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Analyses of Non-Uniform Rational B-spline (NURB) curve by varying weights at its nodal points and
projection ratio produce several kinetically plausible symmetric and asymmetric fold morphologies in
2D promptly and eﬃciently with varied overall geometries, curvature of limbs, sharpness/bluntness of
hinges, extent of hinge zone, tightness/interlimb angles, etc. Some of these folds are new geometries what
other approaches, such as those with Bézier curve, did not produce so far. Natural fold proﬁles can be
matched with NURB curves from photographs.
Keywords. NURB curve; Bézier curve; fold morphologies; interlimb angle; axial plane; curvature.

1. Introduction
. . .the geometry of geological structures
must be accurately described before conclusions about their formation can be
drawn.
—Bastida et al. (2005)
Folds are the most widely recognized structures
in deformed rocks (Hudleston and Treagus 2010).
Their geometries are commonly represented by
their 2D proﬁle sections, which are governed
primarily by the rheology of the rocks that ﬂex
(e.g., Fletcher 1979). Ghassemi et al. (2010) linked
bulk shortening with the fold geometries. Therefore, specifying the fold geometries can connote
the rheology and/or bulk shortening of the rock
(Hudleston and Lan 1994). Various geometric
classiﬁcations of folds are available (Ghosh 1993).
To name a few, folds have been classiﬁed as gentle,
open, closed, tight and isoclinal depending on

their interlimb angles (Fleuty 1964). Likewise,
depending on the dip amounts of the axial planes,
folds have been classiﬁed as upright/vertical, subvertical, steeply or moderately or gently inclined
and recumbent (e.g., Wills and Willis 1929). The
ratio between fold amplitude (A) and base length
(L) is called the aspect ratio R = AL−1 (Aller
et al. 2004). Ramsay (1967) used dip isogons to
classify folds into three broad ‘classes’. By quantifying harmonic waveforms, many authors (e.g.,
Srivastava and Gairola 1997; Tripathy and Gairola
1999) performed Fourier analysis of fold shapes.
Chapple (1968, 1969) analyzed ﬁnite ampliﬁcation,
wavelengths and interlimb angles of folds within
viscous materials inside a non-Newtonian layer.
Stabler (1968) studied fold shapes with the help
of harmonic coeﬃcients of the Fourier series (see
Lisle et al. 2006 for more analyses on fold proﬁles). Hudleston (1973) furthered this method and
suggested 5 × 6 geometries of fold. This means that
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a total of 30 types of fold geometries are presented
in a matrix with 5 rows and 6 columns. Works by
Stabler (1968) and Hudleston (1973) were expedited using curve ﬁtting regression method through
computer analyses by Stowe (1988). Also note that
Twiss (1988) presented a method devoid of Fourier
analysis to simulate both symmetric and asymmetric fold proﬁles. Several researchers have also used
power functions (Bastida et al. 1999) and parametric functions in addition to other constraints like
amplitude, wavelength data, horizontal and vertical projections of the handling points (Srivastava
and Lisle 2004; Ghatak et al. 2005; Srivastava et al.
2010) to describe and analyze shapes of folds and
other geological objects (Evans et al. 1985) with
computer-aided programmes. Handling points are
basically control points to generate the curves/fold
morphologies and are not inﬂection points. A control point, on the other hand, determines the shape
of a spline curve in a coordinate reference frame. Its
coordinate depends on the type of reference frame
whether it is 2D or 3D vector-graphics (Salomon
2007). The reference frame is the X–Y coordinate
system.
Liu et al. (2009a, b) used quadratic Bézier
curves and simulated several fold shapes with
the help of axial lift-up ratio of the central
part and interlimb angles. Bastida et al. (2005)
reviewed in detail how curves are ﬁtted with
fold proﬁles. They referred that conic sections
in general are most feasible to ﬁt with the fold
proﬁles.
In this work, we simulate diﬀerent fold morphologies using NURB curves. A new range of folds were
produced in this method. NURB curves have previously been used in geo-resource studies (Zhong
et al. 2006) and in extrapolating geoscientiﬁc information (Sprague and de Kemp 2005), but not in
fold morphologies to our knowledge.

2. B-spline and NURB curves
Bézier curve (or Bernstein–Bézier curve or Bspline) is a 2D shape based on parametric equation as used by Marco and Martı́nez (2007) and
many other graphic designers, viz., Sederberg for
Autodesk Inc. (e.g., Sederberg, internet reference;
Sederberg et al. 2003, 2008; Wojtal 2001)

C(t) =

n

i=0

Pi Bi,n (t),

t ∈ [0, 1]

(1)

Figure 1. Bézier curves of diﬀerent degrees and control
points (P ): (a) Degree 1 (n = 1, P = 2), (b) quadratic
or degree 2 (n = 2, P = 3), (c) cubic or degree 3 (n = 3,
P = 4), and (d) higher or degree 4 (n = 4, P = 5).

where Bi,n is the blending functions; Bi,n (t) is a
Bernstein polynomial as in equation (2). Pi is the
location of controlling/handling points. n is the
degree of curve. A set of (n + 1) numbers of control
points P0 , P1 , . . . , Pn exist. As per Lorentz (1953):
 
n
Bi,n (t) =
(1 − t)n−i ti ,
i

i = 0, 1, . . . , n. (2)

 
n!
.
Here, ni is the binomial coeﬃcient, i.e., i!(n−i)!
2
If n = 2, B0,2 = (1 − t) , B1,2 = 2t(1 − t) (here the
symbol ‘!’ means factorial) and B2,2 = t2 . Substituting values of B0,2 , B1,2 and B2,2 , equation (1)
gives a quadratic Bézier equation of second degree
(ﬁgure 1b):
C(t) = (1 − t)2 P0 + 2(1 − t)(t)P1 + t2 P2

(3)

P0 , P1 and P2 are the three controlling points in
equation (3). The curve is tangent to P1 − P0 and
Pn −Pn−1− at the end points. Equation (1) can similarly produce cubic and still higher order Bézier
curves (ﬁgure 1c, d).
A rational (or ratio of polynomial) Bézier curve
is also referred as the NURB curve (non-uniform
rational B-spline curve) (Piegl and Tiller 1997a):
n
i=0 Bi,n (t)wi Pi
.
R(t) = 
n
i=0 Bi,n (t)wi

(4)

Here wi is the weight of Pi (xi , yi , wi ), which is the
last ordinate of the homogeneous point Pi,w . An
example of 2nd degree (n = 2) rational quadratic
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Figure 2. Diﬀerent conic sections developed from equation (4) keeping w0 = w1 = 1 constant and by changing the value
of w1 from 0.1 (w1min ) up to 9.9 (w1max ) resulting: (a) 2nd degree NURB curves (quadratic) resemble symmetric folds of
increasing tightness/falling interlimb angle. (b) 3rd degree NURB curves (cubic) resemble double hinge character of box
folds. (c) A quadratic Bézier curve with h = y1 − y0 and L = x2 − x0 . (d) Logarithmic relation between fold amplitude (A)
and weight parameter (w1 ).

Bézier curve equation can be derived from equation
(4) as (ﬁgure 2a):
R(t) =

(1 − t)2 w0 P0 + 2t(1 − t)w1 P1 + t2 w2 P2
(1 − t)2 w0 + 2t(1 − t)w1 + t2 w2
(5)

Here w0 , w1 , w2 are the weights of P0 , P1 and
P2, respectively. w1 > 1 represents a hyperbola;
w1 = 1, a parabola; and w1 < 1, an ellipse. The
ﬁrst case would not indicate proﬁle of a single fold.
The parabolic proﬁle would indicate (simulated by
other workers such as Ghassemi et al. 2010) doming
of a viscous material that behave as a Newtonian
ﬂuid, with (Mukherjee et al. 2010) or without overburden (Mukherjee and Mulchrone 2012). A sheath

fold produced by intense ductile simple shear (e.g.,
Mukherjee 2015) in cross-section is elliptical (i.e.,
w1 < 1).
We have three controlling points in a second
degree curve, viz., P0 (x0 , y0 ), P1 (x1 , y1 ) and P2 (x2 ,
y2 ) as shown in ﬁgure 2(c). Distance between P0
and P2 can be considered as base-length L =
x2 − x0 . On other hand, projection length h is
the perpendicular separation between base length
L to point P1 , taking y0 = y2 , h = y1 − y0 =
y1 − y2 . Projection ratio R = hL−1 can be taken
as a parameter to change fold shapes. For cubic
or higher degree Bézier curves, we can take h =
y1 − y0 = y2 − y3 ; and L = x3 − x0 ; as in ﬁgure 2(b). Figure 2(b) simulates, from w = 0.1 up
to about 2.3, round hinge folds consisting of broad
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hinge zones. At much higher w values (e.g., 9.9),
two hinge points develop and in between nearly
a straight line. This resembles nearly a box fold
geometry. Almost similar geometries of folds can be
produced by doming/ﬂow of non-Newtonian ductile rock materials (Turcotte and Schubert 2002).
Relationship between the weight parameter w1
and amplitude (A) is a logarithmic increment with
increasing the value to w1 ; i.e., A increases as
f (w1 ) = ln(w1 ), as in ﬁgure 2(d). Maximum value
of amplitude remains <h.
Changing the distance between P0 and P2 and
changing the values of w1 in equation (5), diﬀerent shapes of folds can be created as in ﬁgure 3(a).
By putting n = 3 (equation 4), third degree cubic
curves can be prepared with four control points
P0 , P1 , P2 and P3 and weight parameters w0 , w1 ,
w2 and w3 , respectively. By repeating the procedure while keeping w0 = w3 = 1 as constant and
changing the values of w1 = w2 from 0.1 up to 9.9,
we get more fold patterns as in ﬁgure 3(b).
Analyzing the characteristics of these fold forms
generated by 2nd and 3rd degree NURBs (ﬁgure 3a,
b), a range of fold geometries – straight limbs,
sharp/rounded hinges, kinks, box like, circular arc,
diﬀerent tightness/interlimb angles, etc., can be
produced. Figure 4(a, b) shows the scheme of fold
shapes.
Progressive increasing degrees of asymmetry in
fold morphologies can also be created using NURB
curves by adapting similar procedure as shown in
ﬁgure 2(a) by changing the position of P1 (ﬁgure 5)
and keeping w0 = w2 = 1, constant. The degree
of asymmetry increases and the dip amounts of
axial plane falls as one keeps increasing the w1
magnitudes.

3. Exercises with two natural folds
We take two natural fold photographs to utilize
NURB curve exercise (ﬁgures 6–8). We choose
a tight isoclinal fold, with uneven thickness of
limbs and hinge regions (Akjoujt, Inchiri region,
W Mauritania; ﬁgure 1.34 in Mukherjee 2015; here
ﬁgures 6–7). NURB curve tool has been used to
draw the 2nd degree curve, and weight parameter of point P1 has been changed in the transform panel. Changes in other parameters have
been observed by varying the weight parameter w1 (by 1, 4 and 5.3) for the point P1 . For
this NURB, L = 6.42 (distance between P0 and

Figure 3. (a) Diﬀerent types of 2nd degree (n = 2) quadratic
NURB folds generated by increasing value of w1 from 0.1
to 9.9 with increasing R = hL−1 . 7 × 4 possibilities of fold
geometries shown. (b) 3rd degree (n = 3) cubic NURB folds
generated by increasing value of w1 = w2 = w from 0.1 to 9.9
and increasing R = hL−1 . In all cases, h remains constant.
7 × 4 possibilities of fold geometries are shown in the ﬁgure.

J. Earth Syst. Sci. (2017) 126:98

Page 5 of 8

98

Figure 5. Asymmetric folds generated from equation (5) by
changing the position of P1 [x1 = (x2− x0 )/2] and by increasing w1 magnitudes.

P2 ) and h = 10.62 (elevation of P1 ), projection
ratio R = hL−1 = 1.65. The second example
is a ptygmatic fold with isoclinal, round hinge
and box geometries in banded calc-silicate gneiss
hosted within a recrystallized marble matrix (ﬁgure 1.57 in Mukherjee 2015; here ﬁgure 8). A
3rd degree NURB is drawn over the box fold.
The parameters are h = 4.5, L = 5.22 and
R = 0.86. The readers are encouraged to apply
NURB curve ﬁtting on natural examples of folds in
diﬀerent scales (e.g., as given in Misra and Mukherjee 2017; Mukherjee and Koyi 2009; Mukherjee
2010a, b, 2011, 2013, 2014a, b).
4. Discussion and conclusions

Figure 4. (a) Scheme of fold types generated from 2nd
degree NURBs as per ﬁgure 3(a, b). (b) Scheme of fold types
generated from 3rd degree NURBs as per ﬁgure 3(b). In both
ﬁgures deeper shades indicate tighter folds.

NURB curves (Piegl and Tiller 1997b) have been
used in this work to demonstrate a new and quick
method of simulating fold proﬁles. NURB represents conic sections and can produce a diﬀerent
range of morphologies of folds than the Bézier
curve. Some of these folds resemble geometries that
are expected theoretically from known (such as
Newtonian) rheologies of ductile rocks. Previously,
Srivastava and Lisle (2004) simulated a range of
fold shapes in aspect ratio vs. shape parameter plot
by Bézier curve analyses. Those folds had varying
interlimb angles/tightness, bluntness/sharpness of
the hinge region and curvature of the limbs. Liu
et al. (2009a) in their ﬁgures 3(b) and 4 presented how fold shape is sensitive to the axial
lift-oﬀ ratio. Srivastava et al. (2010) generated
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Figure 6. NURB curve tool applied on a natural fold. See section 3 for details.

Figure 7. NURB curve tool applied on a natural fold. See section 3 for details.

asymmetric fold geometries by varying the ratio
of length of the ﬁrst Bézier handle and width of
the fold while maintaining the aspect ratio constant (their ﬁgure 8a). The present work, in line of
Srivastava and Lisle (2004), Liu et al. (2009a, b)
and Srivastava et al. (2010), simulates geometries
of only the extrados or the intrados of the fold.
Both symmetric and asymmetric folds were simulated, which are comparable with those done by
other methods (ﬁgures 2, 3 and 10 of Bastida et al.
2005). Figure 3(a) for high magnitudes of ‘weight
on P1 ’ (w1 ) and projection ratio (R) simulate
nearly a chevron fold geometry. Such a geometry was not simulated earlier from linear viscous
rheology, as per Cruikshank and Johnson (1993).

Doming of ﬂuid/ductile deforming rocks with a
Newtonian viscous rheology produces parabolic
fold morphology (Johnson and Fletcher 1994). On
the other hand, the parabolic fold proﬁles simulated in ﬁgure 3(a) for moderate magnitudes of w1
and R could be produced when a ductile rock of
Newtonian viscous rheology extrudes with or without overburden. Summarily, we simulated fold
proﬁles that are able to generate for both linear
and non-linear rheology of the ductile rock. Two
natural fold proﬁles were modelled using NURB
curve.
Bezier curve tool does not provide ﬂexibility
to modify curve shape without altering the positions of the handling points. Whereas in case of
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Figure 8. NURB curve tool applied on a natural fold.
See section 3 for details. 25-mm diameter coin for scale
(photograph by Subhadip Mandal from N to Munsiari,
India).

NURB tool, a curve can be reshaped or transformed into a diﬀerent shape without changing the positions of handling points and can be
achieved by changing the values of weight parameters only.
However, natural non-periodic folds can have
even diﬀerent geometries of its outer- (extrados)
and inner- (intrados) layers, which could be typically found within migmatites (Mukherjee and
Koyi 2010). In that case, a single fold cannot be
uniquely represented by a single NURB- nor a
Bézier curve. Using super and sub-ellipses to ﬁt
fold proﬁles can be attempted as future exercises.
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shape using Bézier curves; J. Struct. Geol. 26 1553–1559.
Srivastava D C, Rastogi V and Ghosh R 2010 A rapid Bézier
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