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Abstract. Idealized experiments using linear (LM) and nonlinear (NM) multilevel global
spectral models have been carried out to investigate and understand the impact of nonlinearities on the stationary wave response in the tropical atmosphere and its sensitivity to the
vertical profile of heating. It is found that nonlinearities exert a dominant influence on the
low-latitude stationary Kelvin and Rossby waves particularly in the vicinity of the forcing
region. Our study shows that nonlinear effects on the upper tropospheric response produce
prominent eastward displacement of the anticyclonic vorticity and horizontal shifts of the
maximum equilibrium divergence relative to the prescribed heating. These changes due to
nonlinear terms are found to be quite sensitive to the vertical structure of diabatic heating. The
strongest nonlinear effects are found to occur when the vertical level under consideration is
strongly forced from below. Detailed vorticity budget calculations indicate that stronger
nonlinear contributions from stretching and horizontal advection of relative vorticity favour
the generation of upper tropospheric anticyclonic circulation and its eastward displacement.
Larger vertical advection and twisting terms appear to oppose the generation of upper
tropospheric anticyclonic vorticity. It is found that the nonlinear terms which affect the
vorticity generation in the upper levels are crucially controlled by the vertical profile of
heating.
The mid-tropospheric response due to deep convective heating in the NM is characterized
by anomalous equatorial westerlies in the low-latitude Rossby regime and exhibits prominent
ageostrophic motions. Such nonlinear effects appear probably because of a vertical shift of the
low level circulation anomalies in the NM. In the case of shallow convective heating the
occurrence of anomalous zonal flows and ageostrophic motions in the low latitude regions Of
the NM takes place near the level of the maximum heating. Our study shows that large heating
amplitudes and small vertical gradient of heating at a given vertical level together favour
generation of anomalous zonal flows and ageostrophic motions in the near equatorial regions.
These anomalous basic flows in the low-latitudes have implications on the propagation of
transients from the tropics to midlatitudes. Non-linear effects on the lower tropospheric
stationary waves are prominently seen in the case of strong low level heating which produces
a large strengthening of the lower tropospheric cyclonic anomalies that exhibit distinct
eastward shifts in the NM relative to the LM.
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1. Introduction
It is well k n o w n t h a t t h e t r o p i c a l a t m o s p h e r e is c h a r a c t e r i z e d by a s t r o n g z o n a l l y
a s y m m e t r i c d i s t r i b u t i o n o f d i a b a t i c h e a t i n g . O b s e r v a t i o n a l findings b y R a m a g e (1968)
a n d K r u e g e r a n d W i n s t o n (1974) reveal t h a t d e e p c o n v e c t i v e h e a t i n g o c c u r s p r e d o m i n a n t l y o v e r t h r e e z o n e s in the t r o p i c s l o c a t e d o v e r S o u t h A m e r i c a , e q u a t o r i a l Africa
a n d the ' m a r i t i m e ' c o n t i n e n t of I n d o n e s i a . It is the l o n g i t u d i n a l v a r i a t i o n in the
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distribution of heat sources and sinks that drives the planetary scale circulations in the
tropical atmosphere. Matsuno (1966) for the first time obtained the various normal
modes of the tropical atmosphere using a shallow water system of equations on an
equatorial B-plane. Gill (1980), in his pioneering work, calculated the stationary wave
response induced by an isolated tropical heat source using a linear shallow water
anomaly model. He examined the anomalous stationary wave response, for a single
vertical baroclinic mode, forced by idealized tropical atmospheric heating. His
solutions elegantly explained the planetary scale circulation anomalies in terms of the
stationary Kelvin and Rossby waves. In a subsequent study, Phlips and Gill (1987)
pointed out that the zonal scale of the forced equatorial waves was essentially
controlled by the linear dissipation term which was a tunable parameter in their model.
They showed that when a weak damping was used in the model the stationary Kelvin
and Rossby waves had a greater zonal extent. But in the presence of strong dissipation
these stationary waves were localized near the forcing region.
1.1 Linear and nonlinear stationary wave response

The dynamics of large scale motions in the tropics can be studied as a problem of
determining the wave response induced by tropical diabatic heating. Theoretical
studies by Matsuno (1966), Webster (1972), Gill (1980), Simmons (1982) and many
others have greatly contributed towards our present understanding of the equatorial
wave dynamics and the nature of thermally forced response in the tropical atmosphere.
The studies of Webster (1972) and Gill (1980) were essentially based on linearized
calculations. The main shortcoming in Gill's model, was the use of strong Rayleigh
friction and Newtonian cooling terms which had an e4olding decay time of about 2.5
days. Apparently the physical processes which can have such strong damping timescales are still not clearly understood. Simmons (1982) examined both linear and
nonlinear responses but his solutions were constrained by the climatological basic
state. There are a few important studies that have addressed the role of nonlinear terms
on the forced tropical motions. Hendon (1986) investigated the nonlinear time-mean
response forced by an idealized heat source, of varying strengths, using a 2-level model.
He used a damping term having a decay time-scale of 5 days only at the bottom level of
the model. He found that the upper level anticyclones in the nonlinear response were
displaced eastward when the forcing amplitude was strong. Van Tuyl (1986) studied the
linear and nonlinear stationary responses of the tropical atmosphere by considering
various cases of mass forcings. He found that the nonlinear effects were significant only
when the zonally symmetric forcing was added to the wave-like component. He
observed strong zonal flows near the equatorial region which resulted from wave-mean
flow interactions. Studies by Sardeshmukh and Held (1984), Sardeshmukh and Hoskins (1985) and Hendon (1986) indicate that nonlinear dynar.fics play a crucial role in
determining the observed time-mean vorticity balance in the tropical upper troposphere.
1.2 Motivation
There is still considerable potential and justification for understanding the role of nonlinear
dynamics on the thermally forced flows in the tropical atmosphere. A preliminary scale
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analysis of synoptic scale motions in the tropics, (see Holton 1979, page 326) suggests
that the inertial acceleration and the pressure gradient terms are nearly in balance while
the coriolis force term is relatively smaller. Thus the Rossby number is of the order of
unity and hence nonlinear advective effects become important while dealing with
low-latitude synoptic scale motions. While nonlinear advective effects are seen very
prominently in the case of tropical synoptic scale motions, they are still indirectly
important when dealing with planetary scale motions in the tropical atmosphere. This
is because of the fact that the large scale motions and the smaller scales (e.g. deep
cumulus convection) interact in a co-operative manner in the tropics wherein the larger
scales are driven primarily by the latent heat release due to cumulus convection and the
latter is enhanced by moisture convergence of the large scale circulation. Thus there is
a strong justification to understand the role of nonlinearities on the thermally forced
flows in the tropics. Secondly, nonlinear advection terms play a vital role in modifying
the major jet streams such as the upper level Tropical Easterly Jet (TEJ) over the Indian
summer monsoon region, the low-level Somali jet and the subtropical jet streams.
Modelling studies by Sardeshmukh and Held (1984), Sardeshmukh and Hoskins
(1985), Hendon (1986) have also pointed out the significance of nonlinear dynamics on
the low-latitude atmospheric flows. Thus, there is a major requirement to provide
a nonlinear description of the heat induced wave response in the tropical atmosphere.
We wish to point out that most of the previous studies have not paid much attention
about the sensitivity of nonlinear equilibrium response to the vertical profile of heating.
For instance, Van Tuyl (1986) used a shallow water model on an equatorial fl-plane
which is capable of describing only barotropic motions and will not be of much use in
understanding the details of the vertical variations. One of the merits of our calculations is that they are carried out with a more complete global spectral model having five
vertical levels. The calculations with a multilevel model are particularly applicable
where details of the vertical structure are important. Hartmann et al (1984) showed that
it is very crucial to provide an accurate vertical structure of latent heating so as to
realistically model the large-scale tropical atmospheric motions. The simple shallow
water model 0fVan Tuyl (1986) and the 2-level model of Hendon (1986) are not suitable
for studying the impact of the vertical structure of heating on the forced nonlinear
response. On the other hand, a multilevel model allows us to investigate the 3dimensional spatial structure of the stationary nonlinear response and its sensitivity to
the vertical profile of heating. The primary goal of this study is to investigate the
sensitivity of the nonlinear stationary Kelvin and Rossby wave responses to the vertical
profile of heating. In this paper, the authors have performed idealized forcing experiments using linear and nonlinear versions of a 5-level global spectral model. By
comparing the two equilibrium solutions we have isolated the effects of nonlinear
dynamics on the tropical stationary wave response. It should be noted that our present
study is restricted only to nonlinearities of the time-independent circulation.

2. Experiments with the global spectral model
Linear and nonlinear versions of a 5-level global spectral model have been used to
calculate the stationary response forced by idealized tropical heating. The 5-level
nonlinear global spectral model (NM) has a rhomboidal truncation at 15 waves (R15)
and the model equations are essentially based on the formulation given in Bourke
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(1974). The model prognostic equations describe the spatial and temporal evolution of
vorticity, divergence, temperature and surface pressure. The model does not include
parameterization of any physical process. The forcing in the model is the non-adiabatic
heating term in the thermodynamic energy equation. The 5 vertical model levels are at
900mb, 700mb, 500mb, 300mb and 100mb respectively. More details about the model
are described in Keshavamurty et al (1986). The linear version of the model (LM) is
constructed by omitting all the nonlinear terms from the NM. The initial condition in
all the experiments corresponds to an atmosphere at rest and the initial temperatures at
the different model levels correspond to their respective mean global values. It is
desirable to employ weak dissipation terms in the model so as to highlight the
nonlinear effects. Otherwise the modifications produced by nonlinear terms might get
masked due to strong damping. For this purpose, we have used weak Rayleigh friction
and Newtonian cooling terms both having a decay time scale of 10 days in the NM as
well as the LM. The model equations are integrated using semi-implicit time integration scheme with a time-step of 60 minutes. In all the experiments the integrations are
performed for 50 days after switching on the heat source and the forcing is kept fixed
throughout the time of integration. By the end of the 50th day the flow is more or less in
an equilibrium state and is taken'as the stationary response. We have infact verified that
the instantaneous flow on the 50th day is almost identical to that of the flow averaged
over the last twenty days indicating that the transients are quite small by day 50.
2.1 Horizontal distribution of the forcing

The horizontal distribution of forcing (figure 1.1) corresponds to an isolated heat
source symmetric w.r.t the equator. The maximum heating at the centre of the heat
source (equator and 67.5~ is 4~ per day. The heating amplitude decreases as one
proceeds away from the centre of the heat source. The heating extends zonally between
45~ and 90~ and is fairly realistic. Observations do suggest the existence of such
tropical convection zones over the equatorial western Pacific on the mean monthly
maps (especially winter months) (see Krueger and Winston 1974). Satellite maps of
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Figure 1.1. Latitude-longitude section ofdiabatic heating (~ Per day). Outermost contour is
0.5 unit and interval is 1.0 unit.
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OLR also reveal the existence of super cloud clusters that have zonal scales of
4000-5000 kms in the equatorial Indian Ocean and western Pacific sector. Since this is
an idealized study, we have considered the heat source at an arbitrary longitude in the
equatorib,1 Indian Ocean. Moreover the forcing is an isolated heat source and hence one
can always zonally shift the response depending upon the actual longitudinal position
of the observed forcing. Figure 1.2 shows the meridional distribution of the heating
amplitude at the centre of the heat source which has a gaussian structure with
a maximum value (4~ per day) at the equator and sharply decreases in the poleward
direction. The meridional scale of the heat source is reasonably realistic (see Gill 1980;
Phli-ps and Gill 1987).
2.2 Vertical profiles of heating
We have studied the sensitivity of the nonlinear response to three different vertical
profiles of heating. In the three sets of experiments that were carried out, we have kept
the horizontal heating distribution (figure 1.1) fixed and varied only the vertical profile.
The three vertical profiles which are shown in figure 1.3 are quite similar to the medium,
high and low heating profiles used by Puri (1987). The first two vertical profiles are
chosen to represent heating due to deep cumulus convection while the third profile
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VERTICAL PROFILES OF HEATING
100

G

t

~l--,

-

~

t

I
I
i

0

300

\
\

,p'""

\ " o ..

500

- ' - O CASE:3
-----Q CASE:2
70o ----4 CASE:I

' ~ .~..~. /,'
,,~"..~

.O" . , , , d 0

~.~
900

0

i
0.2

~

'

~ .''"

0./,

-

.~
.I.

.~ "

0.6

HEATING D I S T R I B U T I O N

(XIO0)

J
0.B

1.0

I

Figure 1.3. The three vertical heating profiles.
represents heating by shallow convection. The 3-dimensional heating, for each of the
three cases, is a product of the horizontal heating distribution and the corresponding
vertical profile. The vertical profile in case (1) has a maximum value at 500mb and is
minimum at the top and bottom of the atmosphere. Heating profiles derived from
GATE observations suggest the occurrence of maximum convective heating around
500rob over several areas in the tropics (see Geisler 1981 and Geisler and Stevens
1982). There is also support from the study by Mohanty and Das 1986) that cumulus
heating over the Bay of Bengal during the northern summer monsoon has a maximum
around 500 mb. The vertical profile in case (2) has a minimum value at the surface and
gradually increases in the vertical. It attains a maximum value at 300rob and then
sharply decreases further above. This vertical profile has good resemblance with the
observed profile of deep convective heating in the equatorial western Pacific computed
from the Global Weather Experiment (GWE) dataset (see Schaack et a11990) where the
maximum amplitude is around 400mb. Hartmann etal (1984) showed that the
east-west circulations in the tropics could be modelled realistically by using adiabatic
heating which had a sharp maximum near 400 mb and weak heating below 600 mb.
Their study was based on the observational evidence that the latent heat release due to
mature cloud clusters have a maximum at around 400 rob. The amplitude of heating, in
case (3), is quite large in the lower troposphere with the maximum at 700rob and
becomes quite small above the 500 mb pressure level. There is good observational
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support for the occurrence of such strong lower tropospheric heating as in the case of
the low level summer monsoon flow which produces large condensational heating in
the lower levels over the equatorial Indian Ocean and Arabian Seas (with maximum
around 700mb) (see Krishnamurti et al 1985). In addition the tropical heat lows (e.g.
the summer monsoon heat low) are good examples of shallow heat sources wherein the
largest heating rates are mostly confined to the lower troposphere.

3. Results and discussion
The linear and nonlinear equilibrium solutions for the three forcing cases are described
in this section. The nonlinear effects on the horizontal and vertical structures of the
stationary Kelvin and Rossby waves are determined by systematically comparing the
equilibrium response in both the models. Nonlinear effects on the transient response
have not been examined in this paper and currently our study is restricted only to the
time-independent circulations.
The stationary response induced by a heat source symmetric w.r.t the equator is
characterized by Kelvin waves to its east and Rossby waves to its west (Gill 1980). He
showed that outside the forcing region the response is due to the free component while
within the forcing region the response includes both the free as well as the forced
components. Gill (1980) demonstrated that at any instant of time the Kelvin waves
could carry information faster than the Rossby waves. As a result, the eastward branch
of the circulation had a greater zonal extent than the westward branch.

3.1 Upper tropospheric rotational wind response in LM and N M
Since the dynamics of th~ upper tropospheric flows in the tropics are best described by
the vorticity equation (Sardeshmukh and Hoskins 1985), let us first examine the
nonlinear effects on the equilibrium relative vorticity at 300 mb for the three forcing
cases. Figures2.1 and 2.2 show the 300mb relative vorticity in the N M and LM
respectively for the case (1) forcing. It is readily noticed that the anticyclonic anomaly
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Figure2.1. Relativevorticity(unit is 10- 6s- ~)at 300mb in NM for case(1) forcing.Negative
valuesare shaded and the zero contour is suppressed.Outermost positive(negative)contour is
3 ( - 3) units and contour interval is 3 units.
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near 13~ (S) extends longitudinally almost up to 80~ in the NM and only up to 68~
in the LM. Clearly there is a distinct eastward protrusion of the upper tropospheric
anticyclonic vorticity by about 12~ longitudes in NM relative to LM. Further the
anticyclones inside the forcing region, around 70~ and 10~ are much stronger in the
NM as compared to the LM. The cyclonic vorticity to the east of the forcing region is
significantly enhanced in the NM and possesses strong horizontal gradients resulting in
considerable enhancement of the nonlinear Kelvin waves around 100~
The equilibrium relative vorticity at 300 mb for the case (2) forcing in NM and LM
is shown in figures 3.1 and 3.2 respectively. One can notice that the impact of
nonlinearities is relatively smaller in case (2) and the eastward shift of the anticyclonic
vorticity in the N M relative to the LM is only marginal about 3-4 ~ longitudes. For the
shallow heating profile of case (3), the relative vorticity at 300mb in the NM and LM is
shown in figures 4.1 and 4.2 respectively. Because of the shallow forcing, the upper
tropospheric circulations in both the LM and NM are quite weak in case (3). It may

Figure3.1. Relative vorticity (unit is 10- 6 s - 1)at 300 mb in N M for case (2) forcing. Negative
values are shaded and the zero contour is suppressed. Outermost positive (negative) contour is
2 ( - 2) units and contour interval is 3 units.
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also be noticed that the anticyclonic vorticity is stronger in the N M as compared to the
LM and also shows a moderate eastward shift (figure 4.1). A detailed vorticity balance
analysis has been carried out in a later section in order to understand the dynamical
mechanisms involved with the above mentioned nonlinear effects.
In short it is found that the nonlinear effects on the 300 mb response are quite sensitive
to the vertical profile of diabatic heating. It is important to note that the nonlinear effects
at 300 mb in case (2) were smaller despite the maximum heating amplitude being situated
at the same vertical level. One reason why the nonlinear impact on the 300 mb anomalies
were much stronger in case (1) rather than in case (2) may be because the 300mb level is
more strongly heated from below in case (1) as compared to case (2). To further confirm
this point we have examined the linear and nonlinear responses at 100mb (figures not
shown) in all the three cases. It can be seen from figure 1.3 that the strongest forcing of the
100 mb level from underneath takes place in case (2) while it is lesser in case (1) and least in
case (3). On examining the equilibrium response in the three cases (figures not shown) we
infact found that the impact of nonlinearities at 100 mb happened to be strongest in
case (2) while it was weaker in case (1) and weakest in case (3). In this connection it may
be pointed out that the level of maximum heating in case (2) (ie., 300 mb) happens to be
higher than the actually observed heating maximum (400mb). The reason for such
a choice is because the 5-level model used in this study permits us to choose 300 mb
surface as the level that is closest to the vertical position (ie. 400 rob) of the observed
heating maximum in case (2). Had it been possible to specify the model heating at
400mb (say in a model with higher vertical resolution) then it is likely, from the
foregoing discussion, that the nonlinear effects at 300mb would have been more
prominent because of stronger forcing from below.
3.2 Illustration of Bernoulli's effect in the N M
It will be worth mentioning that the nonlinear response at 300mb reveals some
interesting results such as the occurrence of the well-known Bernoulli's effect. Just now
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Figure 5.1. Perturbation geopotential(unit is m2s- 2) at 300mb in NM for case (1) forcing.
Negative valuesare shaded and the zero contour is suppressed.Outermost positive(negative)
contour is 100 ( - 100) units and contour interval is 100 units. Magnitude of unit velocity
vector in the small box is 10ms- 1.
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we saw that the effect of nonlinear terms on the upper tropospheric response was most
dominant in case (1). We shall now examine the nature of nonlinear balance between
the mass and wind fields at 300mb in this case. Figures 5.1 and 5.2 show the 300mb
perturbation geopotential in the N M and L M of case (1) forcing. It can be observed that
the response in the N M shows an eastward displacement of the highs in the forcing
region. For instance the equatorial ridge to the west of the heat source (eg. the 400 m
contour) extends eastward up to 65~ in the N M while the same contour line extends
only up to about 45~ in the LM. To illustrate Bernoulli's effect let us carefully examine
the equilibrium response along the equator inside the forcing region. In the LM
(figure 5.2) we notice that the perturbation geopotential inside the forcing region has
a constant value along the equator. But in the NM, the perturbation geopotential
inside the forcing region shows a variation along the equator with the maximum value
(500 m 2 s- 2) occurring around 78~ As we proceed along the equator either to the east
or west of 78~ the magnitude of the zonal wind slowly increases and the value of the
perturbation geopotential drops gradually. The point on the equator corresponding to
78~ is called the stagnation point. In the LM, the stagnation point on the equator
occurs more to the west at around 70~ We will now show that the aforementioned
increase in the zonal wind speed on either side of the stagnation point in the N M is
a consequence of the Bernoulli's effect. If we neglect the frictional effects, it follows from
the steady-state zonal momentum equation at the equator, that

Ou

+

O@

= o.

(1)

The above equation can be re-written as ~x 2 + 4) = 0. In the absence of zonal
momentum advection, the linear solution yields ~ = c, where c is a constant. When the
nonlinear advection term is present, the solution is 4) = c - 89 2. This result is identical
to the well known Bernoulli's principle for conservation of mechanical energy. The
nonlinear solution suggests that along the equator ~battains a maximum at 78~ where
u = 0. To the east and west of this stagnation point the value of 4) gradually decreases
and consequently from Bernoulli's principle it follows that the kinetic energy of the
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zonal flow must increase as one proceeds away from the stagnation point. Therefore
inside the forcing region, the maximum equatorial kinetic energy in the NM occurs at
the edges of the forcing as indicated by the strong winds in figure 5.1.
3.3 Upper tropospheric divergent response in N M and L M
By studying the nonlinear response associated with the divergent wind anomalies, it is
possible to obtain clues about the nonlinear effects on the rotational wind anomalies in
the upper troposphere. For the case (1) forcing, the 300 mb divergence in the NM and
LM is shown in figures 6.1 and 6.2 respectively. A crucial issue to be examined is the
position of the upper level divergence relative to the diabatic heating. In the LM, the
divergence pattern almost exactly coincides with the horizontal distribution of diabatic
heating. A maximum divergence of 3 • 10-6 s- 1 occurs at the centre of the heat source
in the LM. However pronounced distortions, within the forcing zone, can be noticed in
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the upper tropospheric divergence of the NM. We observe that the maximum divergence (4 • 10 - 6 s - 1) in the NM has shifted to the eastern half of the forcing region and
is seen around 12~ and 12~ Thus the nonlinear response is characterized by an
increased 300 mb divergence and the maximum divergence exhibits phase shifts relative
to the maximum diabatic heating. Although the previous studies by Sardeshmukh and
Hoskins (1985) and Hendon (1986) reported findings about the generation of stronger
upper level anticyclones in the nonlinear response, it may be pointed out that these
studies did not report occurrence of any shift in the position of the maximum upper
level divergence relative to the forcing. Figures 7.1 and 7.2 and figures 8.1 and 8.2 show
the 300mb equilibrium divergence in the N M and LM of case (2) and case (3)
respectively. Due to the shallow heating in case (3) it is seen that the strength of the
300 mb equilibrium divergence is quite weak in the LM as well as the NM in case (3).
Except that the nonlinear response is slightly stronger than the linear response in
figures 7 and 8, we do not notice any shift in the upper tropospheric divergence of the
N M in cases (2) and (3). Thus by contrasting the results in the three cases it is clear that
the upper tropospheric divergent response in the N M is quite sensitive to the vertical

592

R Krishnan and S V Kasture

i

*

!

!

I

i

';

-- ,lIMI
- - Zrlll
iON

--2r$

2~

-- ,11~$
9

l

i

I

I

I

I

I

8.1. Divergence (unit is 1 0 - 6 s - 1 ) at 300 mb in N M for case (3) forcing. Outermost
contour is 0.1 units and contour interval is 0.2 units.
Figure

i

i ....

.

|

m

!-

io'qU
--(p

I1"

n

J

Figure

I

8.2.

I

I

I

I

I

I

Same as 8.1, except for LM.

profile of heating. The occurrence of horizontal phase differences between the upper level
divergence and the diabatic heating in the NM (as in case (1)) has considerable relevance
in modelling barotropic flows that are forced using the divergence anomalies. Most of the
previous studies have often related the upper tropospheric divergence and the diabatic
heating in a simple manner by assuming them to be always in phase (Sardeshmukh and
Hoskins 1985). Such simplistic assumptions may not be quite realistic especially when
it is necessary to provide an accurate specification of the divergence field for deriving
the quasi-stationary streamfunction from the barotropic vorticity equation.
3.4 Vorticity balance at 300 mb
The vorticity equation is an important tool for investigating the nature of vorticity
balance in the tropical upper troposphere. There are some interesting linear and
nonlinear calculations pertaining to the time-mean vorticity balance in the tropical
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upper troposphere. Holton and Colton (1972) diagnosed the vorticity balance in the
tropics using a linear steady-state barotropic vorticity equation. They noted that the
observed vorticity field in the tropics could be explained only by incorporating a large
vorticity damping (e-folding time < 1 day) term. They speculated that the transport of
vorticity from the boundary layer to the top of the atmosphere by deep cumulus
convection could be responsible for producing such a large dissipation of the upper
level vorticity field. However, the assumption that cumulus convection can transport
vortieity from the surface to the upper troposphere at such a rapid rate seems to be
quite unrealistic. Thus the main weakness in the linear model of Holton and Colton
(1972) is the use of avery large vorticity damping term. On the other hand, studies by
Sardeshmukh and Held (1984), Sardeshmukh and Hoskins (1985) and Hendon (1986)
emphasize that nonlinearities play an important role in determining the time-mean
vorticity balance in the tropics. They have theoretically shown that the observed
time-mean vorticity balance in the tropics can be explained by incorporating nonlinear
terms in the vorticity equation. Quite contrary to the linear studies, they found that
there was no necessity for assuming large vorticity damping.
We had earlier demonstrated that the vertical profile of heating crucially determines
the position and intensity of the upper level anticyclonic features in the NM. There is
also observational evidence (see Sardeshmukh and Hoskins 1988) indicating that the
phase difference between the observed upper level anticyclones and diabatic heating
can vary from season to season depending on the 3-dimensional distribution of the
seasonal mean diabatic heating pattern. By performing a diagnostic calculation of the
vorticity budget at 300rob, one can understand the mechanisms that produce an
eastward shift of the upper tropospheric anomalies in the NM. Following Sardeshmukh and Hoskins (1985), the steady state barotropic vorticity equation in the absence
of dissipation terms can be written as
v

+ v,v
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Figure 9.1. Horizontal advection of absolute vorticity (unit is 10 1t s - 2) at 300 mb in N M for
case (l) forcing. Negative values are shaded and the zero contour is suppressed. Outermost
positive (negative) contour is 2 ( - 2) units and contour interval is 4 units.
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As the transient terms (indicated by primes) have a negligible contribution to the
vorticity balance in the tropics (see Sardeshmukh and Hoskins 1985), we have
calculated only the time-mean terms in the vorticity equation. In all the three cases, it is
found that the dominant vorticity balance is between the advection of the absolute
vorticity by the time-mean horizontal wind (V'V(~-+ f)) and the stretching of the
absolute vorticity (-(~-+ f)V.V). An illustration of the close balance between the
horizontal advection of absolute vorticity and the stretching of absolute vorticity at the
300mb in case (1) is shown in figures 9.1 and 9.2.
For the purpose of identifying the role of nonlinear terms in the upper tropospheric
vorticity balance, we need to calculate the planetary vorticity component as well as the
relative vorticity component associated with the stretching and advection terms. For
convenience, we shall denote the terms V.V(; V-V f ; (V-V; fV" 9 and/~. V x \ --~p./
as T1, T2, T3, T4 and T5 respectively. The term T1 provides information about the
nonlinear horizontal advection of the relative vorticity. T3 contains information about
the nonlinear effect associated with the horizontal stretching of the relative vorticity
and the nonlinear term T5 represents the vertical advection and twisting term. The
linear terms T2 and T4 represent the horizontal advection of planetary vorticity and
stretching of planetary vorticity respectively.
We had earlier seen that the eastward shift of the 300 mb anticyclones in the NM was
prominent in case (1) while it was negligible in case (2) despite the heating maximum in
the latter case being located at 300mb. We wish to explore and understand the
dynamical mechanisms responsible for the differences in the upper level nonlinear
response in case (1) and ease (2). The nonlinear relative vorticity stretching term T3 for
the two cases (1) and (2) is shown in figures 10.1 and 10.2. One can notice inside the
forcing region that the relative vorticity stretching in case (1) is quite intense while it is
much weaker in case (2). Additionally the maximum relative vorticity stretching in case
(1) shows an eastward shift of about 6-7 ~ longitude as compared to case (2). Indeed this
difference was apparent from the nonlinear equilibrium divergence (see figures 6.1 and
7.1) which was discussed earlier. Since the stretching term acts as a forcing for the
barotropic vorticity equation it is obvious that the horizontal adveetion of relative
vorticity is stronger (weaker) whenever there is an increase (decrease) in the strength of
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the relative vorticity stretching term. Accordingly we find from figures 11.1 and 11.2 that
the horizontal advection of the relative vorticity (T1) is nearly four times stronger in case
(1) as compared to case (2). There is also a prominent eastward spread of the contours of
T1 which clearly accounts for the eastward displacement of 300 mb anomalies in case (1).
We conclude that the stronger nonlinear divergence in case (1) and the associated
positional shifts in its maxima are primarily responsible for the enhanced nonlinear
vortex stretching. In turn the nonlinear horizontal vorticity advection tries to adjust with
this enhanced vorticity stretching term thereby causing an eastward displacement of the
upper tropospheric vorticity pattern. However due to the smallness of the horizontal
advection and stretching of relative vorticity in case (2), the eastward shift of the 300 mb
anomalies in the NM happens to be correspondingly small in this case.
Table 1.
Case
1
2
3

Area averages of the terms of the vorticity equation.

T1

T2

3 . 4 5 x 1 0 - 1 1 s -2
1.41xl0-11s-2
l ' 0 7 x l 0 - Z 2 s -2

-l-14xl0-1~
-2
_8.69x10-11s-2
- 3 - 9 1 x 1 0 - 1 1 s -2

T3

T4

T5

- 1 - 9 4 x 1 0 I l s - 2 1 . 2 5 x 1 0 - I ~ -2
1-02•
_9.72x10-12s 2 1.01xl0-1Os-2
2.18•
- 7 ' 8 3 x 1 0 - 1 3 s -2 3 . 9 2 •
-2 - 1 . 3 1 x l 0 - t 3 s

-z
-2

The area averages ofT1, T2, T3, T4 and T5 given in table 1 have been computed for the
region between 39.4~ and 90-0~ and 2-2~ to 28"89~ It can be seen that the sum of
these terms in each of the three cases is one order smaller than the largest of them. An
exact cancellation cannot be obtained because the negligible contribution from the
transient terms, the diffusion and weak Rayleigh friction terms in the vorticity equation
have not been included in the computation. Moreover while computing area averages,
there can be cancellation between the positive and negative values in the averaging
domain. It can be seen in all the three cases that the horizontal advection of the planetary
vorticity (fl term) and the stretching of planetary vorticity are higher in magnitude as
compared to the corresponding nonlinear horizontal advection and stretching of relative
vorticity. The nonlinear contributions due to the stretching and horizontal advection of
relative vorticity are found to be strongest in case (1) which primarily support the
pronounced nonlinear effects at 300 mb. The area average of the terms T1 and T3 are
quite small in cases (2) and (3) which explains the minimal nonlinear effects in these two
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cases. Hendon (1986) conjectured that the vertical advection and twisting terms tend to
inhibit the generation of anticyclonic vorticity at the upper levels. Hendon's hypothesis
seems to be well explained in our results. For instance the absolute value of the term T5
happens to be minimum in case (1) and maximum in case (2). Therefore the generation
of stronger anticyclonic circulation in the N M is favoured in case (1) while it is inhibited
in case (2). The term T5 in case (3) also happens to be reasonably small and accordingly
might have been responsible for the moderate eastward shifts of the upper level
anomalies in the N M of case (3). Our study clearly suggests that the vertical profile of
diabatic heating crucially determines the nature of tropical nonlinear response and the
associated vorticity balance in the tropical upper troposphere.
3.5 Anomalous midtropospheric flows in the nonlinear response
We shall now examine the middle tropospheric response in the LM and N M in all the
three cases. Figures 12.1, 12.2, 13.1, 13.2 and 14.1, 14.2 depict the 500mb zonal winds in
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Figure 12.1. Zonal velocity (unit is ms-1) at 500mb in N M for case (1) forcing. Negative
values are shaded and the zero contour is suppressed. Outermost positive (negative) contour is
1.0 ( - 1.0) units and contour interval is 2.5 units.
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the N M (LM) for the cases (1), (2) and (3) respectively. An important point to be noted in
cases (1) and (2) is the occurrence of anomalous equatorial westerlies in the Rossby regime
of the NM. For instance in case (1) the Rossby waves in LM are characterized by equatorial
easterlies while the Rossby regime in the N M shows anomalous equatorial westerlies. It
can also be seen that the stationary Kelvin waves in the NM are significantly stronger as
compared to the L M of case (1). Similarly in the case (2) experiment we notice anomalous
equatorial westerlies in the Rossby regime of the NM. It can be observed that the
anomalous westerlies in cases (1) and (2) are flanked by easterlies in both the hemispheres.
Thus there is considerable latitudinal shear of the mean zonal flow in the nonlinear Rossby
regime. Studies by (Hoskins and Karoly 1981; Webster and Holton 1982; Lim and Chang
1983; Lau and Lim 1984; Wilson and Mak 1984 and Zhang and Webster 1989) suggest that
transient waves in the tropical atmosphere are less equatorially trapped in a basic flow
having strong westerly shear and therefore can freely propagate to the extratropics.
In contrast to cases (1) and (2) we do not find the occurrence of anomalous equatorial
westerly flow in the nonlinear Rossby regime of case (3) (see figures 14.1 and 14.2). The
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equatorial easterlies in the NM (figure 14.1) show a moderate weakening as compared
to the LM (figure 14.2) but there is no occurrence of anomalous equatorial westerlies in
the nonlinear Rossby regime of case (3). Therefore it appears that whenever the vertical
profile of forcing extends deep in the vertical (as in cases (1) and (2)) there can be
generation of anomalous equatorial westerly flow in the low-latitude nonlinear Rossby
regime. This could possibly be due to a vertical shift of the lower tropospheric
anomalies to the middle troposphere by nonlinear vertical advection. When there is
occurrence of such anomalous westerlies in the middle troposphere as, in cases (1) and
(2), there is generation of strong vertical shear of the mean zonal wind. For instance the
Rossby response in NM of case (1) shows equatorial westerlies at 500 mb and strong
easterlies at 300 mb (see figure 5.1) which suggests the occurrence of significant vertical
shear at the 400mb level. Studies by (Lira and Chang 1983; Lim and Chang 1986 and
Kasahara and Silva Dias 1986) indicate that the generation of such vertical shears of
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the mean zonal wind, is important for the meridional propagation of transient
barotropic Rossby modes from the tropics to midlatitudes.
3.6 Ageostrophic effects in the nonlinear response
Having seen that the nonlinear Rossby response in the midtroposphere of cases (1) and (2)
was characterized by anomalous equatorial westerlies it will be worthwhile to investigate
the nature of balance between the mass and wind fields in these two cases. For this
purpose we have illustrated the 500 m b perturbation geopotential and the wind field for
cases (1) and (2) in figures 15.1, 15.2 and 16.1, 16.2 respectively. In case (1) the linear
solution shows anticyclones, centered around 15~ and 15~ on the western side of the
forcing while the nonlinear response exhibits a high centered at the equator and 80~
The anticyclones in the N M appear as if they have been pushed towards the equator in
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Figure 15.1. Perturbation geopotential (unit is m 2 s - 2)at 500 mb in NM for case (1) forcing.
Negative valuesare shaded and the zero contour is suppressed.Outermost positive(negative)
contour is 100 ( - 100) units and contour interval is 100 units. Magnitude of unit velocity
vector in the small box is 10ms- 1.

LtFigure 15.2. Sameas 15.1,except for LM.
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the eastward direction. It is also interesting to note in figures 15.1 and 16.1 that the winds
in the NM exhibit an anticlockwise (clockwise) turn around high in the northern
(southern) hemisphere. Thus the near-equatorial nonlinear response, reveals a strong
ageostrophic balance between the perturbative mass and wind fields in the vicinity,of
the forcing region. It must be mentioned that the mid-tropospheric response in the NM
of case (3) did not reveal any ageostrophic effect between the mass and wind fields. On
the other hand remarkable ageostrophic motions were found in the nonlinear response
of case (3) at 700 mb (figures 17.1 and 17.2) which is the level of maximum heating in case
(3). We can notice that the winds in the LM are extremely weak (< 1 ms- ~)while in the NM
one can notice the predominance of anomalous equatorial westerlies having a maximum
speed of about 10 m s - ~. One can clearly notice strong anticlockwise (clockwise) winds
to the north (south) of the near equatorial high in the NM in figure 17.1.
It appears that both the heating amplitude and the vertical gradient of heating at any
given vertical level seem to determine the occurrence of ageostrophic motions at that
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particular level. For instance in cases (1) and (2) the heating amplitude is quite large and
the vertical gradient of heating is quite small at 500 rob. Since the vertical gradient of
heating is small at 500 mb a large heating is strongly concentrated in the vertical layer
centred around 500 m b in cases (1) and (2). The same is true at 700 mb in case (3). Under
such a situation if there is occurrence of a strong upward shift of the lower tropospheric
circulation anomalies there are possibilities for generation of anomalous zonal flows
and ageostrophic effects in the low-latitude regions as described below.
A simple dynamical interpretation for the occurrence of such ageostrophic motions
can be visualized in the following manner. When the atmosphere is strongly heated
from below, convection sets in and there is upward motion, which produces high
pressure anomalies in the higher altitudes. Let us now suppose that a strong convection
is occurring in the low-latitude region where the coriolis parameter is very small. In
such a situation, the main dynamical balance will take place between the pressuregradient and inertial acceleration terms thereby resulting in the break down of
geostrophy. N o w if there is occurrence of a vertical shift of low-level anomalies by
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Same as 18.1, except for LM.

nonlinear vertical advection then one can expect upward displacement of low-level
westerlies in the equatorial Rossby regime which results in anticlockwise (clockwise)
winds to the north (south) of the near equatorial highs thereby resulting in an
ageostrophic balance between the mass and wind field. Chang and Webster (1990) have
pointed out that such low latitude regions which are embedded in pools of anomalous
equatorial westerlies and which are dominated by nonlinear effects and ageostrophic
motions act as potential zones that allow propagation of transients from tropics to
midlatitudes.
3.7 Lower tropospheric response in the N M and L M
The nonlinear effects on the lower tropospheric anomalies were strongest in case (3)
while they were not significant in cases (1) and (2). The low level cyclonic anomalies in
case (3) were found to be much stronger in the NM as compared to the LM. This may be
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seen from the zonal wind anomalies at 900mb of case (3) in figures 18.1 and 18.2
respectively. The equatorial westerlies have a maximum speed of 23 ms- 1 in the NM
while in the LM it is about 12 ms- 1 which shows a large intensification of the low level
stationary Rossby waves in the NM of case (3). In addition one can observe that there is
a distinct eastward shift of the wind anomalies in the NM by about 7-8 ~ longitudes
relative to the LM.
4. Conclusions

In this work, we have investigated the importance of thermally forced nonlinear
stationary waves in the tropical atmosphere and their sensitivity to the vertical profile
of diabatic heating. Nonlinearities are found to exert significant influence on the
stationary Kelvin and Rossby waves especially in the vicinity of the forcing region
thereby leading to interesting changes in the circulation anomalies. The main findings
of this study can be summarised as follows.
9 Nonlinear effects on the upper tropospheric response are found to be quite sensitive
to the vertical profile of diabatic heating and happen to be strongest at a given
vertical level when it is strongly forced from immediately below. Apparently the
n6nlinear impact at 300 mb was found to be strongest in case (1) and much weaker in
cases (2) and (3). Nonlinear effects on the upper tropospheric circulation produce
a strengthening of the anticyclonic anomalies and also cause distinct eastwards shifts
of the anomalies. In addition a marked enhancement of the upper tropospheric
divergence is noticed in the NM which is characterized by positional shifts in its
maxima relative to the heating. The balance between the mass and wind anomalies in
the presence of nonlinear horizontal advection leads to Bernoulli's effect along the
equator inside the forcing region.
[] The above mentioned strengthening of the upper level divergence in the NM, as in
case (1), essentially enhances the fionlinear vorticity stretching term. In turn the
nonlinear horizontal advection of relative vorticity shows a strengthening by trying
to adjust with the enhanced nonlinear vortex stretching.
9 Detailed vorticity budget study reveals that the nonlinear relative vorticity stretching
and horizontal advection of relative vorticity happen to be the two primary terms which
determine the position and intensity of the upper tropospheric anticyclonic anomalies. It
is observed that stronger nonlinear stretching and horizontal advection of relative
vorticity favour the enhancement and eastward shifts of upper tropospheric anticyclones. It is also found that stronger vertical advection and twisting terms inhibit
generation of the upper level anticyclonic anomalies. Our study convincingly demonstrates that the dominant nonlinear terms in the vorticity balance of the tropical
upper troposphere depend strongly on the vertical profile of diabatic heating.
9 In response to deep convective heating, as in cases (1) and (2), nonlinearities appear to
produce a vertical shift of the low-level anomalies resulting in anomalous midtropospheric equatorial westerlies in the nonlinear Rossby regime. This nonlinear
effect is accompanied by the occurrence of low latitude ageostrophy between the
wind and mass fields in the middle troposphere. However when the strong heating is
confined to the lower levels, as in case (3), the occurrence of similar anomalous zonal
flows and low-latitude ageostrophic motions is found to take place around the level
of heating maximum.
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9 It appears that a vertical shift of low-level anomalies by nonlinear terms in the
equatorial region is favoured by large heating amplitude and small vertical gradient
of heating at a given vertical level. The small vertical gradient of heating ensures
concentration of heating in the layer centred by the vertical level.
9 Nonlinear effects on the lower tropospheric stationary waves appear prominently in
the case of strong low level heating which produces a large strengthening of the lower
tropospheric cyclonic anomalies and causes distinct eastward shifts of the anomalies
in the NM relative to the LM.
The results from our study emphasize that nonlinear effects play a vital role in
modifying the dynamics of the stationary response to heating in the tropics. It also
demonstrates that the nonlinear effects on the tropical stationary waves are closely
linked to the vertical profile of diabatic heating. One of the referees has pointed out as
to whether the strong effect of nonlinearities seen in our study is because of the smaller
horizontal scale of the response and whether nonlinearities would still be important if
the heating were to have a larger scale comparable to the ENSO. We do agree with the
referee that there are a large number of studies based on linear models which have given
a good idea about the response to ENSO heating. But as far as the question about the
scale of the response and the scale of heating is concerned, we would like to refer to the
work of Phlips and Gill (1987). Their study clearly demonstrates that the horizontal
scale of the stationary wave response is more strongly dependent on the strength
of the forcing and the strength of dissipation terms. Further the study by Hendon
(1986) strongly suggests that nonlinear effects on the stationary waves in the tropics will
be particularly important when the amplitude of heating is significantly large. Therefore we wish to suggest that a nonlinear model simulation of the response to ENSO
heating would probably be more realistic especially if the forcing amplitude happens to
be quite large.
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