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In a pre-stressed anisotropic elastic medium, three types of quasi-waves propagate along an arbitrary direction. In general, none of the waves is truly longitudinal. The present study ﬁnds the
speciﬁc directions in a pre-stressed anisotropic elastic medium along which longitudinal waves may
propagate. This paper demonstrates how the propagation of longitudinal waves is aﬀected by various pre-stresses present in the medium. The study establishes the explicit expressions deﬁning the
existence and propagation of longitudinal waves in pre-stressed anisotropic elastic medium. These
expressions involve not only the direction and elastic stiﬀness of the medium, but also the prestresses present in the medium. Changes in conditions for the existence of longitudinal waves in
orthotropic, monoclinic and triclinic anisotropies are discussed in detail. The most important part
of the paper is a practical aspect suggested to calculate the speciﬁc directions for the existence of
longitudinal waves in pre-stressed anisotropic elastic medium. In this approach, only those parameters are used that can be observed by the receiver in a geophysical experiment of wave propagation. The existence of longitudinal waves has been shown graphically using a numerical example
for three types of anisotropic symmetries in elastic medium.

1. Introduction
Wave propagation in pre-stressed anisotropic elastic materials ﬁnds its importance in geophysics and
other branches of applied sciences such as petroleum engineering, electronics, electrical engineering and seismology. Anisotropy is the property
that a solid body has, when its elastic properties
vary with direction. This subject has received a lot
of attention, mostly because the anisotropy may
directly relate to the deformation in the mantle
and stresses in the earth’s crust, and therefore provides information to put constraints on tectonic
and geodynamic processes (Crampin 1987). Due
to the variations of temperature, slow process of
creep and gravitational ﬁeld, etc., a considerable
amount of stress, called pre-stress, is stored in
the layers of the earth (Biot 1940). These stresses
modify the elastic properties of the layers and,

hence aﬀect the propagation of waves there (Biot
1965). In the past, a number of researchers (Cauchy
1827; Biot 1939, 1940, 1965; Birch 1947, 1952;
Truesdell 1952; Hayes 1963; Tolstoy 1982; Man and
Lu 1987; Degtyar and Rokhlin 1998; Prikazchikov
and Rogerson 2003; Sharma and Garg 2006) have
considered various problems on wave propagation
in pre-stressed elastic materials.
In a pre-stressed unbounded anisotropic elastic
medium, three types of waves propagate along an
arbitrary (general) direction (Sharma and Garg
2006). Associated with each direction, there are
three independent waves. Particle displacements
due to these waves form a mutually orthogonal set.
In general, none of the three displacement vectors
coincide with the phase direction, i.e., none of the
waves is truly longitudinal. Longitudinal wave in
an anisotropic elastic medium is deﬁned as the
wave motion in which the particle motion (i.e., the
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polarization vector) is in the direction of the propagation of plane wave. The problem of existence of
longitudinal waves in anisotropic elastic medium
has been considered by many researchers. Borgnis
(1955) computed the direction along which a longitudinal wave can propagate in anisotropic elastic
materials for trigonal, hexagonal, tetragonal and
cubic symmetries. Aleksandrove (1956) extended
the computation of such a speciﬁc propagation
direction to orthotropic materials. The existence
of a longitudinal wave in an anisotropic elastic
material was proved by Truesdell (1966); Kolodner
(1996) and Shuvalov (1998). The most elaborated available work on this topic is a paper by
Ting (2006). In this paper, the expressions are
derived to explain the phase direction along which
a longitudinal wave can propagate in anisotropic
medium.
In the present work, the eﬀect of prestresses on the existence of longitudinal waves in
anisotropic elastic medium is taken into consideration. Due to pre-stresses, medium of any type
(isotropic/anisotropic) behaves anisotropic to wave
propagation, and equation of motion is signiﬁcantly aﬀected. Any condition on elastic properties
of a medium doesn’t conﬁne only to elastic constants, but also aﬀects the structure of prestresses. Thus, the speciﬁc directions involving
elastic properties of the medium as well as the
pre-stresses, for the existence of longitudinal waves
in a pre-stressed anisotropic elastic medium are
determined here. Moreover, it is the group velocity and the particle motion that are recorded at
an observatory. Hence, at the observation point,
the particle motion can only be compared with
ray direction. Keeping this in mind, the problem is also discussed taking these two parameters
into consideration. It is shown that the relations
obtained in this case may not be solved directly
for an analytical or numerical solution. However,
the veriﬁcations can be made graphically for any
given numerical model of a pre-stressed medium.
The speciﬁc directions for the existence of longitudinal waves are shown graphically using numerical
examples for three types of anisotropies (triclinic,
monoclinic and orthorhombic).
2. Longitudinal waves in a pre-stressed
anisotropic elastic medium
Consider the wave motion in a general anisotropic
elastic medium under homogeneous pre-stresses
Sij (i, j = 1, 2, 3), in the absence of body force. The
medium is represented by the elastic tensor Bijkl
and density ρ. A non-symmetric square matrix of
order six, B = {bij }, is used to denote the elastic
properties of the medium in two-suﬃx notations.

Let a unit vector N = (n1 , n2 , n3 ), deﬁne the phase
direction. The Christoﬀel equations governing the
wave motion in the medium (Sharma and Garg
2006), are written as:
(Xik − hδik ) Uk = 0,

(i = 1, 2, 3),

(1)

where δij is the Kronecker delta, and Uk are the
Cartesian components of displacement amplitude
vector U.
Here,
h = v 2 − NSNT /ρ,

(2)

and, Xik are the elements of a matrix
X=

[Z − S + SNT N − NT NS]
,
ρ

(3)

where NT is the transpose of N, and the matrix S
is given as:
1
S = {Sij }.
2

(4)

In equation (2), v is the phase velocity and in
equation (3), the square matrix Z of order three is
deﬁned through its elements given by:
Z11 = NA1 NT ,

Z22 = NA2 NT ,

Z33 = NA3 NT ,

Z12 = NA4 NT ,

Z13 = NA5 NT ,

Z21 = NA6 NT ,

Z23 = NA7 NT ,

Z31 = NA8 NT ,

Z32 = NA9 NT ,

(5)

where Aj (j = 1, 2, . . . , 9), the square matrices of
order three, are deﬁned as follows:
A1 = {b11 , b16 , b15 ; b61 , b66 , b65 ; b51 , b56 , b55 };
A2 = {b66 , b62 , b64 ; b26 , b22 , b24 ; b46 , b42 , b44 };
A3 = {b55 , b54 , b53 ; b45 , b44 , b43 ; b35 , b34 , b33 };
A4 = {b16 , b12 , b14 ; b66 , b62 , b64 ; b56 , b52 , b54 };
A5 = {b15 , b14 , b13 ; b65 , b64 , b63 ; b55 , b54 , b53 };
A6 = {b61 , b66 , b65 ; b21 , b26 , b25 ; b41 , b46 , b45 };
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A7 = {b65 , b64 , b63 ; b25 , b24 , b23 ; b45 , b44 , b43 };

+ 4n3 n1 (b̃15 n21 + b̃25 n22 + b̃35 n23 )

A8 = {b51 , b56 , b55 ; b41 , b46 , b45 ; b31 , b36 , b35 };

+ 4n1 n2 (b̃16 n21 + b̃26 n22 + b̃36 n23 ).

A9 = {b56 , b52 , b54 ; b46 , b42 , b44 ; b36 , b32 , b34 }.

(6)

The direction of U deﬁnes the polarization of
the concerned wave. So, for longitudinal wave,
equation (1) implies:
(Xik − hδik )nk = 0.

(7)

Using the values of Xik and h, this last equation
gives three non-homogeneous equations, given as:
N(A1 n1 + A4 n2 + A5 n3 )NT


S11
n1 + S12 n2 + S13 n3
− n21
2


S22 2 S33 2
n2 +
n3 − S23 n1 n2 n3
− n1
2
2
= (ρv 2 − NSNT )n1 ,

(8)

N(A6 n1 + A2 n2 + A7 n3 )NT


S22
n2 + S23 n3
− n22 S12 n1 +
2


S11 2 S33 2
n +
n − S13 n1 n2 n3
− n2
2 1
2 3
= (ρv 2 − NSNT )n2 ,

γ1 = 2b44 + b23 +

S22 − S33
,
2

γ2 = 2b55 + b13 +

S11 − S33
,
2

γ3 = 2b66 + b12 +

S11 − S22
,
2

b̃14 = 2b56 + b14 −

S23
,
2

b̃24 = b24 −

S23
,
2

b̃34 = b34 −

S23
,
2

b̃15 = b15 −

S13
,
2

b̃25 = 2b46 + b25 −

b̃35 = b35 −

S13
,
2

b̃16 = b16 −

b̃26 = b26 −

S12
,
2

b̃36 = 2b45 + b36 −

S13
,
2

S12
,
2

Y(N)U = ρv 2 U,
(9)

S12
.
2

(12)

(13)

where, the acoustic tensor Y(N) is expressed as:
Yik (N) = bijkl nj nl .

(14)

For a non-trivial solution of the polarization vector U, we must have:
det(Y(N) − ρv 2 I) = 0,

(15)

(10)

Multiplying equations (8)–(10) by n1 , n2 and n3 ,
respectively, and adding together yields:
ρv 2 = b11 n41 + b22 n42 + b33 n43

The coeﬃcients in (11) involve the pre-stress
components and are deﬁned as follows:

Alternatively, equation (1) can be written as:

N(A8 n1 + A9 n2 + A3 n3 )NT


S33
2
n3
− n3 S13 n1 + S23 n2 +
2


S11 2 S22 2
n +
n − S12 n1 n2 n3
− n3
2 1
2 2
= (ρv 2 − NSNT )n3 .

(11)

in which I is the identity tensor. The phase velocity
v is obtained from equation (13) as:
ρv 2 = bijkl Ui nj Uk nl ,

(16)

+ 2(γ1 n22 n23 + γ2 n23 n21 + γ3 n21 n22 )

where eigen vector U in (13) is normalized to represent polarization.
So, for a longitudinal wave:

+ 4n2 n3 (b̃14 n21 + b̃24 n22 + b̃34 n23 )

U = N.

(17)
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The pre-stress is deﬁned by normal components
only and

Then the equations (14) and (16) give
bijkl nj nl nk = ρv 2 ni ,

(18)

ρv 2 = bijkl ni nj nk nl .

(19)

Referred to a new co-ordinate system
x∗i (i = 1, 2, 3), the elastic compliance b∗1111 is
expressed as:
b∗1111 = bijkl ni nj nk nl = b11 (N),

(20)

where N is a unit vector along the x∗1 -axis. From
(11) and (19)
b11 (N) = b11 n41 + b22 n42 + b33 n43
+ 2(γ1 n22 n23 + γ2 n23 n21 + γ3 n21 n22 )
+ 4n2 n3 (b̃14 n21 + b̃24 n22 + b̃34 n23 )
+ 4n3 n1 (b̃15 n21 + b̃25 n22 + b̃35 n23 )
+ 4n1 n2 (b̃16 n21 + b̃26 n22 + b̃36 n23 ).

(21)

Note that instead of 21 elastic constants and
6 pre-stress components, the expression (21) for
b11 (N) depends only on 15 elastic coeﬃcients in
terms of bij and Sij . Following Ting (2006), the
necessary and suﬃcient condition for a longitudinal wave to propagate is to ﬁnd the direction N at
which b11 (N) is a stationary value. Moreover, from
(21), b11 (N) is stationary when v becomes independent of N. It means no spatial dispersion for wave
propagation. This implies that group velocity for
the propagation of energy will be equal to v(N).
3. Longitudinal waves in orthotropic
materials
A material having three mutually perpendicular
planes of elastic symmetry at a point is said to have
orthotropic symmetry. In this section, the aim is
to ﬁnd out the direction N for which a longitudinal wave can propagate in an orthotropic material.
The material represented by elastic matrix {bIJ }
behaves orthotropic when some of the elastic parameters vanish as given below.
b̃14 = b̃15 = b̃16 = b̃24 = b̃25 = b̃26
= b̃34 = b̃35 = b̃36 = 0;
b45 = b46 = b56 = 0.

(22)

S23 = S13 = S12 = 0.

(23)

Thus, in an orthotropic medium, equation (21)
takes the form,
b11 (N) = b11 n41 + b22 n42 + b33 n43
+ 2(γ1 n22 n23 + γ2 n23 n21 + γ3 n21 n22 ),

(24)

where the coeﬃcients depending upon pre-stress
components are γj (j = 1, 2, 3) only. The b11 (N)
shown in above equation depends on six elastic coeﬃcients involving normal components of
pre-stress instead of nine elastic coeﬃcients and
three normal components of pre-stress. Since the
right-hand side of above equation is a function
of n21 , n22 , n23 , so components of N should be
considered as non-negative.
To ﬁnd the extremum of b11 (N) subject to the
condition ni ni = 1, deﬁne a function:
f (N, λ) = b11 (N) − 2λ(ni ni − 1),
(i = 1, 2, 3),

(25)

where −2λ is a non-zero Lagrange’s undetermined
multiplier. Vanishing of partial derivatives, given
by:
∂f
= 0,
∂λ

∂f
= 0,
∂n1

∂f
= 0,
∂n2

∂f
= 0,
∂n3

yield the following four equations,
n21 + n22 + n23 = 1,

(26)

n1 (b11 n21 + γ3 n22 + γ2 n23 − λ) = 0,

(27)

n2 (γ3 n21 + b22 n22 + γ1 n23 − λ) = 0,

(28)

n3 (γ2 n21 + γ1 n22 + b22 n23 − λ) = 0.

(29)

Multiplying equations (27), (28) and (29) by n1 ,
n2 and n3, respectively, and adding together, we
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on the plane n2 = 0 and n3 = 0 can be determined
in a similar way as above.

have from (24),
λ = b11 (N).

(30)

So, our aim is to ﬁnd out N and λ that satisfy
equations (26)–(30), for which we will take into
consideration some special cases one by one.

Case (3): N is not on any coordinate plane. Then,
equations (26)–(29) can be written as:
⎡

1
⎢b11
⎢
⎣ γ3
γ2

Case (1): N is along the x1 -axis. Then, the results
are:
n1 = 1,

n2 = n3 = 0,

λ = b11 ,

2

b11 (N) = b11 = ρv .

v=

(31)
n2i =
where Δ =
Here,

b11
.
ρ

Case (2): N is on a co-ordinate plane. For n1 = 0,
equations (26)–(29) give:
b33 − γ1
,
(b22 − γ1 ) + (b33 − γ1 )

n23 =

b22 − γ1
,
(b22 − γ1 ) + (b33 − γ1 )

(34)

i

αi
,
Δ

(i = 1, 2, 3),

(35)

αi .

The expressions for α2 (α3 ) can be obtained from
that of α1 , by interchanging the indices 1 and 2 (3).
Here,
b11 (N) =

η
= b∗◦ ,
Δ

(say),

(37)

where,
1
η = [(γ1 + γ2 + γ3 )Δ + (b11 − γ1 )α1
3

(32)

and equation (24) has the expression:
b11 (N) =

⎤⎡ 2⎤ ⎡ ⎤
1
n1
0
⎢ n22 ⎥ ⎢0⎥
1⎥
⎥⎢ ⎥ = ⎢ ⎥.
1⎦ ⎣ n23 ⎦ ⎣0⎦
0
1
−λ

1
γ2
γ1
b33

α1 = (b22 − γ3 )(b33 − γ2 ) − (γ1 − γ3 )(γ1 − γ2 ). (36)

This implies that, in orthotropic medium, a
longitudinal wave propagates along
x1 -axis. The

wave propagates with velocity b11 /ρ and is not
aﬀected by the presence of pre-stresses in the
medium. The same situation holds when N is along
the x2 -axis and x3 -axis.

n22 =

1
γ3
b22
γ1

Using Cramer’s rule,

Therefore,
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b22 b33 − γ12
= b∗1 , (say),
(b22 − γ1 ) + (b33 − γ1 )
(33)

where γ1 is as deﬁned in (12). Thus, b∗1 involves
S22 and S33 . In (32), n22 and n23 are positive. This
means, b22 − γ1 and b33 − γ1 should be of the same
sign. If γ1 lies between b22 and b33 , then equation
(32) will be impossible for any positive value of n22
and n23 , and a longitudinal wave cannot propagate
along N on the plane x1 = 0. Thus, a longitudinal wave with phase direction (0, n2 , n3 ) satisfying
the conditions (32) and (33) involving initial stress
components, can propagate in the x2 x3 -plane. Note
that these conditions are aﬀected by the pre-stress
components, S22 and S33 . The results when N is

+ (b22 − γ2 )α2 + (b33 − γ3 )α3 ].

(38)

Using (35) and (38), equation (37) can be written
as:
1
b11 (N) = [(γ1 + γ2 + γ3 ) + (b11 − γ1 )η12
3
+ (b22 − γ2 )η22 + (b33 − γ3 )η32 ] = b∗o , (39)
where γ1 , γ2 and γ3 are as deﬁned in (12). Thus, b∗◦
involves S11 , S22 and S33 . Since n2i (i = 1, 2, 3) are
positive, so Δ and αi (i = 1, 2, 3) should be of same
sign. Thus, in this case also, pre-stresses play an
important role in determining the required condition for particle motion to be in phase direction.
The derivation of (39) presented above is not valid
when
b11 = b22 = b33 = γ1 = γ2 = γ3 .

(40)
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When equation (40) holds, then the equation
(24) gives b11 (N) = b11 , which does not depend
upon any of ni or Sii (i = 1, 2, 3). Hence, particle
motion is always along any given phase direction
when (40) holds.
In the absence of pre-stresses, i.e., taking
S11 = S22 = S33 = 0, all the expressions, derived in
this section, will reduce to the results which are
same as in Ting (2006).

4. Triclinic materials
A triclinic material is the most general anisotropic
medium, and the elastic compliance b11 (N) in this
medium is as deﬁned by equation (21). For stationary values of b11 (N), proceeding as in section 3,
n21 + n22 + n23 = 1,

(41)

n1 [b11 n21 + γ2 n23 + γ3 n22 + 2b̃14 n2 n3
+ n3 [b̃25 n22 + b̃35 n23 ] + n2 [b̃26 n22 + b̃36 n23 ] = 0,
(42)
+

γ1 n23

+

γ3 n21

(46)

b̃24 y 4 − (b22 − γ1 )y 3 − 3(b̃24 − b̃34 )y 2
+ (b33 − γ1 )y − b̃34 = 0,

(47)

where y = n2 /n3 and b̃24 , b̃25 , b̃26 , b̃34 , b̃35 , b̃36 and
γ1 are as deﬁned in (12). The above two
equations involve all the pre-stress components
except S11 . Thus, if these two equations have a
real solution, then longitudinal wave can propagate in the x2 x3 -plane. The wave is aﬀected by
all the pre-stress components except S11 . Proceeding in a similar fashion, the conditions for
propagation along N on the co-ordinate planes
x2 = 0 and x3 = 0 can be established easily.
• along N, which is not on any co-ordinate plane,
if the following two equations are simultaneously
true,
b̃15 y12 (3 − y12 ) + b̃25 y22 (1 − y12 ) + b̃35 (1 − 3y12 )

+ 3b̃15 n1 n3 + 3b̃16 n1 n2 − λ]

n2 [b22 n22

b̃26 y 3 + b̃25 y 2 + b̃36 y + b̃35 = 0,

+ 2b̃25 n1 n3

+ y2 [(3b̃16 − 2b̃36 )y12 + b̃26 y22 + b̃36 ]
− y1 y2 [b̃14 y12 + b̃24 y22 + (3b̃34 − 2b̃14 )]
+ y1 [(b11 − γ2 )y12 + (γ3 − γ1 )y22

+ 3b̃24 n2 n3 + 3b̃26 n1 n2 − λ]
+ n3 [b̃14 n21 + b̃34 n23 ] + n1 [b̃16 n21 + b̃36 n23 ] = 0,
(43)
n3 [b33 n23 + γ1 n22 + γ2 n21 + 2b̃36 n1 n2

− (b33 − γ2 )] = 0,

b̃14 y12 (1 − y22 ) + b̃24 y22 (3 − y22 ) + b̃34 (1 − 3y22 )

+ 3b̃34 n2 n3 + 3b̃35 n1 n3 − λ]

+ y1 [b̃16 y12 + (3b̃26 − 2b̃36 )y22 + b̃36 ]

+ n2 [b̃14 n21 + b̃24 n22 ] + n1 [b̃15 n21 + b̃25 n22 ] = 0.
(44)

− y1 y2 [b̃15 y12 + b̃25 y22 + (3b̃35 − 2b̃25 )]

Thus, in a triclinic medium, a longitudinal wave
can propagate:

(48)

+ y2 [(γ3 − γ2 )y12 + (b22 − γ1 )y22
− (b33 − γ1 )] = 0,

(49)

• along x1 -axis with b11 (N) = b11 , if
b15 = b16 = 0 and S12 = S13 = 0.

(45)

Here, b11 (N) doesn’t involve any pre-stress
component. Hence, longitudinal wave propagating along x1 -axis is not aﬀected by the presence
of pre-stress in the medium, provided condition
(45) holds. The same result holds in the case of
longitudinal wave propagating along x2 -axis and
x3 -axis.
• along N on the co-ordinate plane x1 = 0, if the
following two coupled algebraic equations hold,

where y1 = n1 /n3 and y2 = n2 /n3 . Here, the
coeﬃcients b̃14 , b̃24 , b̃34 , b̃15 , b̃25 , b̃35 , b̃16 , b̃26 , b̃36 ,
γ1 , γ2 and γ3 involve with all the pre-stress components. Hence, longitudinal wave propagating,
not in any of the co-ordinate plane, is aﬀected
by all the components of pre-stress present in
the medium. Thus, in this case, all the components of pre-stress have their signiﬁcant role in
the propagation of longitudinal wave.
In the absence of pre-stress components, i.e.,
taking
Sij = 0

(i, j = 1, 2, 3),

Longitudinal waves in pre-stressed anisotropic elastic medium
all the expressions derived in this section will
reduce to the results which are same as in Ting
(2006).
5. Monoclinic materials
In monoclinic materials, there is only one plane of
elastic symmetry. Without loss in generality, let the
symmetry plane of the material be the co-ordinate
plane x3 = 0. This implies:
b14 = b15 = b24 = b25 = b34 = b35 = b46 = b56 = 0.
(50)
The elastic compliance b11 (N) becomes,
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Thus, if longitudinal wave propagates in the
x2 x3 -plane, then it is not aﬀected by S11 . In the
same way, the conditions for propagation along
N on the co-ordinate plane x2 = 0 and x3 = 0
can be obtained.
• along N which is not on any co-ordinate plane,
if the following two coupled cubic equations in
y1 and y2 are simultaneously true,
y2 [(3b̃16 −2b̃36 )y12 + b̃26 y22 + b̃36 ] + y1 [(b11 −γ2 )y12
+ (γ3 − γ1 )y22 − (b33 − γ2 )] = 0,

(55)

y1 [b̃16 y12 +(3b̃26 − 2b̃36 )y22 + b̃36 ] + y2 [(γ3 − γ2 )y12
+ (b22 − γ1 )y22 − (b33 − γ1 )] = 0,

(56)

b11 (N) = b11 n41 + b22 n42 + b33 n43
+ 2(γ1 n22 n23 + γ2 n23 n21 + γ3 n21 n22 )
+ 4n1 n2 (b̃16 n21 + b̃26 n22 + b̃36 n23 ).

(51)

Thus, b11 (N) depends on nine elastic constants
involving with four pre-stress components, S11 , S22 ,
S33 and S12 . Proceeding as in section 4, we can conclude that in a monoclinic medium, a longitudinal
wave can propagate
• along x1 -axis with b11 (N) = b11 , if
b16 = 0 and

S12 = 0.

(53)

without any other condition on elastic constants.
Thus, longitudinal wave can propagate along
x3 -axis. The pre-stresses present in the medium
has no eﬀect on propagation of longitudinal
waves propagating along x3 -axis.
• along N on the co-ordinate plane x1 = 0, if
γ1 − b22 and γ1 − b33 have the same sign and
b̃26 (b33 − γ1 ) + b̃36 (b22 − γ1 ) = 0,

In the absence of pre-stress components, that is,
taking S11 = S22 = S33 = S12 = 0, all the expressions derived in this section will reduce to the
results which are same as in Ting (2006).

(52)

Therefore, if the medium is stressed with
Sii (i = 1, 2, 3) only, then longitudinal wave can
propagate along x1 -axis. The wave is not aﬀected
by these pre-stress components, S11 , S22 , and S33
present in the medium. The results for propagation along x2 -axis holds in a same way as above.
• along x3 -axis always with
b11 (N) = b33

where y1 = n1 /n3 and y2 = n2 /n3 . The coeﬃcients in (55) and (56) involve with all the prestress components S11 , S22 , S33 and S12 present
in a monoclinic medium. Thus, if longitudinal
wave is not on a co-ordinate plane, then its
propagation is aﬀected by all the components of
pre-stress present in the medium.

(54)

where b̃26 , b̃36 and γ1 are given as in equation
(12). Here, the coeﬃcients b̃26 , b̃36 and γ1 involve
with the pre-stress components S22 , S33 and S12 .

6. A practical aspect of the problem
In experiments, when we record the observations
related to wave propagation then it is the group
velocity (with which energy propagates) that is
recorded by the receiver. Ray direction, i.e., the
direction between source and receiver is a function
of group velocity. So, as far as the practical point of
view is concerned, it is the ray direction that can
only be compared with the particle motion. Thus,
for practical applications, it would be better, if the
longitudinal wave could be deﬁned as:
“A wave is said to be longitudinal when the particle motion is parallel to the ray direction.”
In this section, the problem of existence of
longitudinal waves in pre-stressed anisotropic elastic medium will be discussed using the above
deﬁnition.
In a spherical co-ordinate system, let v(θ, ϕ)
deﬁne the phase velocity of a quasi-wave in a
vertical plane along a direction making an angle
θ with the polar (001) axis. Azimuth ϕ measures
the orientation of vertical plane from 011-plane
towards 101-plane. This deﬁnes the phase direction
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N = (sin θ cos ϕ, sin θ sin ϕ, cos θ). Following
Ben-Menahem and Sena (1990), the group velocity
of a quasi-wave is given by:
∧

w = v er +

∂v ∧
1 ∂v ∧
eθ +
eϕ .
∂θ
sin θ ∂ϕ

sin ϕ
,
sin θ
cos ϕ
,
w2 = v sin ϕ sin θ + v,θ sin ϕ cos θ − v,ϕ
sin θ
w1 = v cos ϕ sin θ + v,θ cos ϕ cos θ − v,ϕ

(58)

where comma before index represents space
diﬀerentiation.
For a longitudinal wave,

+ w2 (S33 n2 n3 + S23 n22 + S33 n2 n3 − S23 n23
− S12 n1 n3 −S22 n2 n3 −S23 ) = (ρv 2 −NSNT )w3 .
(63)
Equations (61)–(63) are three non-linear equations in three components n1 , n2 , n3 and hence may
not be solved, analytically or numerically. However,
the graphical veriﬁcations can be made for any
given numerical model of a pre-stressed medium.
Take a numerical example of Paragneiss, a general anisotropic crystalline rock. The density of the
3
medium is 2727 kg/m . The elastic matrix (GPa)
for Paragneiss (Rasolofosaon and Zinszner 2002) is
given by:
b11 = 106.8, b12 = 27.10, b13 = 9.68,
b14 = −0.03Z1 , b15 = 0.28Z1 , b16 = 0.12Z2 ;
b22 = 99.00, b23 = 18.22, b24 = 1.49Z1 ,

U  w.

(59)

b25 = 0.13Z1 , b26 = −0.58Z2 ;
b33 = 54.57, b34 = 2.44Z1 ,

Therefore, equation (1) can be written as:
(Xik − hδik )wk = 0,

+ w1 (S33 n1 n3 + S13 n21 + S23 n1 n2 − S13 n23
− S11 n1 n3 − S12 n2 n3 − S13 )

(57)

Ray direction or the direction of energy ﬂux
of a wave is determined from the components
of its group velocity, which are expressed as
follows:

w3 = v cos θ + v,θ sin θ,

N(A8 w1 + A9 w2 + A3 w3 )NT − S33 w3

b35 = −1.69Z1 , b36 = 0.75Z2 ;
(i = 1, 2, 3).

(60)

Using the values of h and Xik from (2) and (3),
above relation gives three equations, given as:
N(A1 w1 + A4 w2 + A5 w3 )NT − S11 w1
+ w2 (S11 n1 n2 + S12 n22 + S13 n2 n3 − S12 n21
− S22 n1 n2 − S23 n1 n3 − S12 )
+ w3 (S11 n1 n3 + S13 n23 + S12 n2 n3 − S13 n21
− S33 n1 n3 −S23 n1 n2 −S13 ) = (ρv 2 −NSNT )w1 ,
(61)
N(A6 w1 + A2 w2 + A7 w3 )NT − S22 w2
+ w1 (S22 n1 n2 + S12 n21 + S23 n1 n3 − S12 n22
− S11 n1 n2 − S13 n2 n3 − S12 )
+ w3 (S22 n2 n3 + S23 n23 + S12 n1 n3 − S23 n22
− S13 n1 n2 −S33 n2 n3 −S23 ) = (ρv 2 −NSNT )w2 ,
(62)

b44 = 25.97, b45 = 1.98Z2 , b46 = 0.43Z1 ,
b55 = 26.05, b56 = 1.44Z1 , b66 = 37.82,
where bij are the components of a square matrix of
order six and represent the elastic constant tensor
bijkl in two-suﬃx notation (Crampin 1989). The
assumed values in matrix S = {5, 0.6Z2 , 0.45Z1 ;
0.6Z2 , 10, 0.5Z1 ; 0.45Z2 , 0.5Z1 , 7.5}, deﬁnes the
amount (in GPa) of pre-stress in the medium.
The values of Z1 = Z2 = 1 deﬁne the anisotropic
medium of arbitrary (triclinic) type. The values
Z1 = 0, Z2 = 1 represent the monoclinic symmetry and Z1 = Z2 = 0 represent the orthorhombic
symmetry, in the anisotropic elastic medium considered. Deﬁne ψ as the angle between group velocity
(w) and polarization vector (U). Using the above
numerical values, ψ is calculated in the presence
of pre-stresses. The phase direction (θ, φ) is considered to be varying from (0, 0) to (90◦ , 90◦ ). Variations of ψ with phase direction along with the
plane ψ = 0 are plotted in ﬁgures 1–3. Variations
in ψ are computed in degrees by the relation


U·W
−1
.
(64)
ψ = cos
W

Longitudinal waves in pre-stressed anisotropic elastic medium

Figure 1. Variations of angle ψ between particle motion U
and ray direction M along with the plane ψ = 0, for longitudinal-wave due to pre-stresses, in orthorhombic (ORS)
anisotropic Paragneiss rock, with the phase direction (θ, ϕ),
in degrees.

Figure 2. Same as in ﬁgure 1, but for monoclinic anisotropic
medium.

Directions corresponding to the intersection of
graphs of ψ and the plane ψ = 0 depict the speciﬁc
directions along which longitudinal waves propagate in pre-stressed anisotropic elastic medium.
Details are as follows.
Figure 1 corresponds to the speciﬁc directions for
the existence of longitudinal waves when the elastic
medium is anisotropic with orthorhombic (ORS)
symmetry. Figures 2 and 3 correspond to the media
with monoclinic (MCS) and triclinic (TCS) symmetry of anisotropy respectively. It is observed
from the ﬁgures that as the degree of symmetry of
planes in the elastic medium decreases, the number
of speciﬁc directions for the existence of longitudinal waves increases. The deviation of any point

Figure 3.
medium.
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Same as in ﬁgure 1, but for triclinic anisotropic

in the graph of ψ from the plane ψ = 0 gives the
angular deviation of particle motion from the ray
direction. The kinks in the graph provide the speciﬁc directions along which the particle motion is
farthest from the ray direction.
If none of the pre-stress components vanishes,
then along x1 -axis (θ = 90◦ , ϕ = 0◦ ), x2 -axis
(θ = 90◦ , ϕ = 90◦ ) and x3 -axis (θ = 0◦ , 0◦ ≤ ϕ
≤ 90◦ ), the longitudinal waves may propagate
in orthotropic and monoclinic media. Triclinic
medium is the most general type of anisotropy.
So, in this medium the behaviour of waves is different from other mediums. In the triclinic medium
stressed with all the pre-stress components, longitudinal waves may not propagate along x3 -axis.
In a similar fashion, along n1 = 0 plane (ϕ = 90◦ ),
n2 = 0 plane (ϕ = 0◦ ) and n3 = 0 plane (θ = 90◦ ),
longitudinal waves may propagate in orthotropic
and monoclinic media. In triclinic medium, longitudinal waves may propagate along n3 = 0 plane
but not along n1 = 0 plane and n2 = 0 plane. If
any arbitrary direction or plane is chosen then the
speciﬁc directions for the existence of longitudinal
waves can be found by the intersection points of
graph for ψ and the plane ψ = 0.
7. Conclusions
In the present work, the analytical expressions for
the existence of longitudinal waves in pre-stressed
anisotropic elastic medium have been established.
These expressions are in terms of phase direction and elastic constants along with pre-stresses
present in the medium. A practical aspect to
calculate the speciﬁc directions for the existence
of longitudinal waves has also been suggested.
Thus, the existence of longitudinal waves has been

686

Neetu Garg

studied making use of group velocity instead of
phase velocity. It is the group velocity but not
the phase velocity that is recorded by the receiver.
In other words, practically feasible results have
been presented. It has been shown that the practical approach is more problematic. This results
in non-linear equations which may not be solved
analytically or numerically. Only the graphical veriﬁcations can be made. The speciﬁc directions
along which longitudinal waves can propagate in
pre-stressed orthotropic, triclinic and monoclinic
anisotropic mediums have been shown graphically
using a numerical example. This graphical work
has presented a clear picture of the problem discussed in the paper. It has been shown that the
ray direction and particle motion, which can only
be measured at receiver in any geophysical experiment, can provide these speciﬁc directions and
can be veriﬁed graphically only. But if commonly
used deﬁnition of longitudinal waves in terms of
phase propagation direction is used, then the conditions for the existence of longitudinal waves can
be established analytically. These conditions are
valid but may not be practically applicable in each
situation.
In orthotropic medium, longitudinal wave can
propagate:
• along the co-ordinate axes without any eﬀect of
S11 , S22 and S33 .
• along the plane xi = 0 (i = 1, 2, 3) without any
eﬀect of Sii , where repeated index does not stand
for summation.
• not on any co-ordinate plane and is aﬀected
by the pre-stress components present in the
medium.
In monoclinic medium, longitudinal wave can
propagate:
• along the x1 -axis and x2 -axis, if S12 vanishes.
The wave propagation along these axes is not
aﬀected by pre-stress components, S11 , S22 and
S33 .
• along the x3 -axis without any eﬀect of prestresses present in the medium.
• along the plane xi = 0 (i = 1, 2, 3) without any
eﬀect of Sii , where repeated index does not stand
for summation.
• not on any co-ordinate plane and is aﬀected
by all the pre-stress components present in the
medium.
In triclinic medium, longitudinal wave can
propagate:
• along the co-ordinate axis xi (i = 1, 2, 3), if the
medium is stressed with S11 , S22 , S33 and S13

only. The longitudinal waves propagating along
co-ordinate axes are not aﬀected by the pestresses present in the medium.
• along the plane xi = 0 (i = 1, 2, 3) without any
eﬀect of Sii , where repeated index does not stand
for summation.
• not on any co-ordinate plane and is aﬀected
by all the pre-stress components present in the
medium.
Various observations made in diﬀerent media
reveal that in all the three mediums, i.e.,
orthotropic, monoclinic and triclinic media, the
longitudinal waves can propagate. These waves
may propagate along co-ordinate axes and coordinate planes without any eﬀect of pre-stresses
but with condition of having some speciﬁc prestress components as zero. These restrictions on
pre-stress components diﬀer in diﬀerent media. The
propagation is signiﬁcantly aﬀected due to prestresses when longitudinal waves propagate not on
any co-ordinate plane.
In fact, the earth behaves as a pre-stressed
anisotropic model. Thus, the work presented in this
paper will help to make the study of the interior
of earth better. This study may be useful for the
detection of anisotropic materials in earth’s crust.
The expressions for the existence of longitudinal
waves in anisotropic medium are available in literature, but without taking into consideration the
pre-stresses present in the medium. So, if the introduction of pre-stresses can provide the expressions
for a more realistic model then we should take a
step forward in that direction to get more feasible
results.
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