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Abstract.

An algorithm for the solution of a nonlinear problem of phase boundary
movement and evolution of temperature distribution due to the perturbation in the basal
heat flux has been discussed. The reduction of the problem to a system of nonlinear ordinary
differential equations with the help of a Fourier series method leads to a stiff system. This
stiffness is taken care of by the use of a modified Euler's method. Various cases of basal heat
flow variation have been considered to show the performance and stability of the technique
for such a nonlinear system. The first case of step-wise function is taken to analyse the
performance of the technique, and the study has been extended to other general cases of
linear increase, periodic variation, and box and triangular function type variations in the
heat flux. In the step-wise case the phase boundary attains a constant position rapidly if the
supplied heat flux is sufficiently large. The effect of periodicity in the heat flow is clearly
depicted in the phase boundary movement, where the phase boundary oscillates about the
mean position at large times. The absence of any constant level in the case of linear increase
in heat flux is due to a very large value of heat flux. In the cases of box car and triangular
heat flux the boundary starts moving downward after the cessation of excess heat flux but
does not immediately return to its original preperturbation state, instead approaches it at
large times. This technique may be applied to more general cases of heat flow variation.
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1. Introduction
A problem of the kind in which the position of a boundary is determined as a function
of space and time (Crank 1984), after the system is perturbed from its equilibrium
state, is termed as the moving boundary problem (MBP). The simplest example of
MBP is the classical Stefan's problem of freezing of material initially in liquid state
in a half-space under a step-wise change in the surface temperature (Stefan 1889;
Turcotte and Schubert 1982). In the Earth system the moving boundaries, with or
without phase change, occur in various thermal, hydrological and tectonic processes.
The problem of moving boundary with phase change is very complex because of the
inherent nonlinearity of the system but is of great importance in the understanding
of various phenomena related to the evolution of the Earth. For example, many
geophysical and geological phenomena such as thickening and thinning of the
lithosphere (Crough 1983; Withjack 1979; Spohn and Schubert 1982; Crough and
Thompson 1976; Nakiboglu and Lambeck 1985; Kono and Ogawara 1989) uplift and
subsidence of the Earth's surface in response to surface unloading and loading and
subsurface phase transition (O'Connell and Wasserburg 1967,1972; Peltier 1974;
Mareschal and Gangi 1977; Mareschal 1978), metamorphism (England and Richardson
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1977; Thompson 1977, 1981; England 1978; Wells 1980) etc can be explained by the
mathematical models which include a moving boundary as a part of the problem.
The mathematical simulation of these complex phenomena through the use of a
system of nonlinear equations precludes the possibilities of obtaining a simple
analytical solution. Different approximate analytic and numerical schemes have been
discussed in literature to solve complex MBP. Some of these methods are the heat
balance method (Goodman 1964; Crank 1975), quasi-steadystate approximation
method (Lyubov 1980), nonlinear asymptotic approach (Tao 1978; Gliko 1986) and
numerical methods (Crank 1984). The last group includes the finite difference, finite
element and the Fourier method.
In the Fourier series method the unknown function is expressed in terms of a set
of orthogonal functions (Gottlieb and Orszag 1977; Canuto et al 1988). The partial
differential equation (PDE) is solved using this series expansion and the property of
orthogonality of the functions describing the Fourier series. This reduces the PDE
into an infinite set of ordinary differential equations (ODE), the solution of which
gives the unknown coefficients of the Fourier series. In a transient problem e.g. a
heat conduction problem, these unknown coefficients are time-dependent. Therefore
the finite difference scheme in time is followed and the system of ODEs is solved for
every time step to get the unknown Fourier coefficients (Rakitskiy et al 1979; Gliko
and Rovensky 1985).
In this paper we discuss the applications of modified Fourier method, originally
proposed by Melamed (1958) for the solution of problems related to frost propagation,
to lithospheric heat conduction problems. This method has been used by Gliko and
Rovensky (1985) to solve the problem of lithospheric thinning, treating it as a MBP,
for step-wise and bell-shaped increase in the heat flux. We review the method and
apply it to the more general types of heat flow variations. A software has been
developed to this effect.

2. M a t h e m a t i c a l

formulation

The one-dimensional transient heat conduction equation for normalized thermal
perturbation is given as:

~v/~t = ~2v/~z 2, 0 <~z <<.r

(1)

where
v(z, t) = u(z, t) - uo(z),

where u is the normalized temperature distribution, uo(z ) the initial temperature
profile, ~(t) the moving boundary position, z the space co-ordinate positive downward,
and t the normalized time. u, t and z are normalized with respect to Tm, r and lo
respectively, where T, is the solidus temperature, r the characteristic time (l~/k; k is
thermal diffusivity) and lo the initial lithospheric thickness.
The initial and boundary conditions are given by

v(O,t)=O;
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where q is heat flux normalized with respect to the initial heat flux Qo and r the
normalized moving boundary position with respect to lo. a, fl and R are given as:

R=loQo/KT,.;

~=)./cT.,;

~=(pt-p.)glo/plcT.,,

(3)

where K is the thermal conductivity of the lithosphere, p~ the density of the lithosphere,
p, the density of asthenosphere, g the gravity acceleration and 2 the latent heat term.
We define a new transformation
Z

V(z, t) = v(z, t) - - ~ ~b(r

(4)

V(z,O) = 0;

(5)

such that

V(~(t),t) = 0

and express this variable in terms of an infinite set of orthogonal functions

2 oo A
. /lrkz\
V(z,t)= ~(Ok~l k ( t ) s , n ~ )

(6)

at any time t.
The coefficients A~(t) of this Fourier series are unknown and can be obtained from
the transformed system of (1) and (2) after the application of the property of
orthogonality. The final expression for the coefficients of Fourier series is obtained
in the form of first-order ordinary differential equation (ODE):

~-

= - \r
-

/

( -n--~1)" (R -

r
a ) ~de
a- t +

dt ~=~

~-~t

(7)

A.(t)

n = l , 2 ..... o%
where

~ ( - 1)"+k(k/(n 2 -- k2)) n r k
P.k = [ _ 1/4n
n=k
and a is the slope of Clapeyron curve. This ODE system can be solved subject to
initial conditions:
r

A.(0)=0;

n = l , 2 ..... oo.

(8)

The position of the boundary at any time t is obtained from
( ~ + / ~ ( t ) ) ~ - = ~2~r oo

k~l ( - 1)kkAk(t) +

(1 -- ~(t)) + R(1 -- q(t)).
(9)

Equations (7) and (9) form a coupled system of first-order ODEs which can be
solved iteratively to obtain the position of the boundary and the Fourier coefficients.
These values of parameters at any time t can be substituted into (4) and (6) to get
the perturbation in the temperature distribution within the domain.
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3. Computational details
The coupled system which describes the phase boundary movement is solved using
finite difference scheme because of the complexity of the system of ODEs. The modified
Euler's method due to Melamed (1958) is used in the analysis. The system is given as:
A,.+ 1 = A."exp(- ( n n / ~ ' ) 2 h ) - d~" [ 2n
"

Xi-

[(
Lt,r

_1rA,

L=',

( - 1)"
A~P"k + - nn

h))

- exp(-

( R - a)

],

R"

4"+1 = 4" + h a +/7~----~,

(10)

where
Rm

- -

2n ~
(-- 1)kkA'~ +
(r
*= 1
~

(1

-

-

era) _~_R(1 -- q"),

(I1)

m denotes the ruth time step and h denotes the discretization interval in time.
The perturbation in the temperature distribution or the phase boundary movement
is expressed in termg of an infinite set of orthogonal functions but in actual
computations only a finite set is considered. Therefore the solution thus obtained
differs from the actual solution. The increase in the number of Fourier coefficients
or the orthogonal functions reduces the error of misfit but in turn requires a large
computation time. The computation time increases with the square of the number of
coefficients considered. Therefore an optimization between the error of misfit and
computer time is done by considering a sufficiently large number of orthogonal sets
and the upper limit in summation is replaced by the finite integer value N.
A software has been developed to compute the phase boundary movement and the
temperature distribution due to the increased time-varying basal heat flux. The input
parameters to the program are: ~ the normalized Stefan' number,/7 the coefficient
describing the contribution due to density changes, N the total number of orthogonal
functions used, q the heat flux, R the parameter describing the nature of initial
temperature profile, h the time discretization interval and tmaxthe maximum time up
to which the computation is required. The value of R, :~ and/7 can be computed from
equation (3) if all the parameters describing these three coefficients are adequately
known. For the present purpose, these are taken as 1.0, 0.1 and 0 respectively in all
the computations with a view to understand the performance of the technique. The
parameters required for the computation of R, ~ and/7 are taken from Turcotte and
Schubert (1982; pp. 172). These values give ~ equal to 0.25 but only a value of 0.1
for this coefficient is used to simulate partial melting problem./7 equal to 0 gives a
case of no density changes between the two phases.

4. Results and discussion
The truncation of Fourier series in actual computation results in the deviation of
the computed solution from the true solution. In figures 1a and 1b the effect of increase
in the number of Fourier coefficients on the reduction of the error is analysed to
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Figure 1. (a) Time-varying moving boundary position computed for three different values
of total number of the Fourier coefficients N. These values.are 6, 12 a n d 21. The positions
of moving boundary show a converging trend with the increase in the number of Fourier
coefficients; and (b) The relative error in the solution, incurred due to the truncation of the
Fourier series. The relative error is computed w.r.t. N = 21 to show the convergence of the
solution in the case of a complex nonlinear problem.

select an optimum value for the number of Fourier coefficients. In figure la, the error
reduces drastically for N greater than 12. The convergence of the moving boundary
position for increasing number of Fourier coefficients is shown in figure la which
suggests that the solution of MBP converges to the actual solution. In the absence
of the true analytical solutions for such complex MBP, this serves the purpose of the
reliability estimates of the results obtained. The error of misfit is computed for different
values of N with respect to the N equal to 21 (figure lb). The relative error is about
6-2% for N equal to 6 at the time of 0.048 units where as for N equal to 12 and 18
it is 1-8% and 0"4% respectively. This step has been followed in the computation of
the moving boundary position for different types of heat flux functions in order to
get a reliable, convergent solution. The successive computations are carried out for
N equal to 21.
Although a general function of heat flow variation can be incorporated in the
computation of moving boundary position and temperature distribution, we consider

82

A Manglik et al

only a limited number of cases, relevant for geophysical problems, Of heat flow
variation in the present study and analyse the nature of phase boundary movement.
4.1 Case I
In this case a step-wise function is considered for the additional heat flux. The function
is defined as:
(12)

q(t) = qoH(t),
H(t)--{01
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Figure 2. (a) Time-dependent moving phase boundary position due to the step-wise increase
in the basal heat flux. The supplied additional heat flux is shown in the inset. The moving
front position is computed for two values, ! and 3, of additional heat flux %. The boundary
approaches a constant position. (b) Temperature distribution in the domain at different times
for additional heat flux qo equal to 3. The computations for only one value of heat flux are
shown in the paper in order to optimize the space.
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The phase boundary movement and the evolution of temperature profile is
computed for two values ofq (1, 3) and Stefan's number ~t equal to 0.1. The boundary
moves slowly and attains a constant level at a depth of 0"56 in response to q equal
to 1 (figure 2a). This signifies that the thinning of 44~ is possible for this amount of
additional heat flux. For q equal to 3 the phase boundary rapidly moves upward and
attains a constant level at a depth of 0-24 in approximately 0"25 units of time (figure 2a).
This amounts to thermal thinning of 76~o in a short-time interval. The temperature
evolution for q equal to 3 shown in figure 2b suggests that the temperature distribution
has become steady-state in a very short time and there is a considerable increase in
the surface heat flow.
4.2 Case I1
As a second case we consider a linear increase in the heat flow with time and compute
the nature of phase boundary movement. The heat flow function for this case is
defined as:
(13)

q(t) = mt,

where m is the gradient of increase in heat flow.
The additional heat flow function is considered for the two values of gradient m
(35, 54) as shown in figure 3 (inset). These two values are chosen arbitrarily but with
the objective that the required basal heat flow should reach the high heat flux value
in short time, thus departing slightly from the step-wise increase in the heat flux. For
example, the heat flux in this case is constrained to reach a value in the range from
1.5 to 3"0 in a short time of 0.05 units. In this case only the phase boundary movement
is analysed. The moving boundary position for these two values of gradient is shown
in figure 3. The boundary does not reach any constant level as seen in the previous
case of step-wise function because of the considerable increase in the heat flux values.
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Figure 3. The moving phase boundary position in response to the linearly increasing
additional heat flux (shown in the inset). The computations are carried out for two values,
35 and 54, of the heat flux gradient. In this case, the front does not reach any constant
position because of the continuous increase in the heat flux.
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Figure 4. The moving phase boundary position due to the supplied heat flux given by
q(t) = qoabs(sin(nft)). The input function is shown in the inset. The value of q0 is taken as
3 and computations are performed f o r f equal to 10 and 50, The oscillations in the moving
front are superimposed on the mean position.

4.3 Case I I I
In this case a periodic function for additional heat flux is considered which is defined as:
q(t) = qoAbs(sin(Ttft) )

(14)

where qo is equal to 3 in the present case.
Two values o f f (10, 50) are considered to simulate the situation of low-frequency
and high-frequency responses. The input function is shown in the inset of figure 4.
The oscillatory nature of moving front is clear in figure 4. The boundary oscillates
in response to the periodic heat flux but attains a constant level depending on the
value of qo, the amplitude of the periodic function. These oscillations reduce with the
increase in frequency.
4.4 Case I V
A more general function of periodic heat flow variation is considered in this case,
where the oscillatory behaviour of the heat flux is superimposed on a constant increase
in the heat flux. This function is given as:
q(t) = Q H (t) + ~sin(~ft).

(15)

The heat flux is suddenly increased to a high value Q which oscillates as a Sine
function. Q and t7 are taken as 3. The behaviour of oscillatory moving boundary is
shown in figure 5 for two values 10 and 50 of f. The oscillations for f equal to 10 are
very large but for f = 50 these are small. The boundary reaches a mean position with
oscillations around it in a short time. This boundary oscillates between 0.55 and 0.83
for f = 10, and 0.69 and 0-79 for f = 50 at large times. The mean values of oscillations
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to simulate tile low and high-frequency perturbations. The moving boundary oscillates about
the mean position. The results of figure 2 are a special case of this function.
Figure

in this case are 0.69 and 0"74 respectively whereas in the case of step-wise function
(figure 2a) the boundary attains a mean position of 0.76 for the corresponding heat flow.
4.5 Case V
In this case we consider a situation where heat flux increases suddenly to some large
value for a finite time interval to. The heat flux variation is given as:
q(t) = q o ( n ( t ) - n ( t - to)),

(16)

where H(t) is given in equation (12).
The moving boundary position is computed for two values 1 and 3 of additional
heat flux qo. The basal heat flux is supplied for a short time (inset of figure 6). The
boundary first moves upward in response to the heat flux and then starts moving
downward after the cessation of the excess basal heat flux. The results are computed
up to 0.6 units of time (figure 6). The boundary in both the cases of qo does not reach
the initial boundary position but approaches this value at large times.
4.6 Case V I
This case presents the nature of the phase boundary movement in response to a
triangular type of heat flux variation. The heat flux is given as:
q(t) =

mt
-rot

0 < t <. t o
t o < t <~ 2t o'

where m is the gradient of the heat flux.

(17)
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Figure 6. Phase boundary movement in response to the box-car type heat flux function.
The excess heat flux is supplied for 0'2 units of time. This input "unction is shown in the
inset. The phase boundary moves downward after the excess hea flux is withdrawn and
asymptotically approaches the initial unperturbed position.
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Figure 7. Phase boundary movement due to a triangular excess heat flux function. The
excess heat flux is supplied for 0.2 units of time (inset). The moving front is asymptotic to
the initial unperturbed position at large times.
The basal heat flux function is shown in the inset of figure 7. For m = 35 the
boundary moves upward, to a level of 0.54 and then decreases. This boundary does
not come back to the original unperturbed position but approaches it at large times.
For m = 54 the 72~o of thinning is obtained. The behaviour of the moving boundary
after the excess heat flux is removed is the same as in the earlier case.

5. Conclusions.

The nonlinearity involved in the system which defines the phase boundary motion
in response to the thermal and/or pressure variations at the base of the domain
restricts the simulation of many physical processes which involve a moving boundary.
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In the geophysical context, the problem of lithospheric thickening and thinning,
metamorphism, solidification of igneous intrusives, etc. can be modelled using moving
boundary formulation. The simple models of step-wise heat flux variation have been
used earlier to explain some of these processes. In the present work the Fourier series
method has been used to solve the problem of phase boundary motion for several
general cases of basal heat flux variation.
The assumption of sudden constant increase in the heat flux reduces the complexity
of the problem but at the same time takes the solution away from the real situation.
The problem of lithospheric expansion and uplift can be illustrated as an example.
Here, the mechanism mainly discussed for the expansion is the thinning at the base
and subsequent uplift of the lithosphere in response to the mantle plume. In a step-wise
function the moving plate is assumed to be encountering the sudden increase in the
basal heat flux during its motion over a hot jet of mantle plume. In fact the variation
will be of a more general type depending on the velocity of the plate motion and the
uprising mantle plume. For excessively high plate velocity the assumption of step-wise
heat flux may be valid but in the case of slow to moderate plate motion the heat flux
will increase with time as the plate approaches the plume and then decrease when
the plate will move away from the plume. Therefore, a general heat flux function
which may be defined in terms of the velocity of plate, should be used instead of a
step-wise function. We have attempted this problem to show the efficiency of the
technique in solving different general types of heat flux variation problems. The models
of box-car and triangular functions have been considered to imitate the solution of
plate motion over a mantle plume.
The computations of periodic heat flux variation are discussed to highlight the
nonlinearity of the system. The moving boundary calculations for step-wise and
oscillatory functions indicate that the mean boundary position at large times in the
case of oscillatory function may depart from that of the constant boundary position
of step-wise case. For very high frequency of oscillations the mean boundary position
at large times approaches the constant boundary position of step-wise function.
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