁeld
around the vortex is always normal to both the
symmetry axis ‘z’ and the radial vector ‘r’. We do
not consider any eﬀect of translational motion of
the vortex in estimation of our velocity. We also
compare our results with observed tangential
velocities of vortex on Earth for validation of our
results.

2. Tangential winds for a vortex derived
from NS equations in a cylindrical
co-ordinate system
Figure 2 shows a schematic of cylindrical vortex
system with mean tangential wind ﬂowing in anticlockwise direction. The continuity equation for an
incompressible ﬂow of ﬂuid (tensorial notation) is
given as:
oui
¼ 0:
oxi

ð4Þ

In the cylindrical coordinate system, the equations
of atmospheric ﬂow are expressed with components
ðu; uh ; uz Þ of velocity vector ~.
u Therefore, the
continuity equation can be expressed as:
our ur 1 ouh ouz
þ þ
þ
¼ 0:
r oh
or
r
oz

ð5Þ

According to atmospheric boundary layer
theory, the Coriolis force near the surface layer
can be neglected (Zheng 2009). Again, if the
horizontal scale of a disturbance is small enough,
the Coriolis force may be neglected compared to
the pressure gradient force, and the centrifugal
force. The Rossby number (Ro), Ro = V/f L, where
V is the wind-speed, f = 2 X sin / is the Coriolis
parameter (X is the angular frequency of planetary
rotation and / is the latitude), and L is the length
scale of vortex that determines the relative
significance of various forces with each other. For
Mars surface layer winds, V = 10 ms1, L = 100 m
and f = 104 s1 leads to Ro & 103, which implies
that the Coriolis force can be neglected as
compared to other forces. Moreover, atmospheric
motions are usually modelled within the shallowﬂuid approximation. This simpliﬁes the threedimensional spherical geometry, and for
dynamical consistency the Coriolis force is neglected. We consider the incompressible ﬂow of the
ﬂuid, which is an important condition for applying
Boussinesq approximations. The Boussinesq
approximation ignores density differences except
where they appear in terms multiplied by gravity
‘g’. The idea behind the Boussinesq approximation
is to restrict the analysis to that of systems whose
overall background density and temperature do not
vary much around their mean values. The mathematical form for pressure, density and temperature
using Boussinesq approximation can be given as:
rÞ;
P ¼ P0 ðz Þ þ pð~

q ¼ q0 ðz Þ þ q0 ð~
rÞ;

rÞ;
T ¼ T0 ðz Þ þ T 0 ð~

ð6Þ

where P0 ðz Þ, q0 ðz Þ, and T0 ðz Þ are the timeaveraged values of pressure, density and temperarÞ, T 0 ð~
rÞ
ture of the ﬂuid respectively, and pð~
rÞ, q0 ð~
are the ﬂuctuations in this time-averaged values
of pressure, density, and temperature of the ﬂuid
respectively.
The adiabatic lapse rate for atmosphere is:
Figure 2. Cylindrical vortex system with mean tangential
wind ðu h Þ.

oT0
g
¼ :
Cp
oz

ð7Þ
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The hydrostatic equilibrium equation is:

ur

oP0
¼ gq0 :
oz

ð8Þ

Using equations (6–8), the three components of
the NS equations can be written as:
(a) The r-component:
 
our
our uh our
our
1 op
u2
þ ur
þ
þ uz
¼
þ h
q0 or
ot
or
r oh
oz
r
 2

2
2
o ur o ur
1 o ur
2 ouh 1 our ur
þ
 2 :
þm
þ 2 þ 2

r oh2 r 2 oh r or
or 2
oz
r

ð9Þ
(b) The h-component:
ouh
ouh uh ouh
ouh
þ ur
þ
þ uz
ot
or
r oh
oz
 
1 1 op
ur uh
¼

q0 r oh
r
 2

o uh o2 uh 1 o2 uh 2 our 1 ouh uh
þm
þ 2 þ 2 2 þ 2
þ

:
r oh
r oh r or r 2
or 2
oz
ð10Þ

0

ð11Þ

0

Applying linearity, i.e., qq ¼ T
T0 to equation (11),
0
and with further simpliﬁcation we get:
ouz
ouz uh ouz
ouz
þ ur
þ
þ uz
ot
or
r oh
oz
 
0
1 op
T
¼
þg
q0 oz
T0
 2

2
o uz o uz
1 o2 uz 1 ouz
þm
þ
þ
þ
:
or 2
oz 2 r 2 oh2 r or

ð12Þ

Chain rule for some partial differential terms in
equations (10–12) is as follows:
ur

ð14Þ

ouz uh ouz
ouz
þ
þ uz
or
r oh
oz
oðuz uz Þ 1 oðrur uz Þ 1 oðuz uh Þ
¼
þ
þ
: ð15Þ
oz
r
or
r oh

After applying chain rule (equations 13–15),
the three components of the NS equations
(equations 9–12) will be simpliﬁed to:
(a) The r-component:
our 1 oðrur ur Þ 1 oður uh Þ oður uz Þ
þ
þ
þ
or
r oh
oz
ot r
 
2
1 op
u
¼
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q0 or
r
 2

2
o ur o ur 1 o2 ur 2 ouh 1 our ur
þ
þ

þm
:
þ

or 2
oz 2 r 2 oh2 r 2 oh r or r 2
ð16Þ
(b) The h-component:
ouh 1 oðruh ur Þ 1 oðuh uh Þ oðuh uz Þ
þ
þ
þ
r
or
r oh
oz
ot
 
 2
1 1 op
ur uh
o uh o2 uh 1 o2 uh
¼

þ 2 þ 2
þm
q0 r oh
r oh2
r
or 2
oz

2 our 1 ouh uh
þ
 2 :
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ð17Þ
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r

(c) The z-component:
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ouz uh ouz
ouz
þ ur
þ
þ uz
ot
or
r oh
oz
 
0
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q
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q0 oz
q
 2

2
o uz o uz
1 o2 uz 1 ouz
þm
þ 2 þ 2 2 þ
:
r oh
r or
or 2
oz

ur

ouh uh ouh
ouh
þ
þ uz
or
r oh
oz
oðuh uz Þ 1 oðrur uh Þ 1 oðuh uh Þ
þ
þ
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oz
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our uh our
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þ
þ uz
or
r oh
oz
oður uz Þ 1 oðrur ur Þ 1 oður uh Þ
¼
þ
þ
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(c) The z-component:
ouz 1 oðrur uz Þ 1 oðruh uz Þ oðuz uz Þ
þ
þ
þ
r or 
r
oh
oz
ot
1 op
T0
¼
g
q0 oz
T0
 2

2
o uz o uz
1 o2 uz 1 ouz
þm
þ 2 þ 2
þ
:
r oh2 r or
or 2
oz

ð18Þ

According to the Reynolds-averaged treatment
(Reynolds 1895; Adrian et al. 2000), an
instantaneous quantity is decomposed into its
time-averaged and ﬂuctuating quantities, i.e.,
!
~
r t Þ. This treatment is priuð~;
r t Þ ¼ u ð~;
r tÞ þ ~
u 0 ð~;
marily used to describe turbulent ﬂows. Using
Reynolds treatment, the continuity equation
(equation 5) can be re-written as:
1 oðr ur Þ 1 ouh ouz
þ
þ
¼ 0:
r or
r oh
oz

ð19Þ
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An approximation to the Reynolds number can
be given as Re  VL=m (Shao 2008), where V and
L are typical velocity scale and typical length
scale for a ﬂow, respectively. The Reynolds
number is the ratio of inertial forces to viscous
forces and measures how turbulent the ﬂow is.
Low Reynolds number ﬂows are laminar, while
higher Reynolds number ﬂows are turbulent. For
Mars surface layer winds, V & 10 m s1, L & 100 m,
and m & 103 m2 s1 (Petrosyan et al. 2011), it
follows that Re & 106. The large Reynolds
number indicates that the wind ﬂows in Martian
surface layers are almost always turbulent.
Therefore, neglecting viscous terms in equations
(16–18) (since we are dealing with turbulent
region of the atmosphere); three components of
Reynolds-averaged NS equations will be reduced
to:
our
our uh our
our
þ ur
þ
þ uz
ot
or
r oh
oz






0
0
o
u
u
o
ur0 ur0
1 op
1 o ur0 uh0
r z
¼



oz
or
oh
q0 or
r
1
1
1
ð20Þ
 ur0 ur0 þ uh uh þ uh0 uh0 ;
r
r
r
ouh
ouh uh ouh
ouh
þ ur
þ
þ uz
ot
or
r oh
oz






o uh0 uz0
1 op o uh0 uz0
1 o uh0 uh0



¼
q0 oh
r
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1
1
1
ð21Þ
 ur0 uh0  ur uh  ur0 uh0 ;
r
r
r
ouz
ouz uh ouz
ouz
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þ
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o ur0 uz0
1 op o uz0 uz0
1 o uz0 uh0

¼


oz
or
oh
q0 oz
r
1
 ur0 uz0 :
ð22Þ
r
The azimuthal velocity (tangential velocity)
determines the rotational velocity of a rotating
vortex, and amount of dust it can lift. Since we
have considered the velocity ﬁeld to be normal
to both ‘z’ axis and ‘r’ axis, the velocity ﬁeld is
parallel to the h-unit vector direction. Therefore,
the net velocity ﬁeld would be, ~
u ¼ uh e^h . Now,
we are interested in determining the variation
of azimuthal velocity with height and size of the
vortex. Therefore, we consider that h-component
is in the direction of mean horizontal velocity,
z is in the direction of mean vertical velocity, and

the ground is homogeneous with even roughness.
Since Coriolis force has been already neglected,
that will lead to the cyclostrophic balance in an
atmospheric vortex, which satisﬁes:
V2
1 op
;

q on
r

ð23Þ

where, n is normal to the direction of ﬂow. After
applying cyclostrophic balance, equation (21) can
be simpliﬁed to:


ouh
1 op o uh0 uz0
2

ð24Þ
¼
 ur0 uh0 :
oz
q0 oh
r
ot
Since we have taken a cylindrical symmetry,
we do not expect any change in pressure in
the azimuthal direction. Hence, equation (24)
simpliﬁes to:


ouh
1 o q0 uh0 uz0
2
ð25Þ
¼
 ur0 uh0 :
oz
q0
r
ot
In steady-state scenario, equation (25) can be
written as:


1 o q0 uh0 uz0
2
1 oszh 2srh
þ
 ur0 uh0 ¼
¼ 0;
q0
r
q0 oz
rq0
oz

ð26Þ

where szh and srh are the components of Reynolds
shear stress (Shao 2008; Stull 2012).
Reynolds shear stress (srh ) is described using
the expression qur0 uh0 . Reynolds stress only exists
when the ﬂuid is in turbulent motion. The Reynolds shear stress deals with turbulent momentum
ﬂux which acts like a stress. The momentum ﬂux
is transferred to other layers by the ﬂuctuating
winds. Hence, the Reynolds stress becomes
directly dependent on the velocity of wind, and
not on the position of vortex. Since srh is only a
function of velocities, and not co-ordinates; we
integrate equation (26) (integration limit, z0 ? z)
and get,
szh ¼ 

2ðz  z0 Þ
srh :
r

ð27Þ

Turbulence shear stress can be given as (Stull
2012):
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s ¼ s2rh þ s2zh ¼ srh

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ðz  z0 Þ2
1þ
:
r2

ð28Þ

Prandtl postulated that the velocity scale of a
ﬂuctuation motion is equal to the velocity gradient

2
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Figure 3. Comparison of tangential wind velocity proﬁles of Earth (top) and Mars (bottom) for various radial distances from
vortex center.

times the mixing length scale (Bradshaw 1974).
According to Prandtl’s mixing length theory
(Zheng 2009), the shear stress can be given by
 
2 ouh 
h
s ¼ lt ou
oz ; where lt ¼ q0 lm oz , and lm ¼ kz is mixing length. Using Prandtl’s theory and equation
(28), we get:
!1=2
 2
 
4ðz  z0 Þ2
2 2 ouh 
1
þ
¼
q
k
z
ð29Þ
srh
0
 oz  :
r2
Using the expression of threshold friction
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ¼ srh =q0 velocity near surface (Shao 2008),
and further simplifying equation (29):
!1=4
ouh u
4ðz  z0 Þ2
; z  z0 ;
ð30Þ
¼
1þ
oz
kz
r2
where ‘r’ is the distance from the center of vortex,
and ‘z’ is the altitude from surface. Equation (30) is
the analytical solution (with certain assumptions)
of Navier–Stokes equations for estimating the
tangential velocity for a vortex system in a
planetary surface layer.
3. Results and discussions
We use trapezoidal method for numerical integration (integration limit, z0 ? z) of equation (30) to
determine tangential wind velocities in Earth’s and
Mars’ surface layers. We assume values of 2 ms1,
0.4, and 0.01 m for near surface threshold friction
velocity, von Karman constant, and aerodynamic

Figure 4. Comparison of tangential wind velocities on Mars
and Earth due to a vortex with respect to the radial distance
from center (0 being the center). Velocities are estimated at
7 ft (5.18 m) altitude from the surface.

roughness length of the surface respectively for a
typical Martian surface layer (Sutton et al. 1978;
H€
ogstr€
om 1985; Newman et al. 2002; Petrosyan
et al. 2011). For Earth, we assume values of 1 ms1
and 0.03 m for near surface threshold friction
velocity, and aerodynamic roughness length of the
surface respectively (Balme et al. 2003; Jarraud
2008). Typical Mars’ and Earth’s surface layers
extend up to 1000 and 150 m, respectively.
Figure 3 shows the variation of mean tangential
wind velocity with altitude for various radial distances. We observe a reduction by a factor of about
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Table 1. Theoretical tangential wind velocity (uh ) determined using equation (30) with z0 = 0.03 m, and u = 1 ms1.
All velocities are in ms1.

r=5m
r = 10 m

z = 7 ft
(2.13 m)

z = 17 ft
(5.18 m)

z = 31 ft
(9.45 m)

10.88
10.73

13.78
13.19

16.38
15.17

1.5 in mean velocities (at 150 m altitude for both
planets) for one order increase (10–100 m) in the
radial distance due to inverse square dependency
on radial distance. The tangential velocities would
be higher as we move closer to the center of the
vortex, and decreases sharply with increasing
distance. The variation in tangential velocities
with variation in radial distance increases with
increasing altitude and vice-versa.
Figure 4 shows the comparison of velocities
between Earth and Mars surface layers at a ﬁxed
altitude (7 ft (5.18 m)) with respect to the radial
distance from center (0 indicates the center) of
vortex. The velocities on Mars are relatively
higher as compared to velocities on Earth due to
lower roughness length and higher threshold friction velocity. As we move far away from the
center of a rotating vortex, the velocities in both
planets’ surface layers reach a saturation value
which is the ambient wind speed. This happens
because as ‘r’ increases (r ! 1), the second term
in equation (30) becomes non-significant as compared to the ﬁrst term, and eventually leads to
logarithmic wind proﬁles without any eﬀect of
vortex.
3.1 Comparison with observed data
Sinclair (1966) measured three cylindrical components of the wind velocity through the base of a
dust devil, at 7, 17, and 31 ft above the surface over
a ﬂat desert terrain near Tucson, Arizona. From
these observations, it follows that the tangential
wind velocity typically ﬂuctuates between 10 and
15 ms1 (Sinclair 1973).
For comparison, we theoretically determine the
tangential wind velocity using equation (30), with
roughness length (z0 ) = 0.03 m (Jarraud 2008), and
u = 1 ms1 (Balme et al. 2003) at 7, 17, and 31 ft
(2.13, 5.18 and 9.45 m) above the surface. We
determine the velocities at 5 and 10 m from the
center of the vortex. In general, our theoretical
values of the tangential wind velocity (table 1) are
well within the range of observed values. At higher

altitude and close to vortex center, our values are
slightly higher due to various assumptions (or
approximations) we made during the mathematical
formulation of our derived equation.
Cyclostrophic balance is always maintained
within a vortex. Therefore, we can predict the
pressure drop around a vortex using this balance if
we have the knowledge of tangential velocity and
vice versa. The cyclostrophic balance around a
vortex is represented as:
Dp ¼

v2
pavg ;
RT

where, Dp is the pressure drop around the vortex,
v is the tangential velocity of the vortex, R is the
speciﬁc gas constant of the air, T is the background
temperature and pavg is the average pressure of the
surrounding.
Sinclair (1966) measured the tangential velocity
of the dust devil at three heights varying between
10 and 15 m/s and pressure drop varying between
1 and 3 hPa. Using the value of the reported T =
320 K and assuming the typical summertime values
for the surface pressure pavg = 925 hPa and R =
287 m2 s2 K1, we obtain the calculated pressure
drop to vary between 1.2 and 2.7 hPa.
For Mars, with typical values of T = 250 K, R =
192 m2 s2 K1, and pavg ¼ 700 Pa and threshold
velocity v  30 ms1 (Greeley et al. 2003), we
obtain a pressure drop of Dp  13 Pa.
4. Concluding remarks
We derived a simple differential equation for the
mean tangential velocity in cylindrical co-ordinate
system using NS equations (equation 30). The
derived equation represents the dependency of
tangential velocity on both distance from the center of cylinder, and the altitude. Equation (30)
would be useful to estimate the variation of
velocity with radial distance from vortex center.
However, as we move further away from the vortex
center, the second term in equation (30) becomes
non-significant, and velocities start following the
standard logarithmic proﬁle. We note that, equation (30) is only valid in the planetary surface layer
region of the atmosphere.
The dependency of tangential wind velocity on
altitude indicates the increase in velocity as we
move higher up in the vortex system. The tangential velocity of the wind also decreases as we
move far away from the vortex center. At 100 m

2
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altitude, for an order of magnitude increase in the
radial distance, the mean tangential wind velocity
drops by about a factor of 1.5 in magnitude. We
theoretically estimated tangential velocities for
both Earth and Mars surface layers. The velocities
on Earth are relatively lower as compared to
velocities on Mars due to higher roughness length
and lower threshold friction velocity.
Comparison with observed data substantiates
the validity and applicability of equation (30) for
vortex systems in planetary surface layers. We
believe that, this form of equation can prove very
vital for determining the mean tangential wind
velocities in a vortex system for planet like Mars
(where vortex systems like dust devils occur frequently). Although we utilize Martian surface layer
properties to derive most of our results, equation
(30) remains valid for any planetary surface layer
as long as all of our assumptions are valid.
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