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Near-subsurface temperatures have signatures of climate change. Thermal models of subsurface have been
constructed by prescribing time dependent Dirichlet type boundary condition wherein the temperature
at the soil surface is prescribed and depth distribution of temperature is obtained. In this formulation it
is not possible to include the relationship between air temperatures and the temperature of soil surface.
However, if one uses a Robin type boundary condition, a transfer coeﬃcient relates the air and soil
surface temperatures which helps to determine both the temperature at the surface and at depth given
near surface air temperatures. This coeﬃcient is a function of meteorological conditions and is readily
available. We have developed such a thermal model of near subsurface region which includes both heat
conduction and advection due to groundwater ﬂows and have presented numerical results for changes in
the temperature–depth proﬁles for diﬀerent values of transfer coeﬃcient and groundwater ﬂux. There
are signiﬁcant changes in temperature and depth proﬁles due to changes in the transfer coeﬃcient
and groundwater ﬂux. The analytical model will ﬁnd applications in the interpretation of the borehole
geothermal data to extract both climate and groundwater ﬂow signals.

1. Introduction
There is great interest to know past climate,
especially to infer any anthropogenic signals in
present climate by inter-comparison. The observations of subsurface thermal regime in boreholes
have been used to infer earth’s thermal history.
However, these also can be used to ﬁnd changes
in the earth’s surface temperature due to climate
change. Lachenbruch and Marshall (1986) for the
ﬁrst time used borehole temperature data to infer
the climatic signals which are due to time varying surface temperatures. Since then this ﬁeld has

extended interpreting all available global dataset
using both forward and inverse methodologies to
estimate the climate signals. Extensive literature
has been reviewed by Bodri and Cermak (2007),
Gonźalez-Rouco et al. (2009) and Davis et al.
(2011). The methodology for interpreting borehole
data involves using solutions of 1D heat conduction in half space with time dependent temperature
boundary conditions. This solution is ﬁtted with
the borehole data to infer surface boundary condition discretized as step functions of time. Using
geophysical inverse methodology, signiﬁcant departures from the constant temperature boundary
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condition are found. Enhancement in surface temperatures since industrialization is also discernable
in the borehole observations (Pollack and Huang
2000).
Borehole geothermal data also has signatures
of other perturbations besides in surface temperatures, such as due to movement of groundwater (Anderson 2005; Constantz 2008; Swanson
and Cardenas 2011). Thus the temperature–depth
proﬁles are also used to estimate subsurface water
ﬂuxes because heat in subsurface is transported
not only by conduction but also by heat advection caused by subsurface water ﬂow. Eﬀects
of water ﬂow on temperature have been studied by several researchers. Stallman (1963, 1965)
derived the diﬀerential equation for combined conductive and groundwater advective heat transfer.
Lubimova et al. (1963) considered eﬀects of vertical
ﬂow of water in oceanic sediments. Bredehoeft and
Papadopulos (1965) obtained analytical solution
describing temperature proﬁle with depth where
ﬂuid is moving vertically with constant velocity. Solutions for stratiﬁed media has also been
derived by Negi and Singh (1967) and (Shan and
Bodvarsson 2004). Reiter (2001) showed the estimation of horizontal and vertical groundwater ﬂow
components using precision temperature logs.
Kohl (1998) studied the eﬀects of groundwater
ﬂows on the vertical geothermal proﬁles which are
used for paleoclimate reconstructions. He obtained
numerical ﬂow in a 2D aquifer to show that climatic
signals are not washed out by groundwater ﬂows.
Eﬀects of permeability distribution on the nature
of geotherms were investigated. He also applied
on the temperature–depth proﬁle inversion scheme
using purely conductive forward model and noted
diﬀerences in the GST results both in presence and
absence of groundwater ﬂow perturbations. He further developed a three dimensional model including joint eﬀects of ground surface temperature
(GST), topography and aquifer properties at KTB
site in Germany. Ferguson et al. (2006) also studied synthetic borehole geothermal data perturbed
by groundwater ﬂow but used purely conductive
models for inversion of climate signals. They were
looking for likely magnitudes of groundwater ﬂows
which can have implication for construction of
GST. Only high permeable, high recharge and deep
circulating aquifers were found to be disturbing
the reconstruction of surface temperature. In such
cases it would be necessary to include changes in
the groundwater recharge in GST reconstruction.
Bodri and Cermak (2005) constructed synthetic
borehole temperature proﬁle using 1D advection–
diﬀusion equation and applied inversion methodology of 1D purely diﬀusion forward model to
estimate eﬀects of advection on GST construction. They showed that climatic signals would be

distorted in presence of advection; climatic signals
are not washed out due to convection. Reiter (2005)
has jointly determined the groundwater ﬂows and
time varying ground surface temperatures by ﬁtting analytical solutions with the observations.
Taniguchi et al. (1999a, 1999b) presented a series
of type curves for estimating vertical groundwater ﬂux in sediment in which surface temperature
increases linearly with time and groundwater ﬂows
vertically and applied to infer eﬀects of urbanization and groundwater ﬂows on subsurface temperatures. Taniguchi (2011) and Gunawardhana
et al. (2011) have also studied the temperatures of
groundwater to infer signals of urbanization and
climate.
In above studies, the surface temperature has
been prescribed to compute its eﬀect on the
subsurface temperatures. There have been some
studies in simultaneous measurements and analysis of the GST and air surface temperatures
(AST) at several sites, starting with Putnam and
Chapman (1996). Beltrami and Kellman (2003)
observed both air and ground surface temperatures at two sites and found no regular behaviour
over long term between them, the oﬀsets between
them varying with time. Bartlett et al. (2006) and
Davis et al. (2010) have looked at coupling between
GST and SAT at decadal time scales and found
strong coupling between them at these scales.
Coupling of air and ground surface temperatures
have also been analyzed by Stieglitz and Smerdon
(2007). A general consensus in the literature is that
GST derived from borehole data does mimic the
surface temperature. However, with more simultaneous measurements of both GST and SAT, including in India (Akkiraju and Roy 2011a, 2011b), it
would be interesting to prescribe AST and obtain
subsurface temperatures to know climate and other
signals in borehole data.
In this paper, we shall use a boundary condition at the earth’s surface wherein a combination
of heat ﬂux and the surface temperature are prescribed in terms of surface air temperatures. This
boundary condition is called Robin type boundary
condition. The boundary condition wherein either
temperature or heat ﬂux is given in special cases of
this general boundary condition. With this boundary condition, we construct an analytical model
for transient air temperature at the surface and
groundwater recharge in the subsurface. Quantitative studies are being done for diﬀerent parameters like velocity of groundwater recharge and
heat transfer coeﬃcient. Generally GST inversion
methodology uses 1D diﬀusive forward model with
given surface temperatures. Several least squares
and Bayesian inverse methods have been developed and used in the literature based on such a
forward solution. Bodri and Cermak (2007) have
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summarized the literature, which can be referred
for details. Our analytic solution can be used as forward model to develop inversion schemes to infer
in addition to groundwater recharge.
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initial air temperatures (TA ). Thus we need the
solution of equation (1) with initial condition as
equation (3), surface boundary condition as equation (4) and basal boundary condition taken as
ﬁnite value of temperature.

2. Mathematical formulation
3. Solution of the problem
Transient temperature distribution in the subsurface in response to one-dimensional non-isothermal
ﬂow of an incompressible ﬂuid through homogeneous porous media is governed by the following
advection–diﬀusion equation:
 
1 ∂T
∂2T
U ∂T
=
(1)
−
2
κ ∂t
∂Z
κ ∂Z
U=

(ρcp )f
(ρcp )s

vf

(2)

where T is the temperature, Z is the depth from
the surface (positive downwards), t is time, κ is
the thermal diﬀusivity, vf is vertical (Darcy) ﬂuid
ﬂow velocity (positive value for downward ﬂow and
negative value for upward ﬂow), ρ is the density
and cp is speciﬁc heat. Subscript f and s refers to
ﬂuid and solid phases. The associated initial and
boundary conditions are as follows:
T = T0 + aZ

K

at t = 0 for all Z > 0;

dT
= H(T −TA − bt)
dZ

(3)

We will present our new results as case (3) and
before that summarize two cases for which results
are available in the literature. Our new result in
case (3), generalizes these results.

Case 1: Given surface temperature (T ) with sudden change at t= 0 and with linear increase at
time > 0:
We use the method of Laplace transformation to
solve the one-dimensional transient heat conduction equation (Carslaw and Jaeger 1959). Taking
the Laplace transform of equation (1), using the
initial condition equation (3), we get
d2 T̃
p
U dT̃
T0 + aZ
−
−
T̃ = −
dZ 2
κ dZ
κ
κ

where T̃ (Z, p) is the temperature in the Laplace
domain.
α
T̃ (Z, p) =
T (Z, t) exp (−pt) dt.
(7)
0

at Z = 0 for all t > 0.
(4)

Equation (3) describes that the surface temperature is T0 at time t = 0 and initial temperature
increase with depth with gradient given a constant
a. Equation (4) is Robin type of boundary condition at the surface. Here coupling of the air temperature (TA ) and soil surface temperatures (T0 )
are diﬀerent, depending on the values of H, called
the heat transfer coeﬃcient. Values of H depend
upon winds and earth surface conditions. Such a
boundary condition has been used in hydrothermal studies (Heasler et al. 1990). In case, the heat
transfer coeﬃcient H tends to inﬁnity, soil temperature T0 at the surface (Z = 0) becomes the same
as air temperature, and the boundary condition at
the surface is then given by:
T = TA + bt.

(5)

The constant, b, is the rate of increase (positive
value of b)/decrease (for negative value of b) of the
surface air temperature. For generality, we have
taken diﬀerent initial soil temperature (T0 ) from

(6)

Equation (6) is a second order ordinary diﬀerential equation. The surface boundary condition at
Z = 0, equation (5) is transformed as:
T̃ =

b
TA
+ 2
p
p

at Z = 0.

(8)

The solution of equation (6) using equation (8) is
given by, ignoring the terms which goes to inﬁnite
at Z tends to inﬁnity,


T0 + aZ
aU
T̃ (Z, p) =
− 2
p
p


TA − T0 b + aU
+
+
p
p2

× exp

UZ
−Z
2κ





U2
p
+
2
4κ
κ

1/2

.
(9)

To get the solution in the time domain we need
to take an Inverse Laplace Transform of the
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equation (9). The ﬁnal solution for the temperature
is obtained as (Carslaw and Jaeger 1959):
1
T (Z, t) = To + aZ − aU t + (TA − T0 )
2




UZ
Z − Ut
√
+ exp
× erfc
κ
2 κt


1
Z + Ut
√
+ (b + aU )
× erfc
2
2 κt





Z + Ut
UZ
√
erfc
× (Z + U t) exp
κ
2 κt


Z − Ut
√
− (Z − U t) erfc
. (10)
2 κt
This equation and its special cases have found
several applications in geophysics.

This is the solution used by Taniguchi (2002) to
estimate the past groundwater recharge rate in
Tokyo and other areas.
Case 3: Mixed boundary condition at the soil
surface (equation 4)
We take the Laplace transform of equation (4)
to get:


dT̃
TA
b
at Z = 0. (12)
= K1 T̃ −
− 2
dZ
p
p
The solution of the equation (6) associated with
the boundary condition equation (12) is obtained
in Laplace domain as:
T̃ =

T0 + aZ
aU
− 2
p
p
+ [K1 (T0 − TA ) − a]

exp (m2 Z)
p (m2 − K1 )

Case 2: Given surface temperature with no sudden change at t = 0 (equation 5 with T (0) = TA ):
If the initial air temperature is same as the surface temperature that means TA = T0 , then the
equation (8) reduces (Carslaw and Jaeger 1959)

where

1
T (Z, t) = T0 + aZ − aU t + (b + aU )
2




UZ
Z + Ut
√
× (Z + U t) exp
erfc
κ
2 κt


Z − Ut
√
.
− (Z − U t) erfc
2 κt
(11)

U
p
U2
−
+ .
2
2κ
4κ
κ
We have ignored the term which goes to inﬁnity as Z tends to inﬁnity. To get the ﬁnal solution for temperature in time domain, we need to
take the Inverse Laplace transform for the equation (11). We obtain the analytical expression for
temperature as:

−

K1 (aU + b)
exp (m2 Z)
p2 (m2 − K1 )

m2 =


1
aU + b
K1 (T0 − TA ) − a +
T (Z, t) = (T0 + aZ − aU t) +
2K1
κK1
⎧ 


 ⎫
2K1 κ − U
Z + (2K1 κ − U ) t ⎪
⎪
⎪
⎪
√
exp (K1 Z − K1 t (U − κK1 )) erfc
⎬
⎨
K1 κ− U
2
κt





κK1
UZ
Z + Ut
Z − Ut
⎪
⎪
⎪
⎪
√
√
−
exp
erfc
⎭
⎩ − erfc
κK
−
U
κ
2 κt
2 κt
1







aU + b
UZ
Z + Ut
Z − Ut
√
√
+
(Z + U t) exp
erfc
− (Z − U t) erfc
2U
κ
2 κt
2 κt
⎧
 
1/2




⎪
Z
+
U
t
1
Z
+
U
t
Z
+
U
t
U
Z
⎪
√ exp −
√
√
− √
erfc
√ ⎪
⎪ exp
κ
π
2 κt
2 κt
2 κt
(aU + b) t ⎨
 
√
−
1/2


K1 κ ⎪
1
Z − Ut
Z − Ut
Z − Ut
⎪
⎪
√
− √
erfc
⎪
⎩ + √π exp − 2√κt
2 κt
2 κt

This is a more general analytical model of the
subsurface advective–diﬀusive temperature distribution whose special solutions have been used for
interpretation of the borehole data. The solution
depends on several parameters such as T0 , α, TA , b,

(13)

⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭

(14)

U , κ and K1 , their values, depth-time dependence
of temperatures and heat ﬂux. We shall now illustrate the changes in the temperature–depth distribution for changes in some controlling parameters
of this solution.
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Table 1. Parameters: Symbols and values.
Parameters (symbols)

Values (units)

Time (t)
Depth from the surface (positive downwards) (Z)
Temperature (T )
Temperature of soil surface at t = 0 (T0 )
Air temperature at t = 0 (TA )
Thermal conductivity (K)
Thermal diﬀusivity (κ)
Vertical (Darcy) ﬂuid ﬂow velocity (vf )
Density (ρ)
Speciﬁc heat (cp )
Subscripts (f, s) indicate ﬂuid and solid
Constant in mixed boundary condition (H)
Temperature gradient with depth in the initial condition (a)
Temperature gradient with time in surface temperature (b)
U

(s) (yr)
(m)
(◦ C)
15(◦ C)
16.5 (◦ C)
2.5 (W/m◦ C)
6.1 m2 /yr
32, 3 (m/yr)

0.05, 0.1, 0.2, 0.5 (W/m2 ◦ C)
0.022 (◦ C/m)
0, 0.1, 0.2 (◦ C/Yr)
(ρcp )f / (ρcp )s νf

4.1 Comparison of all three solutions
Temperature - Depth profile for different models
Temperature (oC)
15

16

17

18

19

20

0

Case 1
Case 2

Depth (m)

40

Case 3

80

120

160

200

Figure 1. Calculated temperature–depth proﬁles based on
diﬀerent cases with U = 0.1 m/year, b = 0.01 ◦ C/yr and
H = 0.2 W/m2 ◦ C for t = 100 yrs.

4. Numerical results and discussions
We show the eﬀects of changing values of heat
transfer coeﬃcient (H), groundwater velocity (U )
and temperature gradient with time in surface temperature (b) using the equation (14). The numerical values taken for the calculations are given in
table 1.

Figure 1 shows the temperature proﬁles for diﬀerent surface boundary conditions. We have taken
values of various parameters as: U = 0.1 m/yr,
b = 0.01◦ C/yr, H = 0.2 W/m2 ◦ C and t = 100 yrs.
Case 1, using equation (11) for a condition when
the initial ground surface temperature (15◦ C) is
equal to the initial air temperature and also
the surface temperature is a function of time
(Taniguchi 2002). When the initial ground surface
temperature is not equal to initial air temperature
(16.5◦ C) then the temperature proﬁle has been calculated by using equation (8) and is plotted in
ﬁgure 1 as case 2. The temperature–depth proﬁle
has been calculated for mixed boundary condition
(equation 12) and plotted as case 3. This ﬁgure
shows that temperatures diﬀer in near surface for
all the cases but when it reaches to greater depths
then the temperatures are same for all the cases.
4.2 Eﬀects of changes in temperature–depth
proﬁle with time
To account for the eﬀect of time on temperature with depth, the temperature–depth proﬁle has
been calculated at diﬀerent times and is plotted in
ﬁgure 2 for the values of U , H and initial ground
and air surface temperatures, same as in ﬁgure 1.
This shows that till a depth of 80 m temperature increases with time and below this depth the
diﬀerences from each other are small.
4.3 Eﬀects of changing rate of increase
in air temperature
The temperature–depth proﬁles have been calculated for diﬀerent values of b, to see the eﬀect of
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Temperature - Depth profile at different times

Temperature-Depth profile for different values of U

Temperature (oC)
15

16

17

18

19

20

15

0

16

Temperature (oC)
17
18

19

20

0

t = 10 yrs
t = 50 yrs
t = 100 yrs

40

80

Depth (m)

Depth (m)

40

120

80

U = 0.1 m/yr
U = 0.5
U = 0.8
U = -0.1

120

160
160

200

Figure 2. Calculated temperature–depth proﬁles based on
parameter t with U = 0.1 m/yr and H = 0.2 W/m2 ◦ C.
Temperature - Depth profile for different values of b
15

16

Temperature (oC)
17
18

19

20

0

Depth (m)

40

b=0
b=0.01
b=0.02
b=0.03
b=-0.02

80

200

Figure 4. Calculated temperature–depth proﬁles based on
parameter U with b = 0.01 ◦ C /yr and H = 0.2 W/m2 ◦ C.

this ﬁgure it is evident that with higher values of b,
there is a greater decrease in the temperature. We
have also plotted the proﬁle for a negative value of
b. For this negative value of b and downwards ﬂux
of groundwater, we ﬁnd the soil surface temperature value decreases with time in contrast to the
case of positive value of b, in which case soil surface temperature increases with time. Further, the
temperature continuously increases with depth, in
contrast to positive value of b where the temperature decrease with depth initially till 50 m and
then increases continuously with depth.

120

4.4 Eﬀects of changes in groundwater ﬂux rate
160

200

Figure 3. Calculated temperature–depth proﬁles based on
parameter b with U = 0.1 m/yr and H = 0.2 W/m2 ◦ C.

time dependent surface boundary conditions. Figure 3 shows the plot of temperature with depth for
diﬀerent values of b: b = 0.0, 0.01, 0.02, 0.03 and
−0.02 C/yr at 100 yrs, all values of other parameters are same as in ﬁgure 2. For all zero and positive values of b, the temperature decreases up to
the depth of 50 m and then starts increasing. From

To account for eﬀect of groundwater ﬂux the temperature proﬁle has been calculated for diﬀerent
values of vertical groundwater ﬂux. The results
have been shown in ﬁgure 4 for diﬀerent values
of U , i.e., U = 0.1, 0.5 and 0.8 m/yr, all values
of other parameters are same as in ﬁgure 2. The
results show that the temperature decreases with
increase in the rate of groundwater ﬂux near the
surface and then starts increasing with higher values of U . Greater the value of U , deeper the eﬀect
of temperature decline propagates downwards in
the surface. Temperature proﬁles reverse after certain depth where eﬀect of air and soil interaction
minimizes. Near the surface top, temperature value
increases with higher U , however at greater depths
(∼100 m); temperature values will be lower for
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Temperature - Depth profile for different values of H
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17.5
17.0
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15.5

120

15.0
0
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60
Time (Yrs)

80

100

160

Figure 6. Calculated temperature–time proﬁles based on
parameter H with b = 0.025 ◦ C/yr and U = 0.1 m/year.

200

follows the increase of the air temperature with
time and the oﬀsets between them are higher with
lower values of H.
Thus there are signiﬁcant changes in the temperature versus depth proﬁles for groundwater velocities, rate of increase/decrease in the air temperature, and heat transfer coeﬃcients, which can
be determined from the interpretation of observed
subsurface, surface and air temperatures.

Figure 5. Calculated temperature–depth proﬁles based on
parameter H with b = 0.01 ◦ C/yr and U = 0.1 m/year.

higher value of U . Thus if the recharge rates are
suﬃciently high and the depth interval analyzed
is suﬃciently deeper, reasonably accurate values of
U can be estimated from actual temperature measurements. The GST history will be particularly
crucial at shallower depths with lower U values.
We have also plotted temperature–depth proﬁle for
negative value of U , i.e., at U = −0.1. This case
shows the eﬀects of upward ﬂow of groundwater,
a case of discharge of groundwater. In this case
the minimum value of the proﬁle is larger than
the proﬁle for downward ﬂow. Further the temperatures remain larger as depth increases than the
case for downward ﬂow. This is understandable as
discharge of water from depths brings deeper heat
towards the surface.
4.5 Eﬀects of changes in the heat transfer
coeﬃcient
Heat transfer coeﬃcient play important role in
near surface heat transfer and temperature. To
see the eﬀect of heat transfer coeﬃcient, depth–
temperature proﬁles are calculated for various values of H as shown in ﬁgure 5. The results show
that the temperature proﬁle varies with diﬀerent
H values and temperatures are higher for higher
values of H. After a certain value of H, diﬀerences
are small and the temperature proﬁles coincide at
greater depth. The eﬀect of heat transfer coeﬃcient is shown in ﬁgure 6 by comparing the air temperature and surface temperature variations with
time for various values of H. Surface temperature

5. Conclusions
We have developed analytical model of the near
subsurface temperature due to transient surface air
temperature in the presence of groundwater vertical ﬂows. We have used a Robin type boundary
condition at the ground surface instead of Dirichlet type boundary condition which is usually used
in interpretation of the borehole geothermal proﬁles for inferring climate signals. Numerical results
have been presented for realistic thermal conditions
to show the eﬀects of variation in the heat transfer coeﬃcient, groundwater velocities and rate of
change of the air temperatures. As mentioned in
the introduction, the inversion schemes for GST
determinations have used mostly pure diﬀusive forward models. We plan to develop inversion schemes
using this solution as a forward model to invert
the geothermal data to infer both climate and
groundwater ﬂow signals.
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