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Perturbations in elastic constants and density distinguish a volume inhomogeneity from its homogeneous surroundings. The equation of motion for the first order scattering is studied in the perturbed
medium. The scattered waves are generated by the interaction between the primary waves and
the inhomogeneity. First order scattering theory is modified to include the source term generating
the primary waves. The body force equivalent to the scattering source is presented in a convenient
form involving the perturbations in wave velocities and gradient of density perturbation.
A procedure is presented to study the scattering of a spherical pulse from a small inhomogeneity, in time domain. The size of inhomogeneity is assumed small as compared to its distance from
source and receiver. No restrictions are placed on the positions of source, receiver and inhomogeneity. The dilatation and rotations are calculated for a pulse scattered from an arbitrary point in a
spherical volume. The aggregate of the scattered phases from all the points of the inhomogeneity,
reaching at a fixed receiver, gives the amount of scattering from the inhomogeneity. The interaction
of both P and S waves with inhomogeneity are considered. Dilatation and rotations for scattering are obtained as integral expressions over the solid angle of inhomogeneity. These expressions
are computed numerically, for hypothetical models. The effects of source (unit force) orientations,
velocity and density perturbations, and size of inhomogeneity, on the scattered phases, are discussed.

1. Introduction
The inhomogeneities present in the Earth, only, can
explain the various phases in a seismogram. The
velocity and density heterogeneities can cause the
change in waveform, phase and amplitude fluctuations. They can also generate coda (P-coda, Scoda, Lg-coda) waves and precursory waves such
as the scattered PKP waves as the precursors to
PKIKP waves. The delayed energy in the seismic
coda is due to the waves scattering at the heterogeneities in the crust and lithosphere. In exploration geophysics, the introduction of shear wave
sources and three-component geophones has multiplied the applications of elastic wave scattering to
study complex objects and structural exploration.
In the case of vertical seismic profiling, where
source and receiver arrangements are favourable for

receiving the wide-angle scattered waves, the seismic wave scattering has vast possibilities of application.
The modelling of waves scattered by a small
inhomogeneity has taken a variety of approaches.
The basis for any advanced scattering theory is
the elastic wave scattering by a single inclusion
in a homogeneous elastic medium. Korneev and
Johnson (1993a,b) gave the compact solutions
for single scattering by spheres of arbitrary contrast and tested them numerically. Their solutions include corrections for Mie scattering when
the wavelength is comparable to the size of inhomogeneity. In a related work, Grito et al (1995)
have tested the validity of the, commonly used,
far-field approximation. The techniques employed
so far to study seismic wave scattering problems
include Maslov theory (Chapman & Drummond
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1982), the finite difference method (Fehler and
Aki 1978), the finite element method (Lysmer
and Drake 1972), the Born approximation (Wu
and Aki 1985a), the complex screen approach
(Wu 1994), Kirchoff-Helmhotz integration (Neuberg and Pointer 1995), the boundary integral
equation method (Benites, Aki and Yamogida
1992) and boundary element method (Chen and
Zhou 1994). Every method has inherent advantages
and disadvantages.
In the approach which best serves the purpose (Leary 1995) the wave equation can be written in terms of a uniform average medium about
which the heterogeneities are local fluctuations.
A first order perturbation approximation is used
to express the coda wave-field in terms of scattering by a primary wavelet interacting with heterogeneities (Aki & Richards 1980). Gubernatis
et al. (1977) formulated the scattering problem
of a homogeneous inclusion using Born approximation. Sato (1984) expressed Born approximation in terms of density and wave velocities
in an isotropic medium. Wu and Aki (1985a,b)
applied this approximation to derive scattering
coefficients for elastic random media and discussed scattering characteristics of elastic waves
by an arbitrary elastic heterogeneity. Wu (1989)
gave the detailed analysis for weak scattering. Wu
and Aki (1988) classified the short-wave scattering into different scattering phenomena, in terms
of different propagation regimes characterised by
wave length and scales of inhomogeneity and
heterogeneous region. Rose (1989) applied elastic wave scattering theories for ultrasonic detection and characterization of flaws in metals and
ceramics. To advance the scattering studies, in
recent years, Gajewski (1993) studied the radiation from point sources in anisotropic media.
Gurevich et al (1992, 1998) discussed the Born
approximation and scattering in a poroelastic
medium.
Most of the experiments carried out to study
scattering use pulse transducer and hence data
are collected in time domain. On the other hand,
most of the theoretical studies on elastic wave scattering consider the incidence of plane waves. The
studies considering the incidence of spherical pulse
either use numerical methods or are in frequency
domain (e.g., Piquette 1986, 1987; Hinders et al
1992; Korneev and Johnson 1993a,b; Tadeu et al
1996). Thus, it is a mismatch of the theory with
the experiments. The fact is that the time domain
study always presents a transparent scenario for
any transient motion. The few analytical studies,
those that consider the scattering of spherical pulse
in time domain use Born approximation. The practical limitation with Born approximation is that it
yields best results only for back scattering. So, the

study of first order scattering of spherical pulse in
the time domain without the use of Born approximation might be important in investigating wideangle scattering. Here, the author modified the
scattering source representation used in the integral expression for dilatation and rotation of scattering (Aki and Richards 1980). The integral solutions are solved for the incidence of a spherical
pulse, from an impulsive source, on a small spherical inhomogeneity. Arbitrary positions of source
and receiver permit to study both the small and
wide angle scattering.
2. First order scattering theory
A finite volume weak inhomogeneity is considered in an isotropic elastic homogeneous medium
of Lame’s moduli λo , µo and density ρo . Elastic
constants and density of this inhomogeneity are
defined as
p = po + δp;

(p = λ, µ, ρ)

(1)

where δp (|δp|  |po |), denote the small perturbations in elastic parameters and density. The displacement in the inhomogeneous medium is written as u = uo + δu, which is a sum of ‘primary
waves’ uo and ‘scattered waves’ δu. Inhomogeneity
is weak so that |δu|  |uo |, and, hence, scattered
waves obey the wave equations for the unperturbed
medium.
The equation of motion in an inhomogeneous
medium is given by
ρüi = ρfi + (λuj,j ),i + {µ(ui,j + uj,i )},j

(2)

where, f is the body force (per unit mass) representing the source fixed in the homogeneous part
of the medium and generating primary waves. For
a weak inhomogeneity (ignoring terms of second
and higher orders of perturbations) equation (2) is
resolved into two equations. These are
ρo üo = ρo f + (λo + µo )∇(∇.uo ) + µo ∇2 uo ,

(3)

and
δü = (

λo + µo
µo
)∇(∇.δu) + ( )∇2 δu + Q,
ρo
ρo

(4)

where,
δρ
δλ + δµ o
δµ
)(fi − üoi ) + (
)uj,ij + ( )uoi,jj
ρo
ρo
ρo
δλ,i o
δµ,j
+(
)u + (
)(uoi,j + uoj,i ),
(5)
ρo j,j
ρo

Qi = (

represents the body force (per unit mass) which
is determined by the interaction of inhomogeneity
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Geometry of the medium.

and primary waves from source. Equation (3) is the as
Z
equation of motion for the homogeneous surround1
|r − q|
1
ing of small inhomogeneity and equation (4) repre∇.δu(r, t) =
∇.Q(q, t −
)
2
4παo
|r − q|
αo
sents the incremental motion due to the presence
dV (q)
(9)
of inhomogeneity in a homogeneous medium (Aki
and Richards 1980). Body force term (i.e., ρo f ) in
equation (3) represents the source which is generat- and
Z
ing primary waves. Q, given by (5), is a body force
1
|r − q|
1
equivalent of the scattering source. This expression ∇ ∧ δu(r, t) =
∇ ∧ Q(q, t −
)
2
4πβ
|r
−
q|
βo
o
of Q also considers the direct contribution of origdV (q).
(10)
inal source, i.e., body force f , to scattering.
Using (3) in (5), changing the elastic parameter
perturbations to velocity perturbations and ignor- V is the inhomogeneous region where Q is noning the terms of second and higher orders of per- zero.
turbations, we can write
Qi = (2αo δα)uoj,ij + (2αo δα + αo2
+

(2βo δβ)(uoi,jj

−

uoj,ij )

+ (2βo δβ +

(uoi,j + uoj,i − 2δij uok,k ).

3. Geometry of the medium

δρ
),i uoj,j
ρo

δρ
βo2 ),j
ρo
(6)

The above expression of Q is quite different from
the one being used earlier (Aki and Richards 1980).
The term representing the single force (i.e., ρo üo )
is absent. Also, not the density perturbation but
its gradient does affect the scattering directly and,
hence, the smooth variations of the density do not
contribute to the first order scattering.
From (4) we can write
∂ 2 (∇.δu)
= αo2 ∇2 (∇.δu) + ∇.Q,
∂t2
∂ 2 (∇ ∧ δu)
= βo2 ∇2 (∇ ∧ δu) + ∇ ∧ Q.
∂t2

(7)
(8)

Solutions of (7) and (8), for waves scattered from a
small volume V and recorded at r, can be written

Consider a cartesian coordinate system (x, y, z)
with source at S ↔ (Sx , Sy , Sz ) (figure 1). The unit
vector n = (nx , ny , nz ) defines the direction of the
force at S. Centre of the inhomogeneity is represented by O ↔ (Ox , Oy , Oz ). An arbitrary location
for receiver is represented by R ↔ (Rx , Ry , Rz ).
Hence we have s = (Sx − Ox , Sy − Oy , Sz − Oz )
and r = (Rx − Ox , Ry − Oy , Rz − Oz ). For an arbitrary point Q ↔ (Qx , Qy , Qz ) in the inhomogeneity the variable q = (Qx − Ox , Qy − Oy , Qz − Oz ).
In a local spherical coordinate system centered at
O with s being its polar axis, the variable q =
(q,
components by qx =
pθ, φ) related to its cartesian
p
q 1 − χ2s cos φ, qy = q 1 − χ2s sin φ and qz = qχs .
χs (= cos θ) varies from −1 to 1 and φ varies from 0
to 2π. For a spherical inhomogeneity q will be varying over its radius and dV = q 2 dqdΩ; dΩ = dχs dφ.
4. Scattering of an impulse
The source at S is an impulsive point unit force
in the direction (nx , ny , nz ). The radially polarised
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spike wavefield, given by,
uo (q, t) = 4πuo d

|q − s|
so
δ(t −
),
|q − s|
vI

(11)

represents the displacement at a point q. This is a
far-field solution of equation (3) in the presence of
body force f as a source at S. The normalisation
of (11) is the displacement 4πuo at a distance so
from the source and at time t = so /vI . vI is the
velocity of the waves radiating from the source, i.e.,
αo for P wave and βo for S wave. The polarisation vector d is given by: di = γi γj nj for P wave;
and di = (δij − γi γj )nj for S wave. The direction
cosines γj = (qj − sj )/|q − s|; (j = x, y, z), control
the angular dependence of point force radiation.
Time−1 dimension of δ function in uo is consumed
on its convolution with time dependent force.
The spherical pulse given by (11), acts as a primary wave which after interaction with inhomogeneity generates a scattering source in the form
of body force Q. The waves from this scattering
source have their dilatation and rotation defined by
the integral expressions (9) and (10), respectively.
These expressions are, then, solved using the following assumptions.
• q  s, and hence |s − q| ≈ s(1 − qχs /s).
• q  r, and hence |r − q| ≈ r(1 − qχr /r), (χr is
cosine of angle between q and r).
• The spherically symmetric perturbations, repre), and H(= ρδρo ), are
sented by F (= αδαo ), G(= δβ
βo
twice differentiable functions of q.
• The terms with more than third order of r and
s together in denominator are ignored.
• The inhomogeneity is a spherical volume so that
dV = q 2 dqdΩ.
• δ function and its derivatives vanish at the limits
of integration over q.
After a lengthy calculation which contains many
differentiation and integration with q, the incremental dilatation (∇.δu) from equation (9), is
given by
Z
Z
1
1
v1 D1 dΩ + 2
χr v1 D2 dΩ
∇.δu = uo so [
rs
r s
Z
1
(12)
+ 2 v1 D3 dΩ],
rs
where,
χr
χs
+ )−1 ,
αo
vI
0
00
0
β2
D1 = 2a[2Fo + o2 (qo Ho + Ho )],
αo
v1 = (

0
βo2 2 00
)(qo Ho + 2qo Ho ),
(15)
2
αo
0
0
β2
D3 = (3b − c)[4(qo Fo + Fo ) − 4 o2 (qo Go )
αo
βo2 2 00
(16)
+ 2 (qo Ho )],
αo

D2 = a(1 + 2

(13)
(14)

for qo = −(t − αro − vsI )v1 .
Similarly, the incremental rotation (∇∧δu), from
equation (10), is given by
Z
Z
1
1
v2 Ω1 dΩ + 2
χr v2 Ω2 dΩ
∇ ∧ δu = uo so [
rs
r s
Z
1
(17)
+ 2 v2 Ω3 dΩ],
rs
where,
v2 = (

χr
χs
+ )−1 ,
βo
vI
0

Ω1 = A[4Go + (1 +
Ω2 = A(2 +

(18)
00
0
αo2
)(qo Ho + Ho )],
2
βo

(19)

0
αo2 2 00
)(q H + 2qo Ho ),
βo2 o o

(20)

0

Ω3 = 2[(3B − 2C − 3D)(qo Go + Go ) + 3(B +
α2
D)Go ] + [(B + D) 2o + (2B − C − D)]
βo
00

0

0

(qo2 Ho + 2qo Ho ) − 3(B + D)qo Ho ,

(21)

for, qo = −(t − βro − vsI )v2 .
Subscript 0 o0 denotes the value of a function (or
its derivatives) at q = qo . For the evaluation of Dj
and Ωj , qo is restricted to be lying in the inhomogeneity (i.e., for a spherical inhomogeneity of
radius ξ (say), at a given time t, any point in
the inhomogeneity giving qo outside [0, ξ], does not
contribute to the scattering).
Other parameters used in equations (12)–(21)
are defined as follows.
For incident P wave :
a = χs χo ; b = (3χ2s − 1)χo − χs χf ; c = −χo ;
A = χo Ψs ; B = (3χo χs − χf )Ψs ; C = Ψo ;
D = (3χo Ψs − Ψf )χs .
For incident S wave :
a = χf − χs χo ; b = 2χs χf − (3χ2s − 1)χo ;
c = 2χo ;
A = Ψf − χo Ψs ; B = D = χs Ψf − (3χo χs
− χf )Ψs ; C = 0.
where,
χo = n̂.ŝ, χf = n̂.q̂ χs = ŝ.q̂;
Ψo = n̂ ∧ ŝ; Ψf = n̂ ∧ q̂; Ψs = ŝ ∧ q̂.

Scattered dilatation and rotation
Special Cases
(a) Assuming density perturbation as a constant
may be a little compromise but it simplifies
the expressions to a great extent. So, when
the derivatives of H(q) vanish, the expressions
(14)–(16) and (19)–(21) reduce as follows.
0

D1 = 4aFo ,
D2 = 0,
0

D3 = 4(3b − c)[(qo Fo + Fo ) −
0

0
βo2
(qo Go )],
2
αo

Ω1 = 4AGo ,
Ω2 = 0,
0

Ω3 = 2[(3B − 2C − 3D)(qo Go + Go ) + 3
(B + D)Go ].
It may be noted that major contributions
to scattering come from D1 and Ω1 and these
terms are containing the gradient of functions F (q) and G(q) respectively. These results
improve upon and generalise the results of
Leary (1995) showing the scattering of SHmotion proportional to the velocity gradient.
(b) For a smooth inhomogeneity, spatial gradients
of elastic parameters vanish. Then the dilatation and rotation of scattering are given by,
Z
4 δα
v1 (3b − c)dΩ],
∇.δu = uo so [ 2
rs αo
Z
4 δβ
v2 (3B − C)dΩ].
∇ ∧ δu = uo so [ 2
rs βo
The above expressions have rs2 in the denominator which means that dilatation and rotation in this case will be very small as compared
to the case (a).
(c) Back scattering results can be obtained by
keeping the positions of both receiver and
source nearby. Also, r ≈ s and χr ≈ χs .
(d) From a point scatterer, at (qo = 0), we have
Z
0
2
βo2 0
∇.δu = uo so [ {2F (0) + 2 H (0)} v1 adΩ
rs
αo
Z
4
+ 2 v1 (3b − c)dΩ]
rs
0
1
α2 0
∇ ∧ δu = uo so [ {4G (0) + (1 + 2o )H (0)}
rs
β
Z
Z o
4
v2 AdΩ + 2 G(0) v2 (3B − C)dΩ]
rs
(e) The dilatation and rotation are assumed constant in the spherical inhomogeneity of radius
ξ. Then, using Gauss’ divergence theorem and
Stokes’ theorem, displacements δu(P ) and δu(S)
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for P wave and S wave, respectively, are
expressed as δu(P ) = 3ξ ∇.δu, δu(S) = 2ξ ∇ ∧ δu.
5. Numerical results
The purpose of numerical calculation is to compute the integral expressions (12)–(21). Density
perturbations are assumed constant to simplify the
computation. Perturbations in wave velocities are
defined by F (q) = G(q) = 0.05 exp (−kq), where k
represents the rate of exponential decay of radial
inhomogeneity of velocities. k may be called velocity perturbation parameter. Locations of source,
receiver and inhomogeneity, in meters’ scale are
chosen as S ↔ (0, 0, 240); R ↔ (75, 0, 230); O ↔
(35, 15, 250). Wave velocities are assumed as αo =
2.5 km/sec; βo = 1.4 km/sec. Integral expressions
are solved by summation over (χs , φ) plane.
For qualitative purposes, the dilatation may represent P wave and the rotation may represent S
wave. Therefore, dilatation and rotation of scattering due to the incidence of P wave are identified as
PP phase and PS phase, respectively. Similarly, SP
and SS phases are identified for the S wave incidence.
In order to study the effects of the size of inhomogeneity (ξ), perturbation parameter (k) and source
orientation (n), various phases were computed and
some of them are exhibited in figures 2 to 4. Details
are as follows.
PP phase and y-component of SS phase are plotted, in figure 2, for values of ξ = 5, 8, 12 meters. It is
observed that the width of scattered pulse increases
with the increase in the size of inhomogeneity.
Effect on magnitude of the phase is not much. SP
phase and z-component of PS phase are plotted,
in figure 3, for the values of velocity perturbation
parameter k = 0.02, 0.05, 0.1. Magnitude of scattering decreases with the increase in rate of velocity
decay inside the inhomogeneity. Width of scattered
pulse is unaffected with the change of k. Figure 4
contains all the scattered phases for the direction of
unit force along coordinate axes. Dilatations (PP
and SP phases) are affected most by the component of force along z-axis. Rotation due to P wave
incidence is dominated by x-component of force. SS
phase is a mixed contribution of all the components
of force, but y-component is more dominating.
Figure 5 represents synthetic seismograms as
recorded at a vertical borehole array. It contains
the dilatation and z-components of rotation of the
scattering from a spherical inhomogeneity of 10 m
radius centered at (20, 10, 235)m. Source is a unit
impulse, at (0, 0, 240 m) along z-axis. Perturbations parameter k = 0.1. Receivers are placed at
depths between 220 m and 250 m at regular intervals of 5 m.
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Figure 2. Variations in scattering with the size of inhomogeneity (k = .05; n = (1, 0, 0))(ξ = 5 m : − · − · − · − · −
ξ = 8 m : − − − − − − ξ = 12 m : ——— ).

Figure 3. Variations in scattering with the velocity perturbation (n = (1, 0, 0); ξ = 10 m)(k = .02 : − · − · − · − · −
k = .05 : − − − − − − k = .1 : ———).

6. Discussion of results
This was an attempt to study the 3-D scattering
from a spherical inhomogeneity in time domain.
No compromise has been made for the locations
of source and receiver (i.e. small- or wide-angle
scattering). Velocity and density perturbations are
represented by arbitrary functions. In this study,
scattering source is represented in terms of velocity
inhomogeneities and gradient of density inhomogeneity. The integrals for the dilatation and rotation of scattering are solved to study the role of
inhomogeneity parameters. It is found that rotation of scattering doesn’t involve the function F (q)
and its derivatives. The dilatation expression contains the gradient of function F (q) but in less
important part, (D3 ). The radius (size) of inho-

mogeneity, i.e., ξ is not involved in the scattering expressions but, for a given value of time t,
it restricts the values of solid angle Ω to get the
value of qo between 0 and ξ. This seems to be
an important result for spherical wave scattering in the time domain. Also, the scattering of
spherical pulse discussed in Leary (1995) is not
related to the size of inhomogeneity. The main
contributions to scattering come from the terms
containing velocity gradients. This implies that
scattering is directly related to the velocity perturbation parameter, i.e., k. The increase of the
exponential decay of inhomogeneity decreases the
scattering (figure 3). The magnitudes of dilatation and all the components of rotation changes
significantly with the direction of the impulsive
force (figure 4).

Scattered dilatation and rotation
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Figure 4. Variations in scattering with the direction of impulsive force {k = .1; ξ = 10 m}{n = (1, 0, 0) : − · − · − · − · −
n = (0, 1, 0) : − − − − − − n = (0, 0, 1) : ———}.
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Figure 5.

Scattered phases recorded at vertical borehole array.

The immediate application of the study presented may be in interpretation and simulation of
the seismograms recorded at a borehole array (figure 5) during a uniwell or crosswell survey, for
example, Paulsson et al (1994). The time-lapse
difference in seismograms (from repeated sources)
may indicate the changes in the location of scatterer around an oil-producing well. The location
of the scatterer can be estimated by modelling
the travel times of various scattered phases. Pulse
width of scattered phases may help to estimate the
size of the inhomogeneity. The expressions derived
could not be verified practically due to the nonavailability of the relevant data.
7. Conclusions
From the analytical expressions, special cases and
discussion of results, the following conclusions may
be drawn.

• Smoothly varying density doesn’t affect the first
order scattering.
• In a far-field, a smooth inhomogeneity produces
a very small scattering.
• S wave velocity inhomogeneity has very little
effect on the dilatation of scattering.
• P wave velocity inhomogeneity has no effect on
the rotation of scattering.
• Inhomogeneity contrast has a more dominating
effect on the magnitude of dilatation and rotation of scattered waves, as compared to the size
of inhomogeneity. This may be due to the smaller
size of inhomogeneity as compared to its distance
from source and receiver.
In addition to the results mentioned above it is
noted that the pulse width of the scattered phases
is decided by the size of inhomogeneity. The direction of the impulsive force at the source may control the magnitudes and directions of scattered
phases at a fixed receiver.
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