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Inversion of potential field data
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Abstract. The problem of inversion of potential field data is a challenging one because of
the diftieulty in obtaining a unique solution. This paper identifies various types of
nonuniqueness and argues that it is neither possible nor necessary to remove all categories
of nonuniqueness. Some types of nonuniqueness are due to human limitations and choice
and these would always persist.
Listing all the solutions, imposing additional constraints on the acceptable solutions, a
priori idealization, use of a priori or supplementary information, characterizing what is
common to all the solutions, obtaining extremal solutions, seeking a distribution of all possible
solutions, etc. are various responses in the face of nonuniqueness. It is shown that merely
the form of nonuniqueness is changed by all these techniques. Some algorithms, which
should be used to obtain the global minimum of the objective function are discussed.
The conceptual commonality underlying seemingly different approaches and the possibility
of nonunique interpretations of the same numerical results due to different axiomatic contexts
are both elucidated.
Keywords. Potential fields; Backus-Gilbert inversion; regularization; Bayesian inference;
normniqueness; statistical search techniques; global minima; matrix methods of inversion;
theoretic inversion.

1. Preface
This is a review of the inversion methods applied and applicable to potential field data.
It is certainly not a substitute for reading and assimilating original material critically
and personally. The reviewer believes in maintaining a balance between reading and
personally thinking, and would like the readers also to m a i n t a i n such a balance.
Therefore pointing out how the utility of various inversion schemes is circumscribed,
bringing out their inadequacy and suggesting possible remedies, where feasible, are
given m o r e i m p o r t a n c e than summarizing them adequately. Clarification of terminological inadequacies and confusion in the extant literature, reduction of notational
and e p o n y m i c opacity, generation of new ideas, b r o u g h t a b o u t by juxtaposition of
k n o w n ideas, etc. are some other purposes a review can serve.

2. The problem of nonuniqueness
2.1 Nonuniqueness due to equifinality
Inversion of data to infer the causatives is, in general, a difficult problem. This is
certainly so for potential field data. Inversion consists of posing questions a b o u t the
u n k n o w n and seeking answers to these in what can be observed or measured. In
practice the observables are related to the causatives through some theory. Next, the
distance between the field a n o m a l y and the synthetic a n o m a l y attributable to an
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assumed model is minimized by the choice of the model parameters. If many different
models of the causative can yield precisely the same synthetic anomaly, the solution
to the inverse problem cannot be unique. This reason of nonuniqueness may be
called equifinality, and is operative in the case of potential fields.
One response to this uncomfortable situation is to process the potential field data
using some extant technique and emphasize the success based on that interpretation
in identifying some resource such as hydrocarbons. As there indeed are many such
success stories, it is possible to forget the basic problem of nonuniqueness and
reinforce euphoria. La Fehr (1980) criticized such an approach of not talking about
failures in public fora and has suggested that it is indicative of scientific dishonesty.
The point that is missed in such an attitude is that the success is that of an interpreter
and not of an interpretation strategy, per se, as the interpreter brings with him plenty
of inarticulate experience and physical insight, which are not parts of mathematical
formulation. The methodologists would do well to distinguish between the two and
try to understand why, in spite of basic nonuniqueness due to equifinality, some
interpreters occasionally succeed in coming up with physically correct interpretation.
Such an attempt at conscious articulation of what otherwise remain abstract attributes
of experience and insight takes many forms which are discussed in w167
6 and 8.
2.2 Nonuniqeness due to observational inadequacy
Apart from the dictionary meaning, the data are not given, but are to be methodically
and laboriously sought. Therefore, they are always finite in quantity. The gravity,
magnetic or heat flow data are always collected at few points. The earth, however,
needs an infinite-dimensional representation in view of the spatial and temporal
inhomogeneities in its properties. This disparity between the dimensionalities of the
observables (data) and the actual world under study implies nonuniqueness in
interpretation (Parker 1970, 1977; Rokityansky 1982). We will refer to the attendant
nonuniqueness as due to observational inadequacy.
2.3 Nonuniqueness due to discretization
Our concern is not with the world but with its manageable model. This is in keeping
with the Occam's razor that the number of entities should not be needlessly enlarged.
Therefore, it is sensible to characterize a model of the causative by a finite set of
parameters and then frame questions about them. Such a parametrization necessarily
involves discretization, though there is no unique way of achieving it. The anomalous
structure has been regarded as discretized into slabs, cones, prisms, etc. The ease with
which the observables can be derived from the parameters may be used as a determinant
of the strategy for discretization.
Another useful purpose of parametrization is that once a particular form is adopted,
many other feasible models are left out. Therefore, the nonuniqueness of inversion
is somewhat circumscribed. Of course, the true physical model may be among those
left out. An antidote would be to employ not a single but a moderate number of
parametrization options, so that the nonuniqueness is partitioned in classes of
parametric models but is not unduly circumscribed.
Discretization needed for parametrization also reduces visibility of nonuniqueness
due to observational inadequacy, because infinitely many continuous models get
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parametrized into the same discrete model and then are no more distinguished.
However, different parametrization schemes lead to different interpretations of the
same data. This nonuniqueness is due to discretization and arises out of a human
choice. Nonuniqueness due to observational inadequacy arises due to human
limitations of time, resources, consistency of interest and priorities. Discrete parametrization tries to compensate for it, in the process introducing another form of
nonuniqueness.
2.4 Nonuniqueness due to choice of desiderata
Once the causative is parametrized, a functional which characterizes the discrepancy
between what is empirically observed and what should theoretically have been
observed, if the parameters had the putative values, can be defined and sought to be
minimized. In this, it is assumed that the number of observations is larger than the
postulated number of discrete parameters, so that we have an over-determined,
inconsistent system of equations. If, however, we have fewer observations than the
number of parameters, so that we have an under-determined system of equations,
there is a problem of observational inadequacy and infinitely many solutions. In that
case also we can choose the solution which minimizes a pre-assigned functional, as
the best one.
It is again axiomatic that in this phase we have an unlimited freedom of choice.
Unfortunately, this is not frequently appreciated. One chooses a functional, such as
the mean square error or Euclidean norm of the parameter vector, rather arbitrarily.
This choice does have an advantage of computational simplicity arising out of ready
applicability of matrix methods for linear problems. But as the computation is done
on a computer, this advantage should not be accorded such a decisive role in
determining the criteria under which the problem of inversion is to be solved. The
nonuniqueness arising due to the available choice of the functional to be optimized
would be said to be due to choice of desiderata.

2.5 Nonuniqueness due to initial choice
As stated above, the problem of inversion is normally translated into a problem of
optimization, the objective function and its arguments being amenable to plurality of
definitions separately. But the very fact that a problem of optimization is to be solved
brings fresh problems in its wake. The recursive procedure for optimization should
ideally be truncated when the conditions for optimality are met. Necessary conditions
are easier to test than the sufficient ones in this context (Jacoby et a11972) and therefore,
one may have reached only a local minimum rather than a global one, that is of real
interest. This is a genuine problem, unless the objective function is convex. In the
non-convex, multiextremal case, the local minimum reached depends on the initial
guess, as every local minimum has a region of convergence and every point in that
region leads to that local minimum. Thus different solutions can be obtained for
different initial guesses. This too can be regarded as a form of nonuniqueness of
solutions which will be said to be due to initial choice.
2.6 Nonuniqueness due to noise
There is a reality in inversion called noise. It leads to another form of nonuniqueness

476

P S Moharir

in inversion. That is, very different interpreted models are compatible with the
empirical observations within a small tolerance band which must be accepted due to
the statistical nature of noise. This form of nonuniqueness can be interpreted as a
form of instability. Stability means that small perturbation in the input to the system
must imply only small perturbation in its output. The input to the inversion algorithm
is the observed data and the output is the parameter estimates. If the inversion
algorithm is unstable, small perturbation in the data would result in large changes
in the estimated parameters, implying that widely different interpreted models are
consistent with the observations within tolerance bounds suggested by measurement
errors. But that is nonuniqueness. The corollary is that procedures designed to ensure
and enhance stability would reduce this form of nonuniqueness, which is said to be
due to noise.
2.7 Nonuniqueness due to inseparable extraneous causes
Corrections such as free air, Bouguer, topographic, isostatic, etc. applied to the gravity
data and those such as temperature, diurnal, normal and terrain, applied to the
magnetic data are well,known. Interpretation of temperature, thermal gradient and
heat flow data also requires correction for effects of terrain and geological processes
such as deposition and uplift (Birch 1950). There are limitations on applying potential
field techniques to these data due to interaction with hydrologic regime (Brott et al
1981; Bodvarsson 1982; Smith and Chapman 1983) and due to incomplete knowledge
about radiogenic heat production (Huestis 1979). To generalize, before the inversion
proper, certain corrections or compensation for processes, phenomena and circumstances, not intended to be included in the analysis, are performed. These are
assumption-ridden and therefore inevitably inaccurate. The residual effects due to
incomplete or inexact compensation may be included under the generic term noise,
but it is preferable to deal with them separately, as these tend to be more coherent
and systematic than random noise. Nonuniqueness arising out of such reasons will
be said to be due to inseparable extraneous causes.
2.8 Idiopathic nonuniqueness
There is yet another form of nonuniqueness which is frequently encountered but is
not given the due consideration. Let the causative be parametrized in an agreed upon
way. Let the objective function to be minimized be similarly chosen. Let the method
used for solving the optimization problem be also identified. Let the same empirical
data be used. Yet different individuals could obtain different interpretations of the
data due to the differences in converting the optimization method into a computer
code and using different auxiliary thresholds, parameters and methods. To elaborate,
the computer language used could be different, machine characteristics such as the
register lengths, etc. could be different, stopping rule parameters in iterative procedures
could be different, the data could be differently windowed, different equation-solvers
could be chosen and so on. Anyone who has solved numerical problems on a computer
can readily appreciate that large number of such essentially arbitrary decisions,
unrelated to the original problem, have to be taken by the practitioner. The resultant
nonuniqueness is called idiopathic nonuniqueness.
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If there is a density distribution
1975)

p(x, y, z) in space, there is a gravity potential (Gunn

G f| f|

l|

p(~,fl, z)d~dfldz

uo(x,y,h) = .so j-,o ,J-,o [(x- ~)~+~--~)--Y-+-~- h)2]z12,

(1)

whereG is the universal gravitational constant, (x, y, z) are the Cartesian coordinates
and z axis is assumed to be positive downwards. Similarly, if there is a magnetization
distribution m (x, y, z), there is a magnetic potential (Gunn 1975)

OfoOf.+f.+[(x_oc)Z +(y_fl)2 +(z_h)2]l/2,

u,(x,y,h)=-~

m(~,fl, z)d~dfl dz

(2)

where 0/0k is the directional derivative in the direction of magnetization. But for the
9 requirement of taking this directional derivative in the magnetic case, the expressions
in equation (1) and (2) are similar. This has many implications.
The same gravity and magnetic anomalous potentials can be generated by many
different anomalous distributions of density and magnetization. In particular, there
is a surface density distribution as(x, y, d) at depth d, which can yield the same gravity
potential as is caused by the actual volume density distribution p(x, y, z) so that (Gunn
1975)
uo(x, y, h) -- G

f ~| f ~|

a,(ot,fl, d)dctdfl

['(x - at)2 + (y - fl)2 + (d - h)2"l1/2

(3)

and d in this expression can be chosen arbitrarily. Such equivalent surface density
distributions are called equivalent strata. Apart from providing concrete illustration
of the nonuniqueness that is inherent in potential field interpretation due to
equifinality, equivalent stratum concept can be used as a computational tool to solve
many problems.

3. Inversion with geometrically-idealized causatives
There is a good deal of literature dealing with inversion of gravity and magnetic data
under the assmuption that the causative anomaly hes an ideal geometry viz. a vertical
cylinder, a horizontal circular disc, a rectangular block, a fault, a dyke, a sphere, a
dipping doublet, etc. The forward problem is readily solved to obtain an expression
for the synthetic anomaly through the use of (I) and (2), the integrals in which can
be analytically solved in view of the ideal geometry of the causative body (Nettleton
1942). Then some typical points on the anomaly curve are chosen such that the
equations for synthetic anomaly there can be solved easily for the geometrical
parameters.
This method can also take the form of using characteristic curves which gained
momentum with the work of Grant and Martin (1966), though it has essentially been
employed even earlier (Smellie 1956; Hood 1964; Grant and West 1965; Bean 1966)
and pursued later by many (Am 1972; Rao et al 1974; Rao and Radhakrishna Murthy
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1978; Nageswara Rao et al 1979; Visweswara Rao and Radhakrishna Murthy 1981).
Characteristic curves are nomograms from which the parameter values of chosen
geometrical models of the causative can be readily decided from certain functions
derived from the data.
Interpretation using these techniques assumes that the regional anomalies have been
separated and the effects of other causatives are removed. These assumptions are
difficult to be satisfied in practice. Another difficulty is that characteristic points are
difficult to be determined from noisy data. Thirdly, as the interpretation is based on
only as many characteristic points as there are parameters to be determined, the
entire computational data do not seem to be effectively used. In an attempt to take
care of the last two points the data are subjected to some transformation and the
characteristic points are chosen in the transform domain. Fourier (Odegard and Burg
1965; Bhattacharyya 1965; Zurflueh 1967; Rao and Avasthi 1973; Bhimasankaram
et al 1977a, b; Agarwal and Sita Ramaiah 1985) and Mellin (Mohan et al 1986)
transforms have been used for this purpose. But the points are not really taken care
of merely by transformation.
A difficulty in using transform domain technique is that the integral transform such
as Fourier, requires integration over a infinite interval whereas the data are available
over only a finite range. A method of employing the required end corrections, assuming
an idealized anomalous source geometry has been developed (Rao et al 1978) and
found useful.
Many variations of the basic theme (Atchuta Rao and Rambabu 1980; Sampath
Kumar and Prakasa Rao 1984; Radhakrishna Murthy et al 1980; Radhakrishna
Murthy 1985b; Bhaskar Rao and Radhakrishna Murthy 1979) are worth studying.
The results of such an inversion can be used as starting models for more sophisticated
iterative procedures that are in vogue. All the drawbacks of these simple methods
can therefore be condoned, because well-designed iterative procedures ( ~ 4 and 10)
would have a property of equifinality, i.e. their end result is not dependant on where
one started, though if one started close to the destination, one could reach quicker.

4. Statistical searc~ techniques for global minima
Following Becker and Lago (1970) it could be noticed that the parameter vectors
leading to low values of the objective function would form clusters. These are identified
by cursory study of iterative progress towards local optimality. As all parameter
vectors in the same cluster would lead to the same locally optimal solution, the finer
search need not begin at all of them. Indeed only one vector per cluster should suffice
except that one may not then have adequate confidence that the vectors do belong
to the same cluster. Therefore, each cluster is partitioned into subsets and one vector
per subset is used to obtain the locally optimal solution (Torn 1974; 1976a, b). Gomulka
(1978) pointed out in this context that the decision regarding the number of clusters
to be defined is not trivial. If the clusters are defined on the basis of incomplete
progress towards the optimum, the reliability of the clusters may be suspected. On
the other hand, if the number of iterations used to identify the clusters is increased,
efficiency is the victim. The performance of Tom's method depends on the local
minimization algorithm used (Gomulka 1978). Also it is said that cluster is what a
cluster analysis algorithm gives, implying that the notion of clusters is still not put

Inversion of potential field data

479

on a proper axiomatic foundation. Therefore, as there are many cluster analysis
algorithms (Meisel 1972; Diday and Simon 1976; Jardine and Sibson 1977; Moharir
1990), the performance of Torn's scheme depends on which cluster analysis algorithm
is used. Another disadvantage of Tom's scheme is that it tends to detect all locally
optimal solutions. As many of these would be decidedly inferior to the globally optimal
solution, they should not have detained the user. Therefore, efficiency of Tom's
algorithm is improved if (Gomulka 1978) it is supervised interactively by the user.
Controlled random search techinque (Price 1978) reduces this subjective element
in Tom's. N parameter vectors are chosen randomly so that they lie in the admissible
region in the parameter space. Then another parameter vector is chosen. If the value
of the objective function yielded by it is lower than the largest value of the objective
function corresponding to the N initial parameter vectors, the new parameter vector
replaces the one that led to the largest value. When this procedure is repeated, the
largest value of the objective function corresponding to the N parameter vectors
retained will continuously reduce and eventually will be in the vicinity of its global
minimum. Therefore, the globally optimal parameter vector can eventually be reached.
This method can also be expedited by interactive intervention by the user. Any
intelligent strategy to choose the extra parameter vector, including the one suggested
by Price (1978) can be employed.
Simulated annealing method (Kirkpatrick et al 1983) is another statistical strategy
to obtain globally optimal parameter vector. The basic idea is borrowed from statistical
mechanics wherein the model parameters to be estimated were magnetic spin,
molecular positions, etc. Metropolis et al (1953) started with the initial guess of model
parameters and perturbed them. If the perturbation led to the decrease in energy, it
was retained. However, even if the energy is increased, the perturbation is notrejected
outright but is retained with a probability of exp (-AE/T), where T and AE are
temperature and increase in energy, respectively. Therefore, from a locally optimal
solution, at which AE will always be positive, there is still a possibility of escape, so
that another locally optimal solution can later be reached. The temperature T is
successively lowered in the simulated annealing method 'as the alogrithm progresses'.
While adopting this method to other contexts, the role of temperature will have to
be taken up by some mathematical parameter, devoid of physical meaning. Further,
the algorithm may not uniformly progress towards the globally optimal value of the
objective function, on account of purely probabilistic mechanism for escaping from
a particular local minimum. Therefore, successive reduction in the value of T will
have to be judiciously programmed. Chichinadze (1969) developed a statistical method
of identifying the minimum value attainable by the objective function. Then the
progress of the algorithm towards it can be suitably quantified. However, it may be
noted that if the functional which is adopted as an objective function to be minimized
to denote the convergence of the synthetic response to the field response, is chosen
to be non-negative, such as some norm, this additional requirement can be
circumvented as the progress of the algorithm can be measured by the achieved value
of the objective function itself. Simulated-annealing method has been used to obtain
global minimum for a geophysical problem (Rothman 1985).
The problem of getting stuck with the local minima (local minimum syndrome) is
quite perturbing because it implies that where one stops in the parameter space
depends on where one begins, ceteds paribus. This difficulty need not plague us
anymore due to some of the recent advances in global optimization reviewed above.
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5. Matrix methods of inversion

5.1 Linear inversion techniques
If the observations depend linearly on the model parameters, as happens when the
latter are density and magnetization distributions, but not the parameters related to
the geometry of the causatives, it is possible to discretize the equations and write
them in the format
d -- Tp

(4)

where d is the data vector (say, n x 1), p is the parameter vector (say, m • 1) and T
is the transformation matrix (n • m) which depends on the constitutive laws and the
discretization procedure. The errors are ignored in the formulation of the matrix
inversion.
If n (for numerous) is greater than m (for many), the problem is said to be
overconstrained. One could minimize the weighted least squares error ( d - T p ) t
Q(d - Tp) where Q is a suitable positive definite matrix. Then if the solution is written
as

p = LIQId,

(5)

we must have
TLI~

= T,

(TUQJ)'Q = QTL {Q~

(6)

and if L ~Q)satisfies these conditions, so does any (Rao and Mitra 1971; Rao 1974)
L 'to) = LIO)d + (I - L~Q)T)Z,

(7)

where Z is entirely arbitrary. The case of least squares solution p = Ld results when
Q = I, the identity matrix. The nonuniqueness is obvious, though it is not brought
out by routine practitioners.
One can take
L = (T'T)- 'P,

(8)

where L is said to be a least squares inverse of T and A - denotes a generalized
inverse of A which satisfies AA- A = A (Rao and Mitra i971; Rao 1974; Ben Israel
and Greville 1974).
There is a difficulty in using (8) with (T'T)-~ in place of (T~T) - because TiT is
a square matrix, in that the inverse (TIT)- 1 is frequently ill-conditioned. An antidote
to that is to write
p, = (TIT+ 2I)- iTtd,

(9)

where 2 is a scalar called damping or regularizing parameter. Solution of (9) is called
ridge regression solution (Hoed 1962, 1985; H o e d and Kennard 1970a, b) because it
is an application of ridge analysis (Hoed 1959, 1964, 1985) to regression problems.
In geophysical literature (Ku and Sharp 1983; Leite and Leao 1985; Ray 1985) the
technique is called Marquardt (1963, 1970) technique, possibly because of his
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contribution to bringing out the relation between ridge regression and the theory of
generalized inverses of matrices (Penrose 1955; Rao and Mitra 1971). The subscript
r in (9) refers to ridge regression, regularization or may be taken to be the only
common alphabet among Hoerl, Kennard and Marquardt, which one may have used
as eponyms. Equation (9) can be further generalized to (Phillips 1962; Twomey 1965)
p, = (TiT +

S)- ~Ttd,

(10)

where S is called the smoothing matrix and is positive definite. In atmospheric physics
literature, ridge regression is known as Phillips-Twomey method. These are interesting
instances of territorial translations in eponymy. The effect of adding 2I to TiT is to
increase the eigenvalue 2i to 2i + 2, so that the condition number 2m,x/2~, reduces
to (2m,x + 2)/(2~1, + 2), thus increasing the stability of the solution.
When the system of equations (4) is under-determined, i.e. when m > n, there would
be infinitely many solutions. If one minimizes the weighted Euclidean norm

IIP I1. = (ptRp) x/2,

(11)

where R is a suitable positive definite matrix, the solution can be written as

p

=

M~R~d,

(12)

where 1Wm satisfies
T1VIFmT= I,

(1Wa)T)tR= RM~

(13)

M ~) is unique and is given by
1VI~) = R - 1Tt(TR- t T')

(14)

When R = I, M tm can be replaced by M leading to
p = T'(TT')- d,

(15)

which can be regularized as
p, = "V(T'V + S)- I d,

(16)

where in particular one could choose S = 2I (Twomey 1963). Equation (16) can be
further generalized to
p, = WT'(TW'V + S)- 1d,

(17)

where W, the weight matrix, is also a positive definite matrix. Note that both S and
W are external to the problem and introduced for the purposes of regularization (see
w8). Solutions in (15)-(17) are called minimum norm solutions.
Returning to the case of n > m, so that (4) is inconsistent, it can be recollected that
the weighted least squares solution is not unique. Among these, one may seek a
solution which minimizes the weighted norm Hp I[~. If such a solution is written as
p = G(O'md,

(18)
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G ~Q,a) satisfies the conditions
TG~Q'R~T= T,

(TG~~

G~O,mTGIO.R)= G ~~

= QTG ~~
(G~O'R>T)tR= RGI~

(19)

Such a G ~~ is unique and is called Moore-Penrose inverse of T with respect to
(Q, R). It is given by
G ~O'a~= R - 1Tt QT(T, QTR - t T'QT)- TtQ.

(20)

Solutions of (18)-(20) are called weighted least squares minimum norm solutions.
The terminology 'least squares' inverse and 'minimum norm' inverse is slightly
confusing. Both the inverses minimize the Euclidean norm, respectively of ( d - Tp)
and p, i.e. of the equation error and the estimated parameter vector. The square of
the Euclidean norm is a quadratic form and is chosen for minimization because the
optimality conditions are then linear simultaneous equations, which are readily
handled by matrix algebra. If this convenience is not given exaggerated importance,
other norms could be used. Some of them such as the L it) and uniform norm can be
handled within the framework of linear programming (Safon et al 1977; Huestis 1986)
and others may need nonlinear programming. What is not normally appreciated,
however, is that there are norms whose squares are quadratic forms and therefore
setting them as objective functions retains the simplicity of the Euclidean norm, apart
from offering additional advantages. Let the data vector be obtained by sampling
along x axis, the function d(x). The Sobolev norm [Jd(x)lJp.~ is defined as

],d(x){[p.,={ff,d(x),P+]d")(x)tP+...+[d")(x)]P]dx} t/p,

(21)

where dti)(x) is the jth derivative of d(x). If p = 2 and the derivatives are replaced by
their finite difference approximations, the square of the resultant vector norm ]]d ]{zz,q
is a quadratic form. Minimization of such an objective function can be handled with
matrix algebra and would impose strong (for large values of q) continuity conditions
on d(x) and its derivatives, which may be desirable.
As an alternative to the approach above, one can write (Pedersen 1977; Lines and
Treitel 1984; Chavez and Garland 1985)
T -- UA V',

(22)

where U and V are obtained by writing side by side the eigenvectors ui and vj of TI*
and TiT respectively. Both T I ~ and "VT have the same set of non-zr eigenvalues
and A is a diagonal matrix of them arranged in a non-ascending order. If the rank
of Tit, "VT and T is r, A is r x r and then U and V are n x r and m x r, respectively.
In practical applications, some eigenvalues turn out to be small and not necessarily
zero. They must be ignored and the solution taken to be
p = VA - ~U'd

(23)

where VAIY is said to be Lancz6s inverse o f T . The matrix A in (23) is r x r, where
r is the number of eigenvalues retained (Lancz6s 1961). In (23), 6 = Utd and n = VTP
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can be viewed as the transformed data and parameter vectors, respectively. Then, (23)
can be written as
n = A - 18 = (n 1 in2 i"" in,,)

(24)

wherein n~ is proportional to 1/2j. Thus if the eigenvalue 2j is small, nj is large. Similarly
IArrl 2 =- IA- XA61Z,

(25)

where An and AS are perturbations in n and 6 respectively. Thus small eigenvalues
amplify the effect of errors. That is the rationale behind ignoring them. This method
is called the spectral method (Lanczrs 1961) or singular value decomposition.
It can be noted that there are two strategies to deal with the instability always
lurching in the background. The spectral method of Lanczrs (1961) weeds out small
eigenvalues so that the resultant condition number is reduced. The Twomey-PhillipsHoerl-Kennard-Marquardt strategy strengthens the weaker eigenvalues relatively
more than the stronger ones, towards the same goal. The two strategies are not
immiscible. In a trace-invariant modification method (Khattri and Moharir 1989),
the eigenvalues are modified retaining their sum. That is, either the weaker eigenvalues
that are weeded out are redistributed over the retained ones, or the stronger eigenvalues
are slightly trimmed to augment the weaker ones. The scheme used for manipulating
the condition number can be iterative and adaptive (Jupp and Vozoff 1975).
Inversion of (4) can also be achieved by the iteration scheme
p(k) = p(k- 1) + ~T'(d - Tp (k- x))

(26)

where p(k) is the kth iterate of the solution, and ~ > 0 is called the convergence or
relaxation parameter (Fleming 1977). It is interesting to note that p(~), the limit of
the iterative solution in (26) is the same as that in (15) provided
< 2 IIT'T II- 1,

(27)

where the Euclidean matrix norm is used. Therefore, the direct scheme of (15) and
the iterative scheme of (26) are said to be duals of each other. This duality is, however,
of limited practical utility, because the direct solution of (15) is normally unstable
and the iteration in (26) can never be pursued upto k = oo. Normally, it is truncated
when 11TPtk) - d II is equal to the expected error norm in (4) (Fleming 1977). Therefore,
Fleming extended the notion of duality to that of virtual duality and has obtained
the virtual of the scheme in (17) as
p(k) = p(k- 1) + a W T ' S - l(d - Tp <k- 1)).

(28)

This concept of virtual duality of direct and iterative schemes is very important
because it has brought out the previously unknown relation between individual direct
and iterative schemes in the literature and has also suggested some new schemes by
the procedure of taking virtual dual (Fleming 1977). That is, symmetry in the existing
proposals for solving the inverse problems has been elucidated and newer proposals
have been made by completing the symmetry, where it had not already happened by
chance. Thus, idiopathic nonuniqueness has been increased by the concept of virtual
duality. My thesis is that this form of nonuniqueness should not be suppressed by
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cutting down the choice of methods and parameters therein, but should be elucidated
so that individual's responsibility in making a conscious subjective choice is well
emphasized. The need for inversion is human. When a problem is human, how can
the solution be independent of exercise of human choice? Those, who want an entirely
"objective' or 'rational' answer, always overlook this reality. The solution and the
solver are essentially inseparable.
It has been shown (Fleming 1977) that.larger the numerical value of the relaxation
parameter ~, poorer is the duality and faster is the convergence. Also, if the iterative
schemes are to be viewed as duals of regularized direct schemes, the optimum number
of iterations is finite (Fleming 1977).
I t is important to note that in the matrix methods of inversion, the weight matrix
W and the smoothing matrix S are to be chosen on the basis of external considerations.
The formalism merely provides for their use but does not specify how they are to be
chosen, except that their purpose is to reduce the condition number. Section 6 on
estimation-theoretic inversion addresses this problem more directly.
5.2 Incrementally linear methods
If the relation between observational data and model parameters is nonlinear, equation
(4) can be replaced by
d = T(p)

(29)

where T is now a nonlinear operator (A1 Chalabi 1970, 1972; Kunaratnam 1972).
One can make an initial guess Po for p and calculate do = T(po). Then, in principle,
one can expand d in (29) as a Taylor's series as
d = T(p) = T(Po) + ~-~-Ipo~,

(30)

where ~ = p - Po and (t~T/t~p)[po is a matrix of derivatives of T with respect to the
components of p at the point Po, and the higher order terms in the expansion are
not even written, as it is intended to ignore them. Then (30) can be rewritten as

~I = Tp,

(3D

where ~[= d - do and "i" is the Jacobian of T(p) at Po. But for the notation and the
meanings of symbols (31) is the same as (4). Therefore, it can be inverted for ~ by
any of the direct, iterative and regularized technique discussed above. Then the initial
guess can be replaced by Po + P and the whole procedure iteratively repeated.
Thus, the original problem is nonlinear, but it is replaced by a sequence of linear
problems in the increments (},~[) around the guesses (po,do), which are iteratively
revised. The consequences of this strategy must be carefully understood: (i) The
inversion becomes inefficient, as a sequence of problems is to be solved. (ii) As higher
order terms in (30) are ignored, the problems solved are approximate. Therefore, the
sequence of linear problems solved is not equivalent to the original problem. (iii) The
approximation is based on the Taylor's series expansion, which is known to have
bad convergence properties. Therefore, crudity of approximation is built into the
scheme. (iv) The quality of approximation depends on the local properties of the
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operator T(p). Therefore, the scheme suffers from the approximational inhomogeneity
in the parameter space. As an amplification of this point, it may be noted that the
scheme depends on the Jacobian T(p). The scheme will be stuck at any point in the
parameter space where 1"(p) vanishes. Further, if the singular value decomposition
and Lancz/Ss inverse are used to solve (31) for p, the effective rank of T"r or "H"t will
itself be dependent on the location in the parameter space. This rank determines the
number of parameters which can be accurately determined. Now, if a particular
parameter is only poorly estimated at a particular stage of iteration, it is difficult to
see how its accuracy can be improved successively. (v) Thus, as a joint consequence
of having set up a sequence of approximate and approximationally inhomogenous
problems, there is a chance of progressive deterioration of the solution. This is hinted
at by the wise adage that the chain is at most only as strong as the weakest link in
it. (vi) As indicated earlier, if the eigenvalue ~j of "i't'["is small, ~j = (~"r P)j is large, where

p=

[rql.

(32)

This may make the linearization based on the truncated Taylor's series questionable.
That is, the scheme has a potential of self-contradiction, which can readily lead to
instability. (vii), if regularizing matrices S and W of equations analogous to (17)
and (28) are to be used, they have to be chosen separately for every iteration, thus
compounding the responsibility of personal choices. The techniques of choosing S
and W for solving (4) may not be necessarily applicable for this problem, because the
errors in (4) may be random, but those in (31) are due to linearization and therefore,
more systematic.
It is possible to ameliorate some ot these drawbacks. The Taylor's series could be
truncated relatively later, so that the nonlinearity is not entirely flattened out but its
degree is reduced. This may not be very attractive, as the difference made is merely
that of degree but not of kind, and because the inefficiency may further increase as
compared to the linearization strategy. Also, whereas the individual approximations
may be better, approximational inhomogeneity in the parameter space may be worse,
as the Hessian and not merely the Jacobian of T(p) will contribute to it.
Alternatively, linearization may be performed based on better alternatives to
Taylor's expansion. The Taylor's series is

+ a)=

*Po k! dx * "

(33)

Its bad convergence properties (Synder 1966; Baker 1975) arise from the fact that it
is an extreme case of extrapolation. The knowledge of a function f(x) and all its
derivatives is assumed at a single point x and the function is to be extrapolated to
get its value at x + a. If the differential operator d/dx is replaced by D, (33) can be
written as

f(x +a)= ~o(~(xf)=exp(aD()xf=
),

(34)

so that the extrapolation operator can be identified as exp (aD).Taylor's series of (33)
results when this operator is replaced by its Taylor's series. But the extrapolation
operator exp(aD) can be expanded in other ways over finite intervals around the
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origin. One such expansion is
o0

exp(aD)=Io(a)+ 2 ~ h(a) T~(D)

(35)

k=l

where ly(x) is the modified Bessel function of order j and Tj(x) is the Chebyshev
polynomial of degree j. Substituting such expansions in (34) gives alternatives to
Taylor's series and they could be far superior to it in terms of convergence (Moharir
1985, 1986; Moharir et al 1988). These concepts can be readily extended to
multidimensional contexts; Non-Taylor linearization schemes may, therefore, be
applied.
Also, the difficulties due to local minima can be taken care of now by tackling the
problem of nonlinear inversion directly with the help of some global optimization
technique (Dixon and Szego 1975, 1978; Boggs et al 1985). Some statistical global
optimization techniques were discussed in w Deterministictechniques will be
discussed in w10.

6. Estimation-theoretic inversion techniques

6.1 Bayesian inverse probabiliy method
In geophysical literature this method is called Bayesian int~rence (Backus 1970, 1971,
1988; Tarantola and Valette 1982b; Gubbins and Bloxham 1985), but that is an
inadequate nomenclature, as Bayes is an eponym also for another method to be
described in w6.3. Hence the nomenclature suggested here. The method owes its origin
to Bayes (1964), though there is some controversy about it (Stigler 1983). It is assumed
that the observer's mind is not a tabula rasa, but he has an a priori belief about the
model. His rationality consists in modifying this belief when new information is
available in the form of observations. The a priori belief about the parameter vector
p is stated in the form of a priori density function, go(p), peP, where P is the entire
parameter space. In the Bayesian framework, r
is related to the observer's subjective
probability distribution and it is not assumed that p is a random vector drawn from
the ensemble P. It is, therefore, required that P be regarded as finite-dimensional
(Backus 1988). When a data vector d is recorded, the observer will change his subjective
a priori density function go(p) to the a posteriori density function go(pld). As the
observer is rational, he abides by the postulates of probability theory and therefore

fo go(p,d)dd,

(36)

go(d) --- fe go(p'd)dp,

(37)

go(pld) = go(p,d)/go(d)

(38)

go(dip) = ~p(p,d)/go(p),

(39)

go(P)=

and
where D is the space of data vectors d, go(p,d) is the joint probability density function
of parameter and data vectors p and d respectively, defined over the Cartesian product
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P x D, tp(p) and ~p(d)are the marginal density functions corresponding to tp(p, d) and
~p(dlp) is the conditional density function of d given p. If the physical model is as in
(30), the effect of errors ~ may be included by rewriting it as
d = T(p) + E.

(40)

I f ~p,(~) is the density function of the errors,
~(dlp) = ~ , ( d - T(p)).

(41)

A cautionary note about the notation is needed here. Just as on the density function
of ~, a subscript e is affixed for identification, other density functions, marginal, joint,
conditional, etc. should also have carried suitable subscripts, but they have been
deleted in favour of simpler notation. Equations (38) and (39) can be combined to get
~(pld) =

~p(dlp)cp(p)
,
q~(d)

(42)

which, using (37) becomes
qT(dlp)q~(p)

(43)

qg(pld) = fjo ~p(p,d)dp
Further, using (39) gives
~o(dlp)~p(p)

q~(pld) = fp ~p(dlp)~p(p)dp

(44)

Substituting from (41) for the conditional density function tp(dlp), (44) gives
~o(pld)

q~(d - T(p))q~(p)

(45)

/ q~,(d - T(p))q~(p)dp
de
Thus, the knowledge of the physics of the problem, embodied in T(p) and of the
probability distribution of errors, contained in cpe(c)is enough to convert the a priori
belief about the parameters, summarized by r
into its a posteriori revision, denoted
by ~p(pld). That solves the inversion problem.
One of the advantages of the Bayesian inverse probability method is that (Backus
1988) nonlinearity of the formulation of the physics creates no difficult problems. In
evaluating tpe(d- T(P)) in (45), a forward problem is to be solved to calculate T(p).
It it is nonlinear, it will take more computations. Beyond that the linear and nonlinear
problems do not appear differently in inversion. Another advantage of this method
is that E need not be the vector of random measurement errors. In general, apart
from these, there would be errors due to non-inclusion of extraneous inseparable
causes, due to discrete parametrization, etc. Observer's specification of tp~(~:)is assumed
to include all these effects, because in any case, under Bayesian paradigm the
probability distributions are subjective or personal. This method, thus, provides a
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boldly subjective antidote to nonuniqueness due to inseparable extraneous causes
and discrete parametrization.
Equation (45) can be read as follows. IfT(p) defines the transformation of parameters
into synthetic data, if the errors whether due to improper or inadequate modelling
or inaccurate measurement have the density function ~Pe(e)and if ~p(p) is the a priori
density function of the parameters before the observational data d are recorded, then
the a posteriori density function is given as therein. Such a statement is called
implication in logic (Whitehead and Russell 1962). The a posteriori density function
~p(p/d) of (45) becomes the inference if the conditions of three 'if's above are actually
asserted. Most persons would accept the implication and yet deny the inference,
because they would question one or more of the three assertions, if they are to be
'personal' or subjective.
Tarantola and Valette (1982b) have discussed an interesting amplification of this
method, incorporating in it some modern concepts. Their notion of parametrizing a
system is more general than that adopted here so far. By parametrizing a system is
meant prescribing (p, d)= x. Let v(x) denote the null probability density function of
x corresponding to complete ignorance. It must be carefully characterized. There are
transformation groups under which the equations of physics remain invariant (Rietseh
1977). The form of v(x) also must remain invariant under these (Jaynes 1968). Then
any density function ~p(x) has the information content
IEqT;v] = f ~0(x)log2 ~rV

dx

(46)

The definition of information content adopted is that of Kullback (1959) rather than
that of Shannon (1949), because the former is invariant under change of variables.
I1-~0;vJ is non-negative and is zero only if ~0(x)= v(x).
Let s~ represent the state of information yielded by the density function ~0~(x)about
the system. If we obtain two independent pieces of information represented by states
s: and s2, corresponding to density functions ~o1(x) and ~o2(X), respectively, they must
be combined into the state s yielded by the synthetic density function ~0(x). How does
one synthesize ~0(x) from ~01(x) and ~02(x)? The necessary conditions are that
(i) ~o(x) must be a density function with its information content invariant under
reversible transformations of parameters,
(ii) the synthesis must be commutative and associative,
(iii) the synthetic density function should allot zero probability to any region if either
~01(x) or ~2(x) does so, and
(iv) v(x) should be the neutral element, i.e. synthesis of v(x) and ~0~(x)should give
~0~(x). It then follows that
~(x) = ~ (x)tP2(x)/v(x).

(47)

Let ~ (x) be the a priori density function ~f x = (p, d). The theoretical relationship
between the data and the model parameters is assumed to be given by tp2(x) = ~2 (P, d).
Formation of (40) and (41) is regarded as unduly restrictive because it does not
entertain uncertainties in abstracting the physical reality and assumes the noise to
be additive. Such a simplistic description of the noise, a child of 'nausea' and 'noxia'
of ancient Latinity, may, indeed, be inadequate. The relation of (40) may be written
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as ~k(p,d, E) = 0, where randomness or uncertainty is confined to one argument of the
function ~b.:Using ~02(p,d) to prescribe the physics is a more general formulation.
Synthesizing these two density functions together, we get the a posteriori density
function ~0(x) of x = (p, d).
~(p,d)=~(P,d)@2(p,d)/v(P,d).

(48)

Its marginal cp(p) can be readily obtained and is taken to be the solution of the inverse
problem. Various conventional inversion techniques are shown to be special cases of
this scheme. Tarantola and Valette (1982b) do concede that the q~(p) obtained may
have certain undesirable features, but assert that the solution of the inverse problem
is the a posteriori density function q~(p) with all its pathologies. I would still prefer
to regard ~o(pld)given by (38) as the solution of the inverse problem, for which purpose
~0(d) is also obtained as a marginal density function from ~0(p,d) of (48), because
otherwise I do not see that the data have to be actually recorded in the proposed
scheme.
The formulation above is very interesting. Inference begins by articulating what
constitutes total ignorance, because the null density function being the neutral element
of the 'algebra' of information is, indeed, the starting point. The a priori information,
and the theoretical information come later. But will it blossom into a practitioners'
tool or be only an abstract paradigm? Will it be possible to face the 'tyranny of the
particular' so that utilitarian dividends accrue or will it merely be a facon de parlour?
How does, in a specific geophysical context, one arrive at v(x), ~01(x) and cP2(X),
without falling victim to simplifying assumptions of additive, white, zero-mean,
Gaussian noise and live up to the lofty formulation?
Tarantola and Valette (1982b) glossed over one important source of nonuniqueness
in their formulation. The argument here will be aided by a quotation: "The fact that
information can be measured is, by now generally accepted. How and with what
expressions of measure this should be done, is not an open and shut question,
however.": (Renyi (1960) adopted from Aczel and Daroczy 1975). Shannon's contribution
in defining an abstract notion of information was epoch-making, more so because
the definition was not merely suggested as convention to be adopted, but was derived
from a set of axiomatic desiderata. But then desiderata are a human choice. Others
have obtained different definitions of information desiderating the postulates differently
(Renyi 1960; Aczel and Daroczy 1975; Ferentinos and Papaioannou 1980; Aczel 1984).
What Renyi has said applies to all attempts at quantifying abstract notions. If the
definition of information is changed, would the rule of composition or synthesis
adopted by Tarantola and Valette (1982b) remain the same? If not, we are in for
nonuniqueness due to choice of desiderata.
To bring out another inadequacy of this approach, further discussion on the role
of a priori distribution or prior information is needed. Backus (1988) takes the phrase
rather literally. He has opined that the observer must introspectively comprehend
and scrutinize his prior beliefs and then publicly articulate and defend them, all this
before the data d are collected. He has further expressed an opinion that the model
inadequacies are elucidated not by observations but by introspection necessary for
comprehending theories. That is, in (44) both cp(dlp) and cp(p) are a priori, their
definitions being frozen before the data are collected, and the observer is prepared
to defend them publicly. When the data d are collected, it is merely used as an
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argument in the expression on the right hand side of (44) and the a posteriori belief
~o(pld) of the observer follows. This change of belief is preordained; there is even a
simple formula for it, i.e. it is automatic when the data are collected. If so, the observer
must be open and willing to change his beliefs in the light of d. But then he must be
willing to entertain many different beliefs before d are collected, all of them
provisionally. That is, neither ~0(p)nor r
are unique; the observer must, of logical
necessity, allow hypothetical plurality. An observer must adopt 'multiple working
hypotheses' (Chamberlain 1965), so that he is not an abject subject of his own
subjectivity, but a proud parent of many a priori beliefs.
Now, substituting (48), after using (39), in (44), we get
q~(p[d) =

q~ (p, d)~2 (p, d)/v(p, d)

,

(49)

p[~ 1(P, d) q~2(P, d)/v(p, d)] dp
wherein q~l(P, d), q~2(P, d) and v(p, d) represent Tarantola and Valette's (1982b) a priori,
theoretical and null information states, respectively. Their formulation requires that
the first two information states must be 'independent', so that they can be composed
by the rule used by them. But the formulation does not suggest how to ensure or
verify this independence. Let r
d), being an a priori distribution, be assumed. It
presupposes what data, and presumably, how they will be collected. Thus, it has a
bearing on r
How then can the desired independence be guaranteed? If the
data collection strategy, logistics and format are fixed, as they would be in practice,
how can the information generated be independent of the information contained in
the observers a priori beliefs, when the latter themselves are allowed to be plural?
And is the prior information really prior (Jackson 1979)? Can it be independent of
similar past experience? The so-called prior information is also posterior to earlier
experience. This earlier experience and the information contained in the presently
collected data must both be dependent on the immanent physical laws and hence
interdependent themselves.
Tarantola and Valette (1982b) framed six criteria to be satisfied by any inversion
procedure. These are
(i) general validity not affected by nonlinearity,
(ii) applicability unrestricted by the amount of data available,
(iii) facility to take into account the effect of errors of various sort, irrespective of
whether they are additive, systematic, data-dependent, or not,
(iv) ease of incorporating any a priori information,
(v) formal incorporability of theoretical errors, and
(vi) invariance under transformation of model parameters.
They have claimed that their formulation has all these properties. A normative
approach is good, because it begins by articulating the desiderata. Unless they are
spelt out, their satisfaction will depend only on serendipity. But it is clear from the
discussion above that their formulation still has residual problems which have to be
solved or circumvented before the formulation is effective in practice.
6.2 Wiener estimation method
This method owes its inspiration to the pioneering work of Norbert Wiener (Wiener
1949). In geophysical literature it was nurtured by Franklin (1970), Jackson (1979),
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Gubbins (1983), etc. and is called stochastic inversion. This seems to be an inadequate
nomenclature as there certainly can be other stochastic methods for inversion. For
example, those discussed in w4 too would qualify for this nomenclature. Hence the
eponymic nomenclature suggested above.
One postulates an ensemble P from which a parameter vector p is drawn randomly.
Observation data vector d is taken to be
d = T(p - ~t) + 6 + ~,

(50)

where p and ~ are unknown, except that ~ is zero-mean and p and ~ are linearly
uncorrelated. Let the a priori mean vector and covariance matrix of p be E(p) and
V(p) respectively. These incompletely describe the statistics of picking out p from P.
Then the a priori mean of d would be
Eld] = TIE(p) - ~] + 6,

(51)

d - EUd] = T i p - E ( p ) ] + e.

(52)

so that
Therefore, one can seek a linear estimate ~ of p given by
- E [ p ] = M[-d - E ( d ) ] ,

(53)

which gives the a posteriori covariance matrix
~'[~] = E [ ( ~ - p)(~ - p)']
: (MT - I)V(p)(MT - I)' + MV(E)M'

(54)

where V(r is the covariance matrix of E. Wiener criterion is to minimize the trace of
~'(~) by an appropriate choice of M, because that is the mean square error in accepting
as an estimate of p, which is randomly chosen from P.. It is assumed that the
components of p are all normalized and are independent. This leads to
M = V(p)T'[TV(p)T' + V(e)] - x.

(55)

Comparing this with (17) it follows that we have the same solution as in the case of
regularized minimum norm matrix inverse method, except that the smoothing matrix
S is now V(~), and the weight matrix W is V(p), the eovariance matrices of the error
and a priori parameter vector, respectively. Thus, regularization is a method of using
the a priori knowledge of the noise statistics and the a priori solution.
If Wiener criterion of seeking minimum variance estimation is not questioned, this
method does not require the knowledge of a priori distribution of p, but only of its
covariance matrix and mean vector. Of course, these constitute complete characterization of the distribution of p, only if it is multi-variate normal. But the Wiener
method is linear and subjective prior beliefs in the form of non-normal distributions
are difficult to integrate with it. It presupposes stochastic ensemble of models and
the situation in which there can be only one correct model causes embarrassment
(Backus 1988).
6.3 Bayesian cost and other estimation methods
For simplicity, let
d = d(r) = s(r; p) + ~(r)

(56)
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be the recorded observational data, where r is the position vector at which the
observation is made, s(r; p) is the signal component of the data and e(r) represents
error or noise. Let ~ be the estimate of p. Let C(~, p) be the cost incurred (a scalar
function) when the parameter vector p is estimated as P. The form of the cost function
is external to the estimation procedure. As the estimate ~ is made on the basis of d(r),
it will be explicitly written as ~(d). Often the joint density function ~p(d,p) is assumed
to be known. It is determined by the physics of the problem. The a posteriori density
function of the parameter vector given d is expressible as in (42). Then
C(Pld) = fp C(O,p)~(pld)dp

(57)

is the average conditional cost, when the estimate ~ for p is made based on the
observation d. It could be further averaged over all d to give
(58)

C(O) = f o C(~ld)~p(d)dd

c(o) is called the Bayesian cost, it being the Bayesian criterion that this average cost
should be minimized by the estimation procedure. Obviously, as observations d have
already been made, the Bayesian cost is minimized by minimizing the conditional
cost C(~ld).
As an example, consider the problem of estimating a single parameter p and let
C(i0, p) = ~ - p)2.

(59)

The resultant estimator is called the minimum mean square error estimator which is
(Whalen 1971)

= fp ptp(pld)dp = E[p/d],

(60)

which is the conditional mean or the mean of the a posteriori distribution of p. This
is an important result, because it does not depend on the form of tp(p[d).
In fact, Bayesian cost estimator reduces to E[pld] for much wider a class of cost
functions.
(i) Let the cost be a function of p - p = 6p. Let C(6p) = C ( - 6p) and let C(6p) be a
convex function.
(ii) Let C(6p) = C ( - 6p) and let

C(t~p(2))/> C(rp tx))

for

6pTM/>6ptx) >10.

Further let q~(pid) be unimodal and symmetric about its mean. Also let
lim C(p)q~(pld) = 0.

(61)

10-"oO

In both these cases, (60) is valid (Whalen 1971).
(a) The maximum a posteriori probability estimator: When cost function is not
available, it is reasonable to maximize the a posteriori density function ~p(p[d). Thus
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when r
is unimodal, the estimate ~ is the mode. In general, mean and mode of
~0(pld) are different, and hence the minimum mean square error estimator and the
maximum a posteriori probability estimator may be different.
(b) Maximum likelihood estimator: When the cost function and the a priori density
function ~0(p) are both not known, maximum likelihood estimates may be obtained
by maximizing ~o(dlp).
It can be noticed that various estimators are mean or mode of some density function,
~0(pld) or ~o(dlp). Mean and mode are two measures of central tendency. Therefore,
other measures (Moharir 1988a) of central tendency may be used as estimators of p.
(c) Information bounds: If a single parameter p is to be estimated, it can be shown
that the variance of the estimate i0 is bounded by

V(~) >f E,[ {OIn ~p(dlp)/Op}Z],

(62)

where expectation is with respect to d. This result is called the Kramer-Rao inequality
(Whalen 1971) or in view of it being traceable to many others, simply information
inequality to avoid any eponymic injustice (Kullback 1959).
Information inequality can be extended to simultaneous estimation of many
parameters. As the estimate ~ is obtained from the data, it is random and therefore
its mean could be assessed. If E(O)=p, the estimator is said to be unbiased. Let
0 = ~(d) be unbiased. Let F = (fv) be a matrix, where

fij

= El

F 0 In ~P(dlp) 0 In ~p(dlp)],
L Op,
j

(63)

where the derivatives are supposed to be evaluated at the true values of the parameters.
F is called Fisher's information matrix (Whalen 1971). Thdn

v@,) >i ~0,,,

(64)

d/= (r

(65)

where
= F - 1.

The methods discussed here do not exhaust the canvas of estimation-theoretic
methods (e.g. see Rao 1974; Melsa and Cohn 1978; Sorenson 1980 for various methods,
their postulates, limitations and interrelations).

7. Backus-Gilbert inversion

Backus and Gilbert (1967, 1968, 1970) developed a method for inversion in solid-earth
geophysical contexts but the method is readily extended to other contexts. There are
many subsequent expositions of the method (Backus 1970; Parker 1970, 1972, 1977;
Conrath 1977; Huestis 1980; Rokityansky 1982). Consider a distributed parameter
system with parameter taking value p(r) at r = (x,y,z) where x,y,z are Cartesian
coordinates. Let the observational response measured at point r' be
d(r') = f T(r,r')p(r)dr.

(66)
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It can be readily seen that equations (1) and (2) are of this form. The transform kernel
T(r, r') is assumed to be known. If d(r'~) and T(r, r'i) are denoted by d~ and T~(r), (66)
becomes
f'
d i = J Ti(r)p(r)dr,

i = 1, 2 ..... n.

(67)

The problem of inversion is to solve these equations for p(r). The nonuniqueness of
concern in this approach is that due to observational inadequacy and arises because
a finite number of transform kernels T~(r) do not constitute a complete set for the
expansion of p(r). Therefore, it is intended to assess that behaviour which is common
to all the solutions of (67). Let it be denoted by po(r) and linearly related to observations
di as
p.(r) = ~ ~i(r)di

(68)

i=1

where the coefficients cq(r) are to be arrived at by the inversion method. Substituting
for d~ from (67) into (68) gives

fA(r,

p)p(p)dp,

(69)

A(r, p) = ~ cti(r) T~(p),

(70)

p.(r) =
where

i=l

which is called the averaging kernel. It depends on (i) the kernels Ti(r) which depend
on the physics of the problem and the data collection strategy and (ii) the coefficients
9 i(r). Alternatively, one can start by postulating (69) and then observed that as both
d~ and p,(r) are linear functions of p(r), they themselves m u s t b e linearly related as in
(68) (Rokityansky 1982). The crux of the Backus-Gilbert method is to try to control
the shape of the averaging kernel A (r, O) by appropriate choice of the coefficients ~(r),
there being no control on T~(O). Towards this end, one can minimize
Q(r) = f W(r, p)[A(r, p) - D(r, p)]Z dp.

(71)

for every r.
The effect of noise must also be included in the formalism. If errors ~ are included
in (67) and if they are assumed to have zero mean and covariance matrix V(e), the
variance of p.(r) is
V[p,(r)] = a'(r)V(e)0t(r),

(72)

where =(r) is the column vector of coefficients at(r). Obviously, one cannot simultaneouly
minimize Q(r) and V[p,(r)]. Therefore, the objective function to be minimized is
chosen to be
Z(r) = cos2OQ(r) +/~ sin20 V[po(r)],

(73)

where # ensures that the two summands are dimensionally matched and 0 is the
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trade-off angle. The minimization gives
p,(r) = W'(r) [Y(r) + # tan a 0V(v)] - 1d,

(74)

W~(r) = f W(r, p) Tl(p)D(r, p)dp

(75)

yij(r) = f T~(p) W(r,p) Tj(p)dp,
d

(76)

where

and

where W/(r) are elements in the column vector W(r) and yij(r) are elements in the
matrix Y(r). Notation apart, it is instructive to see that (74)-(76) are similar to (17)
or (55) which were regularized minimum norm (variance) solutions. Wt(r) and Y(r)
in (74) are analogues of WT t (ignore D(r,p) term for the time being) and TWT t in
(17) as can be seen from (75) and (76). Regularization is achieved in this case by taking
Q(r) to be a part of the objective function, the other part being the variance of the
averaged estimate po(r). Thus the basic inspiration in this method can be seen to be
derived from Wiener (1949), (Foster 1961). This would become even more transparent
if we set
W(r, p) = 1, D(r, p) = 6(r - p),

(77)

where 6(.) is the Dirac delta function, so that
po(r) = Tt(r)

If

T(p)Tt(p)dp + # tan2 V(r

j-'

d,

(78)

which is indeed similar to (16). Many other choices of W(r,p) and D(r,p) beyond
those in (77) are possible (Conrath 1977) and should be understood by experimenting
with.
The structural identity of the Backus-Gilbert results with those obtained in inversion
using regularized generalized (particularly, minimum norm) matrix inverse and Wiener
estimation has been brought out above. Some Babelian confusion is hopefully removed
by this attempt. Plenty of structural homomorphism can be masked under notational
and terminological differences which are frequently meticulously cultivated. In fact,
generating terminological opacity is said to be one of the objectives of specialists
(Beckson and Ganz 1961). I am not, however, imputing motives here, as I am also
aware of the genuine possibilities of multiple and independent discoveries (Merton
1961).
Backus-Gilbert formalism is said to be averse to the use of a priori information
(Jackson 1979), because it derives the averaging kernel also from the data. But the
knowledge of V(E) which is assumed, is a form of a priori information. Further, even
though the averaging kernel is derived from the data, this derivation is controlled by
the choice of Q(r), i.e. W(r,p) and D(r,p), which are external to the data and the
physics of the problem. Objective functions and articulated desiderata impart
properties to the solution of inversion procedure, which are not derivable from the
data alor.e. In that sense, use of a priori information for regularization and external
prescription of desiderata are equivalent. Thus, if Backus-Gilbert approach attempts
to remove the non-uniqueness of inversion due to observational inadequacy by
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seeking, not p(r), but averages po(r), it provides amply for nonuniqueness due to the
choice of desiderata. The latter is not a drawback, but a virtue. Subjectivity of human
choice should not be suppressed or made invisible by curtailing the choice but
countered by allowing plurality of desiderata and subsequent comparison (also
subjective) of the results. There is no ultimate escape from subjectivity, as long as its
subject lives.
There are some drawbacks in Backus-Gilbert formalism. Firstly, the averages p,(r)
are not solutions of the original problem (Jackson 1979); in fact, they do not necessarily
satisfy (71) within the error bounds. The approach thus suffers from what is wittingly
called 'averagitis' (Koopman 1956), a pathological condition which makes one prone
to go by averages. Certainly, Backus-Gilbert approach is not the only one to suffer
from this condition. For example, it can be readily discerned (Gallager 1968) that
many measures of information are statistical averages. Thus information-theoretic
estimation procedures such as Tarantola and Valette (1982b) too suffer from
deep-rooted averagitis. Other statistical methods minimize the mean square equation
error or variance of the parameter estimate, which are both averages. Thus some
form of averagitis seems unavoidable at the present stage. One should then watch
for the symptoms. Secondly, unfortunately, po(r) are not even averages necessarily.
The 'averaging kernels' A(r,p) frequently take negative values (Conarth 1977;
Oldenburg 1979). The nomenclature 'averaging kernels' is an articulation of what
was desired: they must normatively be strictly non-negative. The occurrence of negative
values is a reflection of the failure of the formalism in ensuring satisfaction of its own
desideratum. Many would also expect A(r, p) to peak around r and be unimodal. An
average is a measure of central tendency and therefore, peaking around r is not strictly
necessary. In probability density functions also mean and mode do not necessarily
tally. But A(r, O) peaking far away from r and being multimodal would confuse many
a routine user of results of Backus-Gilbert inversion.
Note from (69) that p~ can be viewed as an integral transform ofp(p) with A(r, p)
as the kernel of transformation. In keeping with what has been said above, it would
be reasonable to require that if p(p) is strictly non-negative, so should be pa(r). Such
transforms are said to have the property of positivity (Lorentz 1953; Karlin 1968;
Karlin and Ziegler 1970). Such transforms are also known to be variation-diminishing
and there is a growing amount of literature (Lorentz 1953; Hirschman and Widder
1955; Karlin 1968; Karlin and Karon 1968; Jones 1976; Schurer and Steutel 1977;
Porter 1978; Grundmann 1979; Ramakrishna 1978; Ramakrishna et al 1979; Nagel
1980; Wood 1984; Derriennic 1985) on them. The Backus-Gilbert formalism is expected
to gain by drawing from it. Also the transform of (69) is an adaptive transform because
the transform kernel A(r, p) is derived from the data which depend on p(r) and the
physics of the problem embodied in T(r,r'). Thus the adaptive Backus-Gilbert
averaging transform of (69) stands in relation to other variation-diminishing transforms,
which is similar to the relation of optimum-adaptive Karhunen-Loeve transform
(Davenport and Root 1958) to non-adaptive transforms such as Fourier. The criteria
of adaptivity in the two cases are, however, different.

8. Regularization and use of a priori information

Regularization is a technique of obtaining satisfactory solution even when the problem
is ill-posed and was developed by many (Ivanov 1962, 1963; Tikhonov 1963; Lavrentiev
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1967; Strakhov 1969; Tikhonov and Arsenin 1974; Starostenko 1978). Consider a
situation characterized by equation (4) where d is synthetic data. Let p and d belong
to spaces P and D. If instead, d was the observational data vector, it may not belong
to space D, due to errors. Therefore, the inversion problem may not have a valid
solution of the form
p = T - xd

(79)

either because d does not belong to space D or because the inverse operator T-1 is
not continuous. Ivanov (1962, 1963) defined a quasi-solution ~ such that it belongs
to the subset M of P. When p is in M, let the corresponding synthetic d be in space
N = T M, which is a subset of D. Then ~ is given by
A(T~, d) = inf a(Tp, d),

(80)

p

where A is a metric in the space D. If the projection of observed d on space N is
unique, the quasi-solution ~ is unique. If the set M is a sphere IIOII ~<r (Euclidean
norm) and if T is a continuous operator, the quasi-solution ~ can be expanded in
terms of eigenvectors vj of the operator TiT. Let the eigenvalues of TtT be
21 ~ 2 2 ~ 2 3 ~
. . . and Vl,V2,V3 . . . . be orthonormalized system of corresponding
eigenvectors. Then, we have
T'd = Ebjvj

(81)

and the quasi-solution of T O = d in the sphere IIOII ~ r is

I j~. bjvj/2j

2 2<
if ~ b~/Aj

r2
(82)

bjvff(fl+Zj)

if ~bj/2~ >~r2,

J

where fl is a root of
r 2 = ~ b2/(fl + 2j) 2.

J

(83)

But in practical situations there is no guarantee that even if M is a subset of P, N
would be a subspace of D. Tikhonov (1963) dealt with such problems. Let there exist
as set of vectors O such that
IITp - d II2 ~ 62

(84)

where 6 2 is the measure of the square errors in measurements. Then due to the
instability of the inversion algorithm, in this set there are p vectors which are
arbitrarily different from the correct p which led to synthetic d. Some of these p vectors
may not even have any physical meaning. This is the nonuniqueness due to noise,
which exists even if synthetic d could lead to nonunique solution, i.e. even if there
was to be no nonuniqueness due to equifinality. Tikhonov regularization attempts
to remove the former form of nonuniqueness. The required solution p with
[ITO-d[I 2 ~<62 is constrained to satisfy certain a priori desirable properties. A
functional t~(p) is prescribed, which, when minimized by a proper choice ~ of p,
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imparts these properties to It. The simplest choice is
~p)

= II P -

Po II2,

(85)

where Po is an a priori estimate of parameter vector. Thus one minimizes Tikhonov's
(1963) regularizing parametric functional
R ~ ( p ) = HT p -

d II2 + ~f~(p),

(86)

where ~ = ~(6)> 0 is a regularization parameter. If f~(p) is chosen as in (85), one gets
the results as with ridge regression, i.e.
= (TfT + ~I)-l(Ttd + ~Po).

(87)

The solution is normally obtained by an iterative procedure and the regularization
parameter ~ is successively reduced as the iterations progress. Iterative methods have
already been discussed in w5.1. In the inversion of gravity data these techniques have
been widely used (Zavaretko 1976; Starostenko and Oganesyan 1977; Starostenko
and Sastry 1979; Melikhov et al 1981, 1982; Sastry and Starostenko 1988).
A good deal of ingenuity of the contributions of the Russian school lies in their
being in a position to prescribe f~(p) for various desirable properties expected of the
solution ~.
The inversion based on the minimization of R,(p) of (85) and (86) has been called
hybrid norm inversion (Barzaghi and Sanso 1988). That is a very expressive term and
could be extended beyond Tikhonov regularization because (54), (73) etc. are also of
the same form. Thus in all these cases there are two desideratal objective functions
which are to be minimized. In fact, to assume that all the desirable properties of the
solution ~ are collectively realizable by minimizing a single objective function f~(p)
may also be an exaggeration and the ~f~(p) term in (86) should actually be replaced
by ~ i ~ ( p ) . Thus, the so-called hybrid norm inversion schemes combine many
desideratal objective functions into one by taking their linear combination, i.e. by
using a Lagrangian composition. Thus they all suffer from linearitis (Koopman 1956)
in hybridization. The compositional algebra of the desiderata need not be linear. For
example, any norm of a vector of different norms is also a norm. Also, the field of
inversion may gain a good deal by interaction with the growing literature on multiple
objective optimization (Zeleny 1974, 1976; Cohon and Marks 1975; Thiriez and Zionts
1975; Cohon 1978; Ching-Lai and Masud 1979). The essential and unavoidable import
of impossibility theorems (Arrow 1963) in such contexts underpins the problem of
nonuniqueness.
Regularization is alternatively called use of a priori information (Rodgers 1977;
Jackson 1979). The sources of a priori information could be physics of the problem,
statistics of earlier measurements, arbitrary restrictions or even prejudice (Rodgers
1977). It could be inserted into the formulation of the problem in many ways too.
Formulating the problem with a prescribed finite number of parameters, constraining
the solution to satisfy certain smoothness criteria, prescribing an a priori solution
around which only small perturbation is permitted in the light of observational data,
are all forms of including a priori information in the inversion procedure. Therefore,
Rodgers (1977) has suggested that the a priori information be called 'virtual
measurements'. He has derived the estimator equation as
= ~r[~V- 1(po)Po + TtV --1(~)d]

(88)
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where V(po) and V(e) are the covariance matrices of the a priori parameter estimate
and the measurement error, respectively, and
~" = ['V- I (Po) + T'V(~)T] - I

(89)

But for notation, this is identical to the regularizing solution of (87).
The solution proposed by Jackson (1979) is
= [T'V- l(e)T + V - 1(Po)] [T'V(t)d + V - 1(po)Po ].

(90)

Thus, whereas Rodgers and Tikhonov minimize the mean square equation errors,
Jackson minimizes the parameter variance, with the incorporation of a priori
information.
A more basic difference between Rodgers (1977) and Jackson (1979) is in their views
about the applicability of these techniques to nonlinear problems. Rodgers believes
that when the nonlinear problem is converted into a sequence of incrementally linear
problems, regularization achieved by treating a priori information as virtual measurements is applicable to each linear problem in that sequence. Further, he has opined
that the solution of each incrementally linear 'problem can be taken as an a priori
information for the next. Thus the stand on what is a priori itself keeps changing.
Further, such an attitude ignores all the consequences of converting a nonlinear
problem into a sequence of incrementally linear problems, that have been discussed
in w5.2. Rodgers (1977) further stated that a priori information which may be prescribed
in the nonlinear format may also be linearized by the same technique by which the
nonlinear problem was. This view is consistent, as there are in his scheme, only
measurements to be inverted: the real and virtual measurements and the two need
not be distinguished any further. But it would also mean that the linearization of the
virtual data model would suffer from the same problems as faced by the linearization
of the data model.
On the other hand, Jackson (1979) rejected the idea that a priori information can
so readily be incorporated in a sequence of incrementally linear problems. To be
useful, a priori information must be largely independent of the data. If not, the
problems of multicollinearity (Mather 1976) and ill-conditioning ~vill be aggravated.
Solution of any incrementally linear problem in a sequence cannot be regarded as
independent of the data and may not be a good model for the a priori beliefs unless
it is examined carefully in that light. Jackson goes a step ahead and argues that
ignoring Po term altogether is not satisfactory either, as it amounts to using different
a priori data or virtual measurements at different stages and if a priori information
are virtual measurement, it is an unpalatable thought that the 'measurements', even
though 'virtual', are changing as the computation progresses. Also, V(t), to begin
with, is a covariance matrix of the measurement error vector, but at subsequent stages
of iteration, there would be linearization errors too. Also if the a priori model is being
revised with every iteration, so possibly should V(po). All these considerations make
use of a priori information difficult, or even untenable, in a sequence of incrementally
linear problems. This view of Jackson (1979) is widely accepted (Tarantola and Valette
1982b; Toutenburg 1982; Gubbins and Bloxham 1985), and rightly so.
The presidential address of Weaver in 1933 deals with the need of geologic thinking
in geophysical inversion (Weaver 1934). In his presidential address Eckhardt (1940)
also emphasized the urgency of effective coordination between geological and
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geophysical aspects of prospecting. Thus 'the use of a priori information' may be
viewed as a modern phrase for an old realization. Paterson and Reeves (1985) suggested
that geophysical inversion should be performed in sympathy with the known geology.
Serious efforts in this direction have been made by Emerson (1979) and Grant
(1985a, b).
The use of a priori information to remove or reduce nonuniqueness in inversion
has indeed been a subject of many discourses and debates. There have been sharp
reactions to the phrase 'virtual measurements'. It has been called 'subversion of
language' (open discussion, Deepak 1977). Sabatier (1979) questioned Jackson's (1979)
contention that assumptions lie inarticulate in other methods but are brought out
explicitly in the latter's. He has cautioned that introducing assumptions in the form
of a priori information is good only if no assumptions are left out and if they are not
inserted in a redundant manner. If not, he argued that Jackson's method will also
perpetuate the same myth that the latter accuses Backus and Gilbert method of
sustaining: the myth that the muse of mathematics can help in identifying the correct
model, where infinitely many models are compatible with the measurements including
all the virtual ones. He has described the fate of a geoph);sicist as follows: "Where he
looked for a flower, he discovers a whole garden", and has emphasized that this
situation is inescapable. Articulation of all the a priori assumptions is an impossibility.
Therefore, one of the conditions suggested by Sabatier (1979) for the success of the
use of a priori information in removing nonuniqueness will never be satisfied. Real
problems as faced in inversion are always bigger than their solutions. In any case,
using the terminology of this review, there is no escape from the nonuniqueness due
to discrete parametriztion, choice of desiderata, inseparable extraneous causes and
idiopathic choices, as these arise due to human limitations and freedom, which are
both equally real, and not necessarily contradictory, because frequently one has to
choose because of the limitations.
Also, if a priori information is derived from earlier interpretation of some data,
that itself will be subject to nonuniqueness for reasons stated above and therefore,
not insertible in the form of uniquely prescribed a priori model. Therefore, many a
priori models must be used in inversion. I would go a step ahead and suggest that
maintenance of a posteriori nagging doubts is at least as much essential as
incorporation of a priori information.
One major area wherein further research would be needed relates to use of a priori
information in nonlinear inversion.

9. Extremai solutions

Another method of attack on the problem of nonuniqueness due to observational
inadequacy and inseparable extraneous causes suggests that rather than seeking any
or all of the infinitely many geophysical models compatible with the data (with a
suitable definition of compatibility) one may seek to minimize some function of model
parameters so that any model has to exceed that threshold (Parker 1974, 1975, 1977;
Huestis and Parker 1977; Huestis 1979, 1986; Ander and Huestis 1982, 1987).
Most squares inversion approach of Jackson (1976) is a variation of this theme,
worthy of careful study. Ideal body solutions (Parker 1975; Ander and Huestis 1987)
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have also been widely utilized. As in Backus-Gilbert inversion, here also the stress is
on obtaining something that is common to all solutions, rather than seeking any or
all solutions consistent with the data.

10. Tunnelling algorithm
As seen frequently above, the problem of inversion can be converted into a problem
of optimization of a suitably defined functional which is PIT(p) - d 112 or a weighted
sum of two or more such functionals as in (86). Many users suffer from the 'local
minimum syndrome' which is no more justifiable in view of the progress made in the
field of multi-extremal global optimization. Statistical methods for this purpose have
already been described in w4.
Treccani (1978) showed that the multi-extremal global minimization problem can
be converted into a sequence of local minimization problems for a sequence of related
functions or to a problem of finding the parameters of the global minimum, when
the global minimum value is known. Unfortunately, in his scheme there is no guarantee
of reaching the global minimum, though the transformation of the problem is usually
hopeful.
The tunnelling algorithm (Levy and Montalvo 1977, 1985; Monfalvo 1979; Levy
and Gomez 1980, 1985; Levy et al 1982; Gomez and Levy 1982) neatly circumvents
the difficulty which was found to be unsurmountable by Treccani (1978).
Tunnelling algorithm uses a regular, non-statistical procedure, to move away from
the local minimum higher than the global minimum, so that the value of the objective
function does not increase. This is called tunnelling. It is achieved by finding a zero
of a suitably defined tunnelling function. The algorithm consists of an alternating
sequence of local minimization and tunnelling (zero-finding) and thus progresses
through a sequence of local minima, each an improvement on the previous one. When
two or more minima at the same level exist, the tunnelling function has to be defined
in a more sophisticated way so that the sequence of minima reached by the algorithm
has a property of self-avoiding. When a lower local minimum is reached again, the
simplicity of a tunnelling function is restored.
Tunnelling algorithm skips a large number of local minima as it progresses
inexorably towards the global minimum. Therefore, the computational effort does not
depend very strongly on the number of local minima. The algorithm also mitigates
the curse of dimensionality rather successfully. The computational effort mounts up
rather sharply only when the number of coeval minima is large. Another merit of the
tunnelling algorithm is that if one decides to stop before reaching the global minimum,
the terminal result is still useful, with a possibility of resuming from there open. The
correction provided by the tunnelling algorithm to the local minimum syndrome at
a conceptual level, without specifying how the local minima and zeros should be
searched is very important. It even permits a good deal of freedom in defining
tunnelling functions.
When tunnelling algorithm is used in the context of inversion, the objective function
is defined in terms of observational data. Therefore, the question of sensitivity of the
algorithm to. variations in the data becomes important.
Specific properties of the objective function are not exploited by the tunnelling
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algorithm, i.e. it is non-parametric. It is a truism that parametric procedures are more
efficient, though this advantage may be tapped at the cost of restricted applicability.
Therefore, some research in developing parametric tunnelling algorithms may be
desirable.
Frequently, a priori information is incorporated in the inversion procedure in the
form of an a priori model (Jackson 1979). Therefore, it makes sense to settle in the
local minimum closest to this a priori model. The tunnelling'algorithm will conduct
us to the global minimum of the objective function irrespective of its distance from
the initial guess. Thus, whereas tunnelling algorithm helps us in reducing the
nonuniqueness due to initial choice, it defeats one method of using a priori information.
However, the a priori information could be prescribed through the definition of the
objective function to be minimized as in Tikhonov (1963) or any other hybrid norm
method. Then, uses of tunnelling algorithm and a priori information do not work at
cross-purposes. Actually in that case, tunnelling algorithm has the desirable (Tarantola
and Valette 1982b) property of ease of incorporating a priori information.
Once the final solution is obtained by the tunnelling algorithm, with a specific
choice of objective function, it is a good idea to take that as a starting point for the
local minimization of some more objective functions. This may be called post-inversion
desideratal hedgehog procedure. It gives an idea of how good the obtained solution
is from the view point of other desiderata. Full-fledged globally optimal solutions on
the basis of different objective functions would be more time-consuming to obtain,
though they should certainly be sought if time and money permit. Desideratal
pluralism and perpetual afterthoughts are certainly responsible reactions to the
problem of nonuniqueness.

11. One or all solutions

One way of tackling the problem of nonuniqueness is to catalogue all the solutions.
In principle, it is possible. One such approach has been developed by Mareschal
(1985) and is worthy of careful study.
At the other extreme of this approach of listing all the solutions, one can impose
restrictions such that only one solution is admissible. For example, let (Smith 1961;
Bott 1973) p(x,y,z) be bounded, measilrable, and strictly positive, constant along
each line perpendicular to a prescribed plane, restricted to a bounded open set limited
by a well-behaved surface and let the lines referred to above meet this surface twice
or never. Then no two such mass distributions can yield the same external gravity
field. For more recent work along these lines see Sanso (1980) and Barzaghi and
Sanso (1988).
The contrived uniqueness theorems tend to get stated in terse mathematical
language. The uniqueness in such cases is an outcome of a priori restrictions or
assumptions about the causative and these may not be realistic always. And then
there is an expected twist when one attempts to wish away the problem of
nonuniqueness. It has been indicated (Bott 1973) that there are many possible
uniqueness theorems of the sort stated above. Obviously, every set of uniquenessimposing restrictions gives possibly a different solution. Thus the nonuniqueness due
to equifinality is transformed into nonuniqueness due to choice of desiderata.
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12. Some special problems
12.1 Delineation of the interface
The problem of identifying an interface between two homogeneous media with
different densities or intensities has attracted wide attention. Oldenburg (1974),
Dyrelius and Vogel (1972), Grasner (1987), Thompson (1982), Barongo (1984) and
Green (1987) are recommended for careful study in this connection, in view of novelty
and diversity of approaches.
12.2 Continuation and use of vertical derivatives
Because the potential satisfies Laplace's equation, we have
0 2 U/OZ 2 = - - 0 2 U/OX 2 - - 0 2 u/Oy2.

(91)

This is an interesting result. It relates the second vertical derivative to the second
derivatives in the horizontal plane. It would be interesting to obtain also the first
vertical derivative of the potential in terms of the operations that can be performed
in the horizontal plane. Nabighian (1972, 1974, 1984) give a solution in terms of the
theories of Hilbert transformation, analytic functions and Cauchy-Riemann condition.
Once the first and second vertical derivatives are thus obtained, downward continuation
of potential can be achieved with their help.
Vertical derivatives of gravity field themselves can be used for interpretation rather
than for downward continuation, because they enhance the resolution and are stabler
operations than the downward continuation (Nabighian 1984).
Downward continuation can be achieved by using a frequency domain transfer
function (Dean 1958) or through sampling theorem (Tomada and Aki 1955; Roy 1970;
Radhakrishna Murthy and Visweswara Rao 1974).
The problem of continuation of potential fields between arbitrary surfaces has
attracted plenty of attention (Dampney 1969; Parker and Klitford 1972; Syberg 1972;
Emilia 1973; Bhattacharyya and Chan 1977; Nakatsuka 1981; Radhakrishna Murthy
and Pradcep Kumar 1983; Hansen and Miyazaki 1984).
12.3 Reoional-residual separation
This is one of the problems which has been pursued with amazing tenacity by the
practitioners in inversion of potential field data (Urquhart and Strangway 1985;
Jacobsen 1987). However, the problem does not and cannot have unique solution
and yet fascinates the practitioners (Nettleton 1954; La Fehr 1980), who should
condition themselves to rely more on interpretation techniques which do not require
such a separation.

13. Unanimity of conclusions and divergence of interpretation
This section is best read in continuation with w167 and 6.2, although in sequential
reading it would have looked to be a long digression there.
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It readily follows that (Backus 1988) when e and p are Gaussian, the results of
Bayesian inverse probability method and the Wiener estimation method are identical.
When two methods based on totally different outlooks yield the same numerical
algorithm and results, can either of them be used arbitrarily or chosen on the basis
of secondary criteira? The question is deeper than what it appears to be and arose
in the context of inversion of geomagnetic data recently (Gubbins 1983, 1984; Gubbins
and Bloxham 1985; Bloxham and Gubbins 1986; Bloxham 1986; Backus 1988). In
view of the importance of the subject matter of that debate and also of the
methodological undertones, which can be separated from the subject matter, the
debate is reviewed here.
Surface and satellite observations of the geomagnetic field B were used and
downward-continued to obtain the radial component B, at the core-mantle boundary.
Following Benton and Whaler (1983) mantle was regarded as electrical insulator.
Booker (1968) and Whaler and Gubbins (1981) used the spherical harmonic expansion
to solve the inverse problem and found that truncating this expansion leads to Gibbs
phenomenon analogous to that in truncated Fourier expansion. In applying Wiener
estimation method, a smooth fall-off with the degree of the spherical harmonies could
be imposed. The method of harmonic splines has recently been developed (Parker
and Shure 1982; Shure et al 1982, 1985). The Wiener estimation and harmonic spline
methods gave the same results and error estimates (Gubbins 1983). Therefore, the
question we are trying to discuss arose and was resolved in favour of Wiener estimation
method by Gubbins (1983) on the basis of advantages such as computational efficiency,
flexibility, convenience in generating computer programs, etc. Gubbins (1984) used
the secular variations in t h e magnetic field and performed unconstrained and
constrained inversion to obtain similar results up to spherical harmonic coefficients
of degree around 10, implying that the frozen flux hypothesis (Roberts and Scott
1965; Backus 1968) be retained. This hypothesis holds that the core fluid is a very
good conductor and hence the magnetic field lines are effectively frozen into the fluid
at the surface of the core.
Model parameters to be estimated were the internal Gauss coefficients On" at the
core-mantle boundary, and the effects of magnetic sources outside the core were
included in the errors. Two bounds of the form
c, ~
n= 1

Ig~l~ < Q

(92)

m= -n

were imposed on the Gauss coefficients at the core-mantle boundary. In (92) cn and
Q are positive constants. One bound was based on the a priori information that the
mass of the earth must be more than the rest mass of the total energy in the magnetic
field. The second was the quantification of the a priori belief that the total Ohmic
heating rate in the core should be less than the geothermal heat flow at the earth's
surface.
Gubbins and Bloxham (1985) used the main field data. The problem was then
nonlinear and Wiener estimation technique was not applicable (Jackson 1979), even
if the incrementally linear method was used. The a priori information was therefore
included in the soft version (Toutenburg 1982), i.e. not in the form of rigid inequalities
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of the nature of (92) but articulated as a priori density functions. That is, effectively,
Bayesian inverse probability method was used.
Backus (1968) developed the consequences of the Roberts and Scott (1965) frozen
flux hypothesis. He derived some necessary conditions which the radial component
of the core field must satisfy under the hypothesis. On the core surface, where the
radial field vanishes, the null flux lines cannot merge or split. However, a small amount
of dissipation is required to complete such a split or cause such a merging. Therefore,
these are not very strong considerations. A null flux curve bounds a patch on the
core-mantle boundary, of which there are 9 at present. The total flux through each
one of the 9 patches must be constant. This constancy can be checked much more
easily by examining historical data. This constancy imposes linear constraints on the
secular variation under the assumption that the main field is known. The constraints
on the field are, however, nonlinear, because the area of integration depends on the
non-flux boundary of the patch, which depends, in turn, on the field.
Gubbins (1983, 1984), Gubbins and Bloxham (1985) and Bloxham and Gubbins
(1986) found that to get stable results they had to use relatively large values of the
Lagrangian damping constant associated with the a priori information. They concede
that (Gubbins and Bloxham 1985) this "is not strictly honest" and smaller values
should have been used by Gubbins (1983, 1984). But they felt constrained by the
inadequacy and inaccuracy of the available data and suggested that superior data
collection, both in quantum and accuracy, is urgently necessary if the controversy
regarding the frozen flux model is to be resolved. If the present data are interpreted
with smaller damping constant, they suggest that (Gubbins and Bloxham 1985) the
frozen flux model will be invalidated. Later (Bloxham and Gubbins 1986) they are
more in a mood to do so. It is difficult to say whether Backus (1988) adequately
noticed the preference of Gubbins and Bloxham in favour of smaller damping constant.
He adopted the Bayesian inverse probability method and argued that even where the
Wiener estimation approach would have been admissible, as the two methods yield
identical algorithms and results, the former can be used to assess and criticize the
latter. In the former, according to him, it is absolutely essential to finalize one's
assessment about the faith one should put in the a priori information, even before
knowing what the data are. The damping constant in the Wiener estimation approach
is a measure of this faith and by pursuing the a priori assessment of the importance
of the a priori information, Backus (1988) came to the conclusion that the value of
the damping constant used by Gubbins (1983, 1984) should have been reduced by a
factor of 6000. This is in line with what Gubbins and Bloxham (1985) had themselves
said. But Backus (1988) argues that the interpretation arrived at by them is merely
permitted but not required by the data. To summarize, all of them agree that Bayesian
inverse probability method is preferable to Wiener estimation method, that the a priori
information and the confidence put in it should be assessed before the data are known,
and that the damping constant should be as small as possible. Yet the interpretations
are totally different. This should be an eye-opener. The solution of the inversion
problem is determined very severely by the a priori information and the choice of
the damping constant. Thus, the use of a priori information accentuates the
nonuniqueness due to human choice. The solution is not entirely that of the problem,
but is determined very strongly by the problem-solver.
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14. Conclusion

An article, like Malthusian population, is constrained by the available space. Therefore,
many topics have been left out or only cursorily dealt with, more so in the revised
version prepared under the strong Malthusian plea by the editors.
No projection of the future trends is attempted as progress in science does not take
place by solution of the unsolved problems of the previous generation, but by posing
fresh problems. Similarly problems regarded as solved and settled could be reopened.
The role of human choice in solving problems has been brought out in this article.
Thus, the solutions reached are subjective. Objectivity is not an antonym of
subjectivity, but is merely its progressive and conscious reduction. Subjectivity is not
reduced by attempting to remove it but only by articulating the criteria as explicitly
and consciously as possible. Articulation of desiderata too is only iteratively achieved.
Solving a problem with chosen desiderata is merely a step towardsbringing out the
inadequacy of the articulated desiderata, so that a new problem could be defined,
and later attemped. "... each venture is a new begining, a raid on the inarticulate"
(Eliot 1958).
Mathematics plays an important role in this process. But the reactions it engenders
are diverse. "... inquiries into nature have the best results when they begin with physics
and end with mathematics", wrote Francis Bacon (1939). This is a statement of faith.
Some find that (Wigner 1960; Hamming 1980) mathematics, indeed, works in solving
physical problems and find this effectiveness amazing, incomprehensible or even
"unreasonable". Some (White 1987), on the other hand, are greatly agitated to find
the use of mathematics on the increase and think that it is unreasonable and
unjustifiable. White has charged mathematicians of using the computational prowess
of modern computers to suggest false applications of very general mathematical
concepts based on the illustrated success with synthetic data. He has argued that the
real data rarely have the properties on which the succes~ depended. Therefore, the
simulated inversion with synthetic data is a roaring success and inversion of field
data results into an abject failure. Which one of these reactions to the use of
mathematics is correct7 The contradictions are, indeed, only apparent. Mathematics
should be used to solve physical problems with care. The physical postulates and the
mathematical axioms should be arranged to be mutually consistent (Moharir 1987).
Then, Bacon's (1939) faith is valid and Wigner's (1960) and Hamming's (1980)
amazement is a natural reaction. The conditions observed by White (1987) pertain to
situations wherein this care is not taken. Such situations may, indeed, be very frequent.
In the days of competitive research, success even with synthetic data, makes a good
story in print, even if that success is not reproducible with field data. White (1987)
suggested that simulations should be done specifically to understand the limitations
of the suggested procedures and bring out the circumstances under which they would
fail. Testability and falsifiability are Pepper's (1968) demarcation criteria for science.
Therefore, such simulations should be called Popperian, there being no worthy
tradition of them yet in the literature on inversion. Another suggestion White (1987)
made is that statistics should be used more extensively. In fact, White's indignation
with mathematics is a background for his advocacy of statistics. It may, however, be
pointed out (Guttorp and Walden 1987) that statistics too, like mathematics, is an
axiomatic and deductive science and can be used unimaginatively, so that the statistical
and physical axioms are inconsistent, in which case, its use can also engender the
same frustrations as noticed by White with mathematics.
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A question was raised recently (Parasnis 1980) whether geophysics was a Popperian
(Popper 1968) science and it was wrongly asserted (Ziolkowski 1982) that statistical
methods of inversion can never be Popperian. Apart from the scope of Popperian
simulations pointed out above, another area where Popperian criteria could make a
difference is in the use of a priori information. (Moharir 1988b). Conventionally, it
is used to constrain the possible interpretations of the data being inverted. That is,
conformity with the a priori information is imposed on the data. This is non-Popperian.
In some strategies, a priori information is used as virtual measurements and they are
inverted together with the actual measurements. Such strategies work best when the
two types of measurements are independent. One can go a step ahead and attempt
seeking data, or check whether there are possible interpretations of the collected data,
which would falsify the a priori information.
Finally, one can draw satisfaction from the fact that there are unresolved problems
in the inversion of potential field data and they are currently drawing active attention
of researchers.

Acknowledgement
The author is thankful to Prof. V K Gaur of the Department of Ocean Development,
New Delhi and Dr B P Singh of Indian Institute of Geomagnetism, Bombay for
getting him interested in the present topic. He is grateful to the latter also for his
patience which extended much beyond the deadlines repeatedly reset.

References
Aczel J 1984 Measuring information beyond communication theory - why some generalized information
measures may be useful, others not; Acquationes Math. 27 1-19
Aczel J and Daroczy Z 1975 On measures of information and their characterizations (New York: Academic
Press) 234 pp
Agarwal B N P and Sita Ramaiah D 1985 An analysis of the spectrum of a gravity anomaly over an
inclined dike; Geophysics 50 1500-1501
Alchalabi M 1970 Interpretation of two-dimensional magnetic profiles by nonlinear optimization; Boll.
Geofis. Teor. Appl. 12 3-20
Alchalabi M 1972 Interpretation of gravity anomalies by nonlinear optimization; Geophys. Prospect. 20 1-15
Am K 1972 The arbitrarily magnetized dyke: interpretation by characteristics; Geoexploration 10 63-90
Ander M E and Huestis S P 1982 Mafic intrusion beneath the Zuni-Bandera volcanic field, New Mexico;
Bull. Geol. Soc. Am. 93 1142-1150
Ander M E and Huestis S P 1987 Gravity ideal bodies; Geophysics 52 1265-1271
Arrow K J 1963 Social choice and individual values (New York: John Wiley)
Atchuta Rao D and Ram Babu H V 1980 Properties of the relation figure between the vertical and the
horizontal field magnetic anomalies over a long horizontal cylindrical ore body; Curt. Sci. 49 584-585
Backus G E 1968 Kinematics of geomagnetic secular variation in a perfectly conducting core; Philos. Trans.
R. Soc. (London) A263 239-266
Backus G E 1970 Inference from inadequate and inaccurate data; Proc. Natl. Acad. Sci. 65 1-7, 5 281-287;
67 282-289
Backus G E 1971 Inference from inadequate and inaccurate data; Lectures in applied mathematics
(Providence: Am. Math. Soc.) 14 1-105
Backus G E 1988 Bayesian inference in geomagnetism; Geophys. J. 92 125-142
Backus G E and Gilbert J F 1967 Numerical applications of a formalism for geophysical inverse problems;
Geophys. J. R. Astron. Sac. 13 247-276
Backus G E and Gilbert J F 1968 The resolving power of gross earth data; Geophys. J. R. Astron. Soc. 16
169-205

508

P S Moharir

Bacon F 1939 The second book of aphorisms concerning 'The interpretation of nature' and 'The kingdom
of man'. In The English philosophers flora Bacon to Mill (ed.) Burtt E A (New York: The Modem
Library) 88
Baker Jr G A 1975 Esentials ofPade's approximants (New York: Academic Press) 306
Barongo J O 1984 Euler's differential equation and the identification of the magnetic point-pole and
point-dipole sources; Geophys 49 1549-1553
Barzaghi R and Sanso F 1988 Remarks on the inverse gravimetric problem; Geophys. J. 92 505-511
Bayes T 1964 An essay towards solving a problem in the doctrine of chances; Philos. Trans. R. Soc. London
53 370-418
Bean R J 1966 A rapid graphical solution for the aeromagnetic anomaly of the two-dimensional tabular
body; Geophysics 31 963-970
Becker R W and Lago G V 1970 A global optimization algorithm (Allerton: Proc. Eighth Conf. Circuits
and Systems Theory)
Beckson K and Ganz A 1961 A reader's guide to literary terms--a dictionary (London: Thames and Hudson)
Ben-Israel A and Greville T N E 1974 Generalized inverses: theory and application (New York: Wiley
Interscience)
Benton E R and Whaler K A 1983 Rapid diffusion of the poloidal geomagnetic field through the weakly
conducting mantle: a perturbation solution; Geophys. J. R. Astron. Soc. 75 77-100
Bhaskara Rag D and Radhakrishna Murthy I V 1979 Two methods of interpreting total field magnetic
anomalies of arbitrarily magnetized spherical bodies; Geophys. Res. Bull. 17 121-128
Bhattacharyya B K 1965 Two-dimensional harmonic analysis as a tool for magnetic interpretation;
Geophysics 30 829-857
Bhattacharyya B K and Chan K 1977 Reduction of magnetic and gravity data on an arbitrary surface
acquired in a region of high topographic relief; Geophysics 42 1411-1430
Bhimasankaram V L S, Nagendra R and Seshagiri Rag S V 1977a Interpretation of gravity anomalies
due to finite inclined dikes using Fourier transformations; Geophysics 42 51-59
Bhimasankaram V L S, Mohan N L and Seshagiri Rag S V 1977b Analysis of the gravity effect of
two-dimensional trapezoidal prisms using Fourier transform; Geophs. Prospect. 25 334-341
Birch F 1950 Flow of heat in the Front Range, Colorado; Bull. Geol. Soc. Am. 61 567-630
Bloxham J 1986 Models of the magnetic field at the core-mantle boundary for 1715, 1777 and 1842; J.
Geophys. Res. 91 13954-13966
Bloxham J and Gubbins D 1 9 8 6 Geomagnetic field analysis-IV. Testing the frozen flux hypothesis; Geophys.
J. R. Astr. Soc. 84 139-152
Bodvarsson G S 1982 Mathematical modelling of the behaviour of geothermals system under exploitation
(Berkeley: California) PhD thesis
Boggs P T, Byrd R H and Schnabel R B (eds) 1985 Numerical optimization 1984 (Philadelphia: Soc. Indust.
AppL Math.)
Booker J R 1968 Geomagnetic secular variation and the kinematics of the Earth's core (San Diego: University
of California) Ph.D thesis
Bott M H P 1973 Inverse methods in the interpretation of magnetic and gravity anomalies; In Methods
of computational physics (ed.) B A Bott 13 132-162
Brott C A, Blackwell D D and Morgan P 1981 Continuation of heat flow data: a method to construct
isotherms in geothermal area; Geophysics 46 1732-1744
Chamberlain T C 1965 The method of multiple working hypotheses; Science 142 754-759
Chavez R E and Garland G D 1985 Linear inversion of gravity data using the spectral expansion method;
Geophysics 50 820-824
Chichinadze V K 1969 The ~/- transform for solving linear and nonlinear programming problems;
Automatica 5 347-355
Ching-Lai H and Masud A S M 1979 Multiple objective decision making- methods and applications (Berlin:
Springer - Verlag)
Cohon J L 1978 Multiobjective programming and planning (New York: Academic Press)
Cohon J L and Marks D H 1975 A review and evaluation of multiobjective programming techniques;
Water Resources Res. 11 208-220
Conrath B J 1977 Backus-Gilbert theory and its application to retrieval of ozone and temperature profiles.
In Inversion methods in atmospheric remote sounding (ed.) A Deepak (New York: Academic Press)
pp. 155-193
Dampney C N G 1969 The quivalent source technique; Geophysics 34 39-53

Inversion o f potential field data

509

Davenport W B and Root W L 1958 An introduction to the theory of random signals and noise (New York:
McGraw-Hill)
Dean W C 1958 Frequency analysis for gravity and magnetic interpretation; Geophysics 23 97-127
Deepak A (Ed.) 1977 Inversion methods in atmospheric remote sounding (New York: Academic Press) pp. 622
Derriennic M M 1985 On multivariate approximation by Bernstein type polinomials; J. Approx. Theory
45 155-166
Diday E and Simon J C 1976 Clustering analysis. In Digital pattern recognition (ed.) Fu K S (Berlin:
Springer-Verlag) 47-94
Dixon L C W and Szego G P (eds) 1975 Towards global optimization (Amsterdam: North Holland)
Dixon L C W and Szego G P (eds) 1978 Towards global optimization 2 (Amsterdam: North Holland)
Decruix J, Le M ouel J L and Courtiliot V 1974 Continuation of three-dimensional potential fields measured
on an uneven surface; Geophys. J. Astron. Soc. 38 299-314
Dyrelius D and Vogel A 1972 Improvement of convergency in iterative gravity interpretation; Geophys.
J. Astron. Soc. 27 195-205
Eckhardt D A 1940 Partnership between geology and geophysics in prospecting for oil; Geophysics 5
209-214
Eliot T S 1958 East Coker: four quartets (London: Faber and Faber) p. 21
Emerson D W 1979 Comments on applied magnetics in mineral exploration; Bull. Aust. Soc. Explor.
Geophys. 10 3-5
Emilia D A 1973 Equivalent sources used as an analytic base for processing total magnetic field profiles;
Geophysics 38 339-348
Ferentinos K and Papaioannou T 1980 Statistical and nonstatistical measures of information. In Advances
in communication (eds) Lainiotis D G and Tzannes N S (Dordrecht: D. Reidel) pp. 69-76
Fleming H E 1977 Comparison of linear inversion methods by examination of the duality between iterative
and inverse matrix methods; In Inversion methods in atmospheric remote sounding (ed) A Deepak
(New York: Academic Press) pp. 325-360
Foster M 1961 An application of the Wiener - Kolmogorov Smoothing to matrix inversion; J. Soc. Ind.
Appl. Math. 9 387
Franklin J N 1970 Well-posed stochastic extension of ill-posed linear problems; J. Math. Anal. Appl. 31
682-716
Gallager R G 1968 Information theory and reliable communication (New York: John Wiley) pp. 588
Gomez S and Levy A V 1982 The tunnelling method for solving the constrained global optimization
problems for several nonconnected feasible regions. In Numerical analysis (ed.) J P Hennart (Berlin:
Springer Verlag) pp. 34-47
Gomulka J 1978 Deterministic vs probabilistic approaches to global optimization. In Towards global
optimization 2 (eds.) L C W Dixon and G P Szego (Amsterdam: North Holland) pp. 19-29
Grant F S 1985a Aeromagnetics, geology and ore environments, I. Magnetite in igneous, sedimentary and
metamorphic rocks: an overview; Geoexploration 23 303-334
Grant F S 1985b Aeromagnetics, geology and ore environments, II. Magnetite and ore environments;
Geoexploration 23 335-362
Grant F S and Martin L 1966 Interpretation of aeromagnetic anomalies by the use of characteristic curves;
Geophysics 31 135-148
Grant F S and West G F 1965 Interpretation theory in applied geophysics (New York: McGraw-Hill)
Grasner H 1987 Nonlinear inversion of gravity data using the Schmidt-Lichtenstein approach; Geophysics
52 88-93
Green R 1987 On "Euler's differential equation and the identification of the magnetic point-pole and
point-dipole sources" by J O Barongo (Geophysics 49 1549-1553, Sept. 1984) Geophysics 52 1013-1014
Grundmann A 1979 Saturation theorem for Bernstein polynomials in Banach subspaces of C(I, R); J.
Approx. Theory 25 193-200
Gubbins D 1983 Geomagnetic field analysis-I. Stochastic inversion; Geophys. J. R. Astron. Soc. 73 641-652
Gubbins D 1984 Geomagnetic field analysis-II secular variation consistent with a perfectly conducting
core; Geophys. J. R. Astron. Soc. 77 753-766
Gubbins D and Bloxham J 1985 Geomagnetic field analysis-III. Magnetic fields on the core-mantle
boundary; Geophys. J. R. Astron. Soc 80 695-714
Gunn P J 1975 Linear transformations of gravity and magnetic fields; Geophys. Prospect. 23 300-312
Guttorp P and Walden A 1987 On the evaluation of geophysical models; Geophys. J. R. Astron. Soc. 91
201-210
Hamming R W 1980 The unreasonable effectiveness of mathematics; Am. Math. Month. 87 81-90

510

P S Moharir

Hansen R O and Miyazaki Y 1984 Continuation of potential fields between arbitrary surfaces; Geophysics
49 787-795
Hirschman I I and Widder D V 1955 The convolution transform (Princeton: University Press) pp. 268
Hoerl A E 1959 Optimum solution of many variable eqations; Chem. Engg. Prog. 55 69-78
Hoerl A E 1962 Application of ridge analysis to regression problem; Chem. Engg. Proo. 58 54-59
Hoed A E 1964 Ridge analysis; Chem. Enog. Proo. Symp. Set. 60 67-77
Hoerl A E 1985 Ridge analysis 25 years later, Am. Star. 39 186-192
Hoed A E and Kennard R W 1970a Ridge regression: Biased estimation for non-orthogonal problems;
Technometrics 12 55-67
Hoed A E and Kennard R W 1970b Ridge regression: Applications to non-orthogonal problems;
Technometrics 12 69-82
Hood P 1964 The Konigsberger ratio and the dipping dyke equation; Geophys. Prospect. 12 440-456
Huestis S P 1979 Extremal temperature bounds from surface gradient measurements; Geophys. J. R. Astron.
Soc. 58 249-260
Huestis S P 1980 The inversion of heat flow data: a Backus-Giibert formulation; Geophys. J. R. Astron. Soc.
62 649-660
Huestis S P 1986 Uniform norm minimization in three dimensions; Geophysics 51 1141'1145
Huestis S P and Parker R L 1977 Bounding the thickness of the oceanic magnetized layer; J. Geophys.
Res. 82 5293-5303
Ivanov V K 1962 Linear incorrect problems; Doki. Akad. Nauk SSSR 145 270-272
Ivanov V K 1963 On improperly posed problems; Math Sb 61 211-233
Jackson D D 1976 Most squares inversion; J. Geophys. Res. 81 1027-1030
Jackson D D 1979 The use of a priori data to resolve nonuniqueness in linear inversion; Geophys. J. R.
Astron. Soc. 57 137-157
Jacobsen B H 1987 A case for upward continuation as a standard separation filter for potential field maps;
Geophysics 52 1138-1148
Jacoby S L S, Kowalik J S and Pizzo J T 1972 lterative methods for nonlinear optimization problems
(Englewood Cliffs: Prentice-Hall) pp. 13-25
Jardine N and Sibson R 1977 Mathematical taxonomy (London: John Wiley)
Jaynes E T 1968 Prior probabilities IEEE Trans. SSC.4 227-241
Jones D H 1976 The L2 norm of the approximation error for Bernstein polynomials; J. Approx. Theory
lg 307-315
Jupp D L B and Vozoff K 1975 Stable iterative methods for the inversion of geophysical data; Geophys.
J. R. Astron. Soc. 42 957-976
Karlin S 1968 Total posltivity (Stanford: University Press)
Karlin S and Karon J M 1968 A variation diminishing generalized spline approximation method; J.
Approx. Theor. 1 255-268
Karlin S and Ziegler Z 1970 Iteration of positive approximation operators; J. Approx. Thear. 3 310-339
Khattri K N and Moharir P S 1989 Direct seismic detection of subsurface hydrocarbon deposits using
pattern recognition techniques; Indian J. Geol. 61 243-271
Kirkpatrick S, Galatt Jr. C D and Vecchi M P 1983 Optimization by simulated annealing; Science 220
671-680
Koopman B O 1956 Fallacies in operations research; Op. Res. 4 422-426
Ku C C and Sharp J A 1983 Werner deconvolution for automated magnetic interpretation and its refinement
using Marquardt's inverse modelling; Geophysics 48 754-777
Kullback S 1959 Information theory and statistics (New York: John Wiley) pp. 359
Kunaratnam K 1972 An iterative method for the solution of a nonlinear inverse problem in magnetic
interpretation; Geophys. Prospect. 20 439-477
La Fehr T R 1980 Gravity method; Geophysics 45 1634-1639
Lanczos C 1961 Linear differential operators (Princeton: D Van Nostrand)
Lavrentiev M M 1967 Some improperly posed problems in mathematical physics (Berlin: Springer Verlag)
Leite L W B and Leao J W D 1985 Ridge regression applied to the inversion of two-dimensional
aeromagnetic anomalies; Geophysics 50 1294-1306
Levy A V and Gomez S 1980 The tunnelling gradient restoration algorithm for the global minimization
of nonlinear functions subject to nonlinear inequality constraints; IIMAS-UNAM, Communiciones
Technicas Serie N aranja, lnvestigaciones No. 231

Inversion o f potential field data

511

Levy A V and Gomez S 1985 The tunnelling method applied to global optimization. In Numerical
optimization 1984 (eds.) P T Boggs, R H Byrd and R B Schnabel (Philadelphia: Sec. Ind. Appl. Math.)
213-244
Levy A V and Montalvo A 1977 The tunnelling algorithm for the global optimization of functions, Dundee;
Bienn. Conf. on Numer. Anal. Dundee
Levy A V and Montalvo A 1985 The tunnelling algorithm for the global minimization of functions; SlAM
J. Sci. Stat. Comput. 6 15-29
Levy A V, Montalvo A, Gomez S and Calderon A 1982 Topics in global optimization. In Numerical
analysis (eds.) A Dold and B Eckman (Berlin: Springer Verlag) pp. 18-33
Lines L R and Tretiel S 1984 A review of least-squares inversion and its application to geophysical problems;
Geophys. Prospect. 32 159-186
Lorentz G G 1953 Bernstein polynomials (Toronto: University of Toronto Press)
Mareschal J C 1985 Inversion of potential field data in Fourier transform domain; Geophysics 50 685-691
Marquardt D W 1963 An algorithm for least squares estimation of nonlinear parameters; J. Soc. Ind. Appl.
Math. !1 431-441
Marquardt D W 1970 Generalized inverses, ridge regression, biased linear estimation and nonlinear
estimation; Technometrics 12 591-612
Mather P M 1976 Computational methods of multivariate analysis in physical geography (London: John Wiley)
Meisel W S 1972 Computer-oriented approaches to pattern recognition (New York: Academic Press)
Melikhov V R, Sastry R G S and Bulichev A A 1981 Theory and methodology of interpretation of
gravimagnetic fields (Kiev: Naukova Dumka Publishers) pp. 136-143
Melikhov V R, Sastry R G S and Bulichev A A 1982 Stable solution of linear integral equation of
convolutional type and its utilization in the problem of continuation of potential function into lower
half space; Vestnik Moskovskaya Univ. 4 Geologia pp. 75-84
Melsa J L and Cohn D L 1978 Decision and estimation theory (New York: McGraw-Hill) pp. 272
Merton R K 1985 George Sarton: episodic recollections by an unruly apprentice; Isis 76 470-486
Metropolis N, Rosenblueth A, Rosenblueth M, Teller A and Teller E 1953 Equation of state calculations
by fast computing machines; J. Chem. Phys. 21 1087-1092
Mohan N L, Anandababu L and Seshaglri Rag S V 1986 Gravity interpretation using the Mellin transform;
Geophysics 51 114-122
Moharir P S 1985 Finite difference groundwater modelling (Roorkee; Workshop Rural Hydrogeol. Hydraul.
Fissured Basement Zones) 201-207
Moharir P S 1986 Approximation-theoretic schemes for groundwater modelling (Roorkee: Reg. Workshop
Groundwater Mod.) 153-174
Moharir P S 1987 Relevance, success, limitations and dangers of mathematics; Math. Educ. 3 25-32
Moharir P S 1988a Central tendency and dispersion: a broader look. In Prec. Sixth Ind. Geol. Cong. (ed.)
Moharir P S Roorkee 217-219
Moharir P S 1988b A priori information, (Waltair: AEG Souvenir) (ed.) Sreedhar Murthy Y 67-72
Moharir P S, Jain M K and Khattri K N 1988 Non-Taylor discretization; J. Inst. Electron. Telecomm.
Engrs. 34 341-347
Moharir P S 1991 Pattern-recognition transforms (Letchworth: Research Studies Press) to appear
Montalvo A 1979 Desarrollo de un nuevo algorttmo para la minimazacion global de functones (Mexico: Nat.
Autonom. Univ.) Ph.D thesis
Nabighian N N 1972 The analytic signal of two-dimensional magnetic bodies with polygonal cross-section:
its properties and use for automated interpretation; Geophysics 37 507-517
Nabighian N N 1974 Additional comments on the analytic signal of two-dimensional magnetic bodies
with polygonal cross-section; Geophysics 39 85-92
Nabighian N N 1984 Towards a three-dimensional automatic interpretation of potential field data via
generalized Hilbert transforms: fundamental relations; Geophysics 49 780-786
Nagel J 1980 Asymptotic properties of powers of Bernstein operators; J. Approx. Theory 29 323-335
Nageswara Rag V, Visweswara Rag C and Radhakrishna Murthy I V 1979 Characteristic curves for
interpreting gravity anomalies of two-dimensional vertical prisms of finite depth extent; Geophys. Res.
Bull. 17 37-44
Nakatsuka T 1981 Reduction of magnetic anomalies to and from an arbitrary surface; Butsuri-Tanko. 34
6-12
Nettleson L L 1942 Gravity and magnetic calculations; Geophysics 7 293-310

512

P S Moharir

Nettleson L L 1954 Regionals, residuals and structure; Geophysics 19 1-22
Odegard M E and Berg Jr J W 1965 Gravity interpretation using the Fourier integral; Geophysics 30 424-438
Oldenburg D W 1974 The inversion and interpretation of gravity anomalies; Geophysics 39 526-536
Oldenburg D W 1979 One-dimensional inversion of natural source magnetotelluric observations;
Geophysics 44 1228-1244
Parasnis D S 1980 A Popperian look at geophysics: Presidential address; Geophys. Prospect. 28 667-673
Parker R L 1970 The inverse problem of electrical conductivity in the mantle; Geophys. J. R. Astron. Soc.
22 121-138
Parker R L 1972 Inverse theory with grossly inadequate data; Geophys. J. R. Astron. Soc. 29 123-138
Parker R L 1974 Best bounds on density and depth from gravity data; Geophysics 39 644-649
Parker R L 1975 The theory of ideal bodies for gravity interpretation; Geophys. J. R. Astron. Soc. 42 315-334
Parker R L 1977 Understanding inverse theory; Annu. Rev. Earth Planet. Sci. 5 35-64
Parker R L and Klitford K D 1972 Magnetic upward continuation from an uneven track; Geophysics 37
662-668
Parker R L and Shure L 1982 Efficient modelling of the earth's magnetic field with harmonic splines;
Geophys. Res. Lett. 9 812-815
Paterson N R and Reeves C V 1985 Applications of gravity and magnetic surveys: the state of the art in
1985; Geophysics 50 2558-~2594
Pedersen L B 1977 Interpretation of potential field data, a generalized inverse approach; Geophys. Prospect.
25 199-230
Penrose R 1955 A generalized inverse for matrices; Proc. Cambridge Philos. Soc. 51 406-413
Phillips D L 1962 A technique for the numerical solution of certain integral equations of first kind; g.
Assoc. Comput. Mach. 9 84-97
Popper K R 1968 The logic of scientific discovery (New York: Harper Torchbooks) pp. 480
Porter W A 1978 Approximation by Bernstein systems; Math. Syst. Theory 11 259-274
Price W L 1978 A controlled random search procedure for global optimization; In Towards globi21
optimization 2 (eds) Dixon L C W and Szego G P (Amsterdam: North Holland) pp. 71-84
Radhakrishna Murthy I V 1985a Magnetic equivalence of dipping beds, faults and anticlines; Pure Appl.
Geophys. 123 893-901
Radhakrishna Murthy I V 1985b The midpoint method: magnetic interpretation of dikes and faults;
Geophysics 50 834-839
Radhakrishna Murthy I V and Pradcep Kumar Ch 1983 On the application of uniqueness theorem in
downward continuation of gravity and magnetic anomalies; J. Assoc. Explor. Geophys. 4 13-23
Radhakrishna Murthy I V and Visweswara Rao C 1974 A note on the"(Sin x)/x method of continuation;
Boll. Geofis. Teor. Appl. 16 223-231
Radhakrishna Murthy ! V, Visweswara Rao C and Gopalakrishna G 1980 A gradient method for
interpreting magnetic anomalies 2~;e to horizontal circular cylinders, infinite dykes and vertical steps;
Proc. Indian Acad. Sci (Earth Planet. Sci.) 89 31--42
Ramakrishna R S 1978 Some iterative techniques in digital image restoration, I I T Kanpur, PhD thesis
Ramakrishna R S, Mullick S K, Rathore R K S and Subramanian R 1979 Orthogonalization, Bernstein
polynomials and image restoration; Appl. Opt. 18 464-468
Rag C R 1974 Linear statistical inference and its applications (New Delhi: Wiley Eastern) 625
Rag K G C and Avasthi D N 1973 Analysis of Fourier spectrum of the gravity effect due to two-dimensional
triangular prism; Geophys. Prospect. 21 526-542
Rag C R and Mitra S K 1971 Generalized inverse of matrices and its applications (New York: John Wiley)
Rag B S R and Radhakrishna Murthy I V 1978 Gravity and magnetic methods of prospecting (New Delhi:
Arnold Heinmann)
Rag B S R, Radhakrishna Murthy I V and Visweswara Rag C 1974 Gravity interpretations by characteristic
curves (Waltair: Andhra university) Monograph No. 118
Rag B S R, Radhakrishna Murthy I V and Bhaskara Rag D 1978 Interpretation of magnetic anomalies
with Fourier transforms, employing end corrections; J. Geophys. 44 257-272
Ray R D 1985 Correction of systematic error in magnetic surveys: an application of ridge regression and
sparse matrix theory; Geophysics 50 1721-1731
Renyi A 1960 Magyar Tud. Akad. Mat. Fiz. Oszt. Kozl. 10 51 (Adopted from Aczei J and Daroczy Z 1975)
Rietsch E 1977 The maximum entrophy approach to inverse problems; J. Geophys. 42 489-506
Roberts P H and Scott S 1965 On analysis of the secular variation I A hydromagnetic constraint; J.
Geophys. Geoelectr. 17 137-151

Inversion o f potential field data

513

Rogers C D 1977 Statistical principles of inversion theory; In. Inversion methods in atmospheric remote
soundino (ed.) A Deepak (New York: Academic Press) pp. 117-138
Rokityansky II 1982 Geoelectromagnetic investigation of the earth's crust and mantle (Berlin: Springer-Verlag)
pp. 381
Rothman D H 1985 Nonlinear inversion, statistical mechanics and residual statics estimation; Geophysics
50 2784-2796
Roy A 1970 Gravity and magnetic interpretation of uneven topography by sin x/x method of continuation;
Geoexploration 8 37-40
Sabatier P C 1977a Positivity constraints in linear inverse problems-I. General theory-II. Applications;
Geophys. J. R. Astron. Soc. 48 415-442, 443-459
Sabatier P C 1977b On geophysical inverse problems and constraints; J. Geophys. 43 115-137
Sabatier P C 1979 Comment on "The use of a priori data to resolve nonuniqueness in linear inversion" by
D D Jackson; Geophys. J. R. Astron. Soc. 58 523-524
Safon C, Vasseur G and Cuer M 1977 Some applications of linear programming to the inverse gravity
problem; Geophysics 42 1215-1229
Sampath Kumar M R S and Prakasa Rao T K S 1984 Relation figure as a unique aid in magnetic
interpretation; Geoviews 12 113-119
Sanso F 1980 Internal collocation; Atti Acad. Naz. Lincei, Classe Memorie, serie 8 16
Sastry R G S and Starostenko V I 1988 Role of Tikhonov's regularization method in solving a class of
ill-posed inverse problems of gravity and magnetic methods. In Frontiers in exploration aeophysics (ed.)
B B Bhattacharya (New Delhi: Oxford & IBH) pp. 237-250
Schurer F and Steutel F W 1977 The degree of local approximation of function in C1 [0,1] by Bernstein
polynomials; J. Approx. Theory 19 69-82
Shannon C E 1949 The mathematical theory of communication (Urbana: University Illinois Press)
Shure L, Parker R and Backus G 1982 Harmonic splines for geomagnetic modelling; Phys. Earth Planet.
Int. 28 215-229
Shure L, Parker R L and Langel R A 1985 A priliminary harmonic spline model from Magsat data; J.
Geophys. Res. 90 11505-11512
Smellie D W 1956 Elementary approximations in aeromagnetic interpretation; Geophysics 21 1021-1040
Smith R A 1961 A uniqueness theorem concerning gravity fields; Proc. Camb. Philos. Soc. 57 865-870
Smith L and Chapman D S 1983 On the thermal effects of groundwater flow, I. Regional scale systems;
J. Geophys. Res. 88 593-608
Snyder M A 1966 Chebyshev methods in numerical approximation (Eaglewood Cliffs: Prentice-Hall) pp. 114
Sorenson H W 1980 Parameter estimation: Principles and problems (New York: Marcel Dekker) pp. 382
Starostenko V 1 1978 Stable numerical methods in the problem of oravimetry (Kiev: Naukova Dumka) pp. 227
Starostenko V I and Oganesyan S M 1977 Stable operational processes and their application in geophysical
problems; lzv. Phys. Earth 13 61-74
Starostenko V I and Sastry R G S 1979 Regularizing solution for three-dimensional problems of geophysics
represented by integral equations of first kind of convolutional type; Dokl. Akad. Nauk. SSSR 246
1074-1079
Starostenko V I and Zavaretko A N 1976 Application of regularizing algorithm to nonlinear inverse
problem of gravity-methodology and results; Geophys. Sb. 71 29-40
Stigler S M 1983 Who discovered Bayes's theorem?; Am. Stat. 37 290-296
Strakhov V N 1969 Approximate solution of incorrectly posed linear problems in Hiibert space with
applications to exploration geophysics; Acad. Sci. USSR Phys. Solid Earth (Eno. Ed.) 8 495-506
Syberg F J R 1972 Potential field continuation between general surfaces; Geophys. Prospect. 20 267-282
Tarantola A and Valette B 1982a Generalized nonlinear inverse problems solved using the least squares
criterion; Rev. Geophys. Space Phys. 19 219-232
Tarantola A and Valette B 1982b Inverse problems = quest for information; J. Geophys. 50 159-170
Thiriez H and Zionts (eds.) 1975 Multiple criteria decision making (Berlin: Springer-Verlag)
Tikhonov A N 1963 Regularization of incorrectly posed problems; Dokl. Acad. Nauk SSSR 153 49-52
Tikhonov A N and Arsenin VYa 1974 Methods for solvino improperly posed problems (Moscow: Nauka) 223
Thompson D T 1982 EULDPH: a new technique for making computer-assisted depth estimates from
magnetic data; Geophysics 47 31-37
Tomada Y and Aki K 1955 Use of (Sin x)/x in gravity problems; Proc. Japan Acad. 31 443-448
Torn A 1974 Global optimization as a combination of global and local search; Abo Swedish Univ. School
of Econ. A-13

514

P S Moharir

Torn A 1976a Cluster analysis using seed points and density determined hyperspheres with an application
to global optimization (Coronado: Proc. Third Int. Joint Conf. Pattern Recog.) pp. 394
Torn A 1976b Probabilistic global optimization, a cluster analysis approach (North Holland: Proc. Second
Europ. Cong. Opt. Res.) pp. 521
Tgutenburg H 1982 Prior information in linear models (Chichester: John Wiley)
Treccani G 1978 A global descent optimization strategy. In Towards global optimization 2 (eds)
L C W Dixon and G P Szego (Amsterdam: North Holland) pp. 165-177
Twomey S 1963 On the numerical solution of Fredholm integral equations of the first kind by the inversion
of the linear system produced by quadrature; J. Assoc. Comput. Mach. 10 97
Twomey S 1965 The application of numerical filtering to the solution of integral equations encountered
in indirect sensing measurements; J. Frank. Inst. 279 95
Urquhart E S and Strangway D W 1985 Interpretation of part of an aeromagnetic survey in the Matagami
area in Quebec. In The utility of regional gravity and magnetic anomaly maps (ed.) W J Hinze, SEG
Visweswara Rag C and Radhakrishna Murthy I V 1981 Characteristic curves for interpreting gravity
anomalies of vertical cylinders and horizontal circular discs; Proc. Indian Acad. Sci. (Earth Planet. Sci.)
90 197-209
Weaver P 1934 Relations of geophysics to geology, Presidential Address; Bull AAPG lg 3-12
Whalen A D 1971 Detection of signals in noise (New York: Academic Press)
Whaler K A and Gubbins D 1981 Spherical harmonic analysis of the geomagnetic field: an example of
linear inverse problem; Geophys. J. R. Astron. Soc. 65 645-693
White R E 1987 Estimation Problems in seismic deconvolution. In Deconvolution and inversion (yd.)
M H Worthington (Oxford: Blackweii) pp. 5-37
Whitehead A N and Russell B 1962 Principia Mathematica (Cambridge: University Press) pp. 410
Wiener N 1949 Extrapolation, interpolation and smoothing of stationary time series with engineering
applications (Cambridge: MIT Press) 163
Wigner E P 1960 The unreasonable effectiveness of mathematics in the natural sciences; Comm. Pure AppL
Math. 13
Wood B 1984 Uniform approximation by linear combinations of Bernstein-type polynomials; J. Approx.
Theory 41 51-55
Zeleny M 1974 Linear multiobjective programming (Berlin: Springer-Verlagl
Zeleny M (Ed.) 1976 Multiple criterion decision making (Kyoto: Springer-Verlag)
Ziolkowski A 1982 Further thoughts on Popperian geophysics the example of deconvolution: Geophys.
Prospect. 30 155-165
Zurflueh E G 1967 Application of two-dimensional linear wavelength filtering; Geophysics 32 I015-1035

