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Abstract. Theory is developed for the electrochemical impedance spectroscopy (EIS) of the diffusionlimited adsorption process coupled with reversible charge transfer at rough electrodes under the inﬂuence of
ubiquitous uncompensated solution resistance. This study quantitatively relates the impedance response of
rough electrode to its phenomenological components, viz., diffusion limited adsorption, reversible charge
transfer and uncompensated solution resistance. The random roughness of electrode is expressed by the
surface statistical property, i.e., power spectrum of roughness. The fractal nature of roughness is characterized
in terms of fractal dimension, lower cut-off length and topothesy length. The high-frequency regime is
controlled by the uncompensated solution resistance whereas the low-frequency regime is governed by the
adsorption process. The magnitude of impedance as well as phase decreases with rise in adsorption isotherm
(length) parameter. The intermediate frequency regime is controlled by the coupling of adsorption and
uncompensated solution resistance with the diffusion process. The fractal roughness parameters has quantitative inﬂuence on the magnitude of impedance over whole frequency regime while the phase plot shows
qualitative difference in the intermediate frequency regime. The governing length scales which controls the
characteristic crossover frequencies are: diffusion length, adsorption-ohmic coupling length and topothesy
length (or width of interface). The three emergent crossover frequencies are: (i) ohmic reduced inner
crossover frequency (ii) adsorption roughness topothesy dependent pseudo-quasireversibility characteristic
frequency (iii) outer crossover frequency.
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K
Adsorption Isotherm Parameter
RX
Uncompensated solution resistance
Haussdorff Fractal Dimension
DH
‘
Lower Cut-off Length
L
Upper Cut-off Length
Topothesy Length
‘s
LaX
Adsorption-Ohmic coupling length
Adsorption capacitance
Cad
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
LD
Diffusion length( D=ix)
Bulk concentration of the species e:g: a ¼ O; R
Ca0
Change in concentration of species
dCa
Small Amplitude of Perturbed Potential
g0
~
Vector ðKx ; Ky Þ
Kk
n^
Normal vector drawn in outward direction
r~k
Vector (x, y)

Ca
~k Þ
dðK

Excess Surface Concentration
~k
Dirac delta function in wave-vector K
Arbitrary surface proﬁle
Fourier transform of the arbitrary surface proﬁle

j(t)
yðxÞ
YðxÞ
YP ðxÞ
YW ðxÞ
Yad ðxÞ
F1
2 F1
Kk

Current density
Admittance density
Total admittance
Smooth electrode admittance
Warburg admittance
Adsorption admittance
Appell’s Function
Hypergeometric Function
½Kx2 þ Ky2 1=2
DH  5=2
Inner cut-off angular frequency
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Outer cut-off angular frequency
Speciﬁc volume capacitance
Strength of fractality

1. Introduction
Adsorption assisted processes play dominant role in
many branches of chemical and biological sciences.1
These processes are extensively involved in the electrochemical study of adsorption assisted charge
transfer on various electrode systems.2–6 Electrochemical nature and topography of electrode surface
has dominant effect on all electrochemical processes
as they inﬂuence ion adsorption/desorption kinetics,
mass transport and charge transfer.7,8 These adsorption
and desorption processes causes complex kinetics
behavior at electrode with topographical disorder.9,10
Geometric irregularity of the electrode surface signiﬁcantly affects the adsorption assisted charge transfer processes.11 The properties of electrode processes
are also inﬂuenced by the adsorbed species which are
not directly involved in the electrode reaction.12,13
Frumkin and Melik Gaikazyan14 were the ﬁrst to
use impedance measurements for determining the
adsorption kinetics based on the dynamic differential
capacitance in the region of adsorption-desorption
peaks. The Frumkin-Melik-Gaikazyan (FMG) model
refers to an adsorption process limited by a linear
semi-inﬁnite diffusion in the absence of electrochemical reactions. Electrochemical impedance spectroscopy (EIS) is a widely used technique to derive the
constituent elementary reaction steps of the electrochemical process. It is also used to extract the
numerical values of the rate constants and other kinetic
parameters characterizing these reaction steps.15 The
adsorption phenomenon for guanine oxidation and the
shape of the impedance plots are inﬂuenced by the
modiﬁed surface roughness effects, which leads to the
phase angle value\90 .16 The theoretical expressions
are derived for the interfacial impedance which is
controlled by both diffusion and adsorption processes.17 In electron transfer processes, the total
interfacial impedance is usually resolved into diffusion-limited impedance along with the adsorption
kinetics, in the presence of uncompensated solution
resistance. Despite very signiﬁcant experimental work
carried out worldwide, it was difﬁcult to provide an
explicit expression relating the geometrical irregularity of the surface and the impedance response.9,18
In the last three decades, Kant and coworkers have
established a series of relationships for the techniques
such as chronoamperometry,19 impedance,20–27
chronocoulometry,28
chronoabsorptiometry,29
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chronopotentiometry,30 admittance voltammetry31 and
pulse voltammetry32,33 at the randomly rough surface.
These techniques result into the observable like current, admittance, absorbance and charge transients
with the morphology of the electrodes through the
power spectrum of the roughness.25,26,28,29,34–40 The
impedance response of diffusion-limited adsorption at
the fractal electrodes has been discussed earlier,11
wherein these studies connect the diffusion-limited
adsorption phenomenon at the interface to the electrode morphology. The experimental realization of
theoretical results is usually inﬂuenced by the presence
of uncompensated solution resistance.41,42 To reduce
the inﬂuence of ohmic (or potential) drop, inert electrolytes or highly conducting supporting media are
used. Its effect can also be reduced by minimizing the
distance between the working and the reference electrode. There are two processes occurring at the interface of electrode, i.e., diffusion and adsorption, both
these processes are limited by the uncompensated
solution resistance. The diffusion and uncompensated
solution resistance are non-linearly coupled phenomena. The subtraction of iR drop is an arbitrary
approach which is a major hindrance in understanding
transient inﬂuence of ubiquitous ohmic contributions
to phenomena. There exist two phenomenological
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
length scales, i.e., diffusion length LD ¼ D=x and
adsorption-ohmic coupling length (LaX ) each correspond to diffusion and adsorption process, respectively. The electrochemical response is dominantly
controlled by the magnitude of these two phenomenological lengths. It is worth mentioning here
that LaX is dependent on the adsorption parameter and
solution resistance while LD is diffusion length.

Figure 1. Schematic representation of diffusion limited
adsorption process in presence of uncompensated solution
resistance at randomly rough electrode.
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In the present work, we wish to explore the inﬂuence
of uncompensated solution resistance on the diffusionlimited adsorption process on the complex impedance
response. Figure 1 represents the schematic representation of diffusion limited adsorption process in presence of
uncompensated solution resistance at randomly rough
electrode. This work has been segmented into various
parts as (i) mathematical formalism and the boundary
conditions associated with the adsorption process in the
presence of uncompensated solution resistance. (ii) The
perturbative approach is used to solve the expression for
admittance density and total admittance at random rough
surface. (iii) The generalized admittance expression is
expressed in the form of surface structure factor through
which roughness features are incorporated. (iv) The
explicit expression of admittance is obtained for the ﬁnite
fractal system. (v) Finally, the results and discussion
section unravels the inﬂuence of various morphological
and phenomenological parameters.
2. Formulation
Solution resistance is an important part in most electrochemical phenomena involving kinetics and diffusion
process. Diffusion and uncompensated solution resistance
are non-linearly coupled. Simplistic iR compensation is
an adhoc approach without proper justiﬁcation as phenomenon and is also a major hindrance in understanding
dynamical response. Therefore, understanding the mysterious dynamic inﬂuence of uncompensated solution
resistance in electrochemical systems is of utmost
importance. Here we develop the admittance theory for
the inﬂuence of uncompensated solution resistance in the
diffusion-limited adsorption on a rough electrode.
The diffusion equation for sinusoidal perturbation,
ixt
e , is simpliﬁed as
~Þ ¼ Da r2 dCa ðr
~Þ
i x dCa ðr

ð1Þ

where a stands for the oxidized (O) and reduced (R)
species. Da is the diffusion coefﬁcient for the a-th
pﬃﬃﬃﬃﬃﬃﬃ
species. x is the angular frequency and i ¼ 1.
~; tÞ ¼ Ca ðr
~; tÞ  Ca0 , represents the conHere dCa ðr
~; tÞ) and
centration difference in the interfacial (Ca ðr
0
bulk concentration (Ca ). The change in concentration
for initial and bulk boundary condition are:
~; t ¼ 0Þ ¼ 0, dCa ðr~;
dCa ðr
respeck z ! 1; tÞ ¼ 0,
tively. The initial and bulk boundary conditions represent that the uniform concentration of electroactive
species is maintained in the solution. The adsorption
rate of a substance is proportional to the diffusion ﬂux
to the electrode. The amount of species adsorbed is
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used as a boundary condition associated with the semiinﬁnite linear diffusion. The excess surface concentration (Ca ) of adsorbable substance is given by43

Z t 
~; tÞ
oCa ðr
Ca ¼
Da
dt
ð2Þ
on
0
~k Þ
z¼fðr
If the adsorption process takes place at a very fast rate
then the process is completely diffusion-controlled. At
this stage the surface concentration is related to the
volume concentration at the electrode surface, ðCa Þz¼0
and the adsorption isotherm parameter. This simpliﬁcation is quite justiﬁed as it is obtained from the
alternating current method (EIS method).14 Thus the
kinetics of adsorption is obtained as,44,45
Ca ¼ KCa

ð3Þ

where K is a characteristic distance in solution upto
which adsorbing species are adsorbed to provide a given
surface excess. Also, K is adsorption isotherm (length)
parameter representing the extent of interaction between
metal and species. The combination of Eq. (2) and
Eq. (3) provides the boundary condition used to solve
the Fick’s diffusion equation. To solve the problem of
diffusion-controlled adsorption impedance, the adsorption isotherm can be linearized which make the problem
of diffusion-controlled adsorption solvable, i.e.,


~; tÞ odCR ðr
~; tÞ
oCO ðtÞ oCR ðtÞ
odCO ðr
þ
¼D
þ
ot
ot
on
on
z¼fðr
~k Þ
ð4Þ
By equating Eq. (2) and Eq. (3), we get the expression
which relates the diffusion ﬂux and adsorption isotherm at the interface and is given by43

Z t 
~; tÞ
oCa ðr
Da
dt ¼ KCa
ð5Þ
on
0
~k Þ
z¼fðr
As the concentration varies locally, we have,
Ca ¼ dCa þ Ca0 , then Eq. (5) can be transformed to the
expression showing heterogeneity in terms of concentration. Using the Laplace transformation technique, we can transform the integral form of Eq. (1),
into simple differential form, which is easy to solve
and can be expressed as
~; tÞ KR odCR ðr
~; tÞ
KO odCO ðr
þ
ot
ot

~; tÞ odCR ðr
~; tÞ
odCO ðr
þ
¼D
on
on
z¼fðr
~k Þ

ð6Þ

where dCa is the function of both position vector (rk )
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and time (t) in Laplace domain, p is Laplace transformed variable. The boundary conditions associated
with diffusion-controlled adsorption problems fall into
mixed boundary value problems. The linearized
Nernstian boundary condition can be written as
dCO dCR
 0 ¼ nf gðtÞ:
CO0
CR

dCO dCR
 0 ¼ nf ðgðtÞ  jRX Þ;
CO0
CR

ð8Þ

where gðtÞ ¼ g0 eixt is the perturbed electrode potential. Here g0 is the small amplitude of sinusoidal perturbed potential. Using the expression of dCR term
obtained from Eq. (8) into Eq. (2), we get the simpliﬁed boundary condition for an arbitrary two-dimensional rough surface. Using the ﬂux-balance
condition,38 the linearized adsorption boundary condition under Nernstian reaction43 for the moderately
supported electrolyte is obtained as (see SI-A in
Supplementary Information),
~Þ
odCO ðr
~Þjz¼fðr~k Þ ¼ K0 aX
 KaX dCO ðr
on
Kix
KaX ¼ DðixCKR
X þ1Þ

nf g0 Kix
have
DðixCKRX þ1ÞðCO1 þCR1 Þ
1
3

~k ; z; pÞ ¼  K
dCðK

and

ð9Þ
K0 aX ¼

dimension of ½Length1 and

½Length mole=cm , respectively. Our problem, i.e.,
diffusion-controlled adsorption impedance in the
presence of uncompensated solution resistance to the
disordered electrode is similar in mathematical
derivation as shown in reference.38 Adopting the
similar formalism one can ﬁnd the current transient for
the diffusion-controlled adsorption process in the
presence of uncompensated solution resistance at the
rough electrode. Under these conditions, the expression for current is given by,38,43
~k ; tÞ
jðS; tÞ ¼ nFDa on dCa ðr

ð10Þ

To obtain current transient as a function of the
boundary proﬁle, we need to evaluate the concentration ﬁeld. This concentration term can be obtained
using Taylor expansion upto second order in random
surface proﬁle at the reference plane, i.e., z = 0. The
second-order perturbative solution for the concentration proﬁle in the Fourier and Laplace transformed

0

aX ^
^ ~k Þ
~k Þ þ C^1 fðK
½C0 ð2pÞ2 dðK
p
^ ~k ÞðK
~k  K
~0 Þ
þ C^2 fðK
k

ð7Þ

where f ¼ F=RT, F is Faraday’s constant, R is gas
constant and T is temperature. Incorporating the ohmic
losses, the linearized Nernstian boundary constraint
becomes,

where

domain at the rough surface for diffusion-controlled
adsorption process is obtained as

ð11Þ
The operators C^0 ; C^1 and C^2 are deﬁned below
 x0 z 
e
^
C0 
x0 þ KaX


x0 exk z
C^1 
;
xk þ KaX
exk z
C^2 
ð2pÞ2

Z

d 2 Kk 0



x0 xk;k0
x20
þ
2ðxk þ KaX Þ xk þ KaX

0

þ

0

Kk :ðKk  Kk Þ
x0
xk þ KaX xk;k0 þ KaX

)
Kk0 :ðKk  Kk0 Þ
x0

2ðx0 þ KaX Þ xk þ KaX
~2 Þ1=2 , xk;k0 ¼
where x0 ¼ ðp=DÞ1=2 , xk ¼ ðx20 þ K
k
R
R
R
~k  K
~0 j2 Þ1=2 and d2 Kk  1 dKx 1 dKy .
ðx2 þ jK
0

k

1

1

~k Þ is the
p is the Laplace transform variable and dðK
^ ~k Þ is the Fourier transform of
Dirac delta function. fðK
~k Þ and is given
an arbitrary surface proﬁle function fðr
by
Z
~
^
~
~k Þ
ð12Þ
fðK k Þ ¼ d2 rk eiK k :r~k fðr
The local current density for the randomly rough
electrode can be evaluated using Eq. (11) in Eq. (10),
we obtain the current density expression upto secondorder perturbation terms at a randomly rough surface
is given by
^ ~k Þ
jðpÞ ¼ nFK0 aX ½J^0 ð2pÞ2 dðKk Þ þ J^1 fðK
^ ~0 ÞðK
~k  K
~0 Þ; K
~k ! ~
þ J^2 fðK
rk 
k
k

ð13Þ

where bracket notation for inverse Fourier transform
is:
~k Þ; K
~k ! ~
f ðK
rk  ð1=ð2pÞ2 Þ

Z

~k :r
~k Þ:
~k Þf ðK
d2 Kk expðiK

The operators J^0 ; J^1 and J^2 are deﬁned below
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1
;
x0 ðx0 þKaX Þ
 

xk
1
x0
J^1 

x0 xk þKaX x0 þKaX
 

Z
xk
1
x0
2
0 1
J^2 
d
K

k
2 x0 þKaX xk þKaX
ð2pÞ2
0
xk xk;k
x0

þ
x0 ðxk þKaX Þ xk;k0 þKaX
J^0 



þ
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density and total current expression, respectively are
similar except one term. These operators provide details
about the phenomenological characteristics of the diffusion-controlled adsorption problem, viz. diffusion
characteristic by, x0 , and adsorption characteristic by,
KaX . Eqs. (13 and 14) emphasize the effect of roughness
for an arbitrary surface proﬁle.
2.1 Admittance for arbitrary rough surface

Kk0 :ðKk Kk0 Þ

K
2x0 ðx0 þKaX Þ xk þKaX

Kk0 :ðKk Kk0 Þ
jKk Kk0 j2
KaX


x0 ðxk þKaX Þ xk;k0 þKaX x0 ðxk;k0 þKaX Þ

)

The current density expression has three terms: the
zeroth order term gives the response of a smooth
electrode whereas the ﬁrst- and second-order terms,
i.e., second and third terms are responsible for the
response arises due to random roughness of the electrode surface. The total current expression can be
obtained by taking the surface integral of current
density over the surface S0 (i.e., z = 0). The Laplace
transformed form of total current expression for a
weakly and gently ﬂuctuating surface is obtained as
Z
n
0
^ ~k Þ
d 2 rk J^0 ð2pÞ2 dðKk Þ þ J^1 fðK
IðpÞ ¼ nFK aX
So
o
0 ^ ~0 ^ ~
^
~0 Þ; K
~k ! ~
þJ 2 fðK k ÞfðK k  K
r
k
k
ð14Þ
Here the operators J^0 and J^1 are same as in Eq. (13).
The only difference is in the second order operator J^2
and J^02 which is due to the area effect. The operator
J^0 is deﬁned as
2

 

xk
1
x0
2
0 1
d
K

J^02 
k
2 x0 þ KaX xk þ KaX
ð2pÞ2
xk xk;k0
x0
þ

x0 ðxk þ KaX Þ xk;k0 þ KaX
Z

Kk0 :ðKk  Kk0 Þ
xk

2x0 ðx0 þ KaX Þ xk þ KaX

)
Kk0 :ðKk  Kk0 Þ
jKk  Kk0 j2
KaX


x0 ðxk þ KaX Þ xk;k0 þ KaX
x0 ðxk;k0 þ KaX Þ
The inverse Laplace transform of Eq. (14) is an experimentally measurable quantity. It is important to realize
that the second-order operators (J^2 and J^02 ) in current

The admittance response at the interface of rough
electrode needs to evaluate via the concentration ﬁeld
around the electrode proﬁle. Kant et al. developed a
series of models where the ab-initio methodology is
used to solve the complex boundary conditions analytically.38,46 The admittance expression for diffusionlimited adsorption process for randomly rough surface
is expressed via Laplace transform of interfacial local
current density (j(t)) as local admittance density (yðx))
and total current (I(t)) as total admittance (YðxÞ),
respectively under potentiostatic boundary constraints.38,46 The expression relating local admittance
density and current density is given by
Z
ix
ix 1
jðp ¼ ixÞ ¼
dt ei x t jðtÞ ð15Þ
yðxÞ ¼
g0
g0 0
The local admittance density expression for an arbitrary roughness surface proﬁle, fðr~Þ,
k is obtained as the
sum of various order terms in surface roughness, i.e.,
Y^ 0 , Y^ 1 and Y^ 2 38,46 and is given by
nFDK0 aX x20 nh ^
^ ~k Þþ
Y 0 ð2pÞ2 dðK~k Þ þ Y^ 1 fðK
g0
o
i
^ ~0 ÞfðK
^ ~k  K~0 Þ ; K
~k ! ~
rk
Y^ 2 fðK

yðx; fðr~ÞÞ
¼
k

k

k

ð16Þ
where the operators Y^ 0 , Y^ 1 and Y^ 2 are given as


1
; Y^ 1 ðx; K~k Þ
x0 ðx0 þ KaX Þ
 

xk
1
x0


x0 xk þ KaX x0 þ KaX
1
Y^ 2 ðx; K~k Þ 
ð2pÞ2

 
Z
xk xk;k0
xk
x0
2 0 1

d Kk
þ
2 x0 þ KaX xk þ KaX
x0 ðxk þ KaX Þ
K~k0 :ðK~k  K~k0 Þ
x0
KaX

þ
ðxk;k0 þ KaX Þ 2x0 ðx0 þ KaX Þ ðxk þ KaX Þ
)
K~k0 :ðK~k  K~k0 Þ
jK~k  K~k0 j2
KaX


x0 ðxk þ KaX Þ ðxk;k0 þ KaX Þ x0 ðxk;k0 þ KaX Þ

Y^ 0 ðx; K~k Þ 



The local admittance density expression (Eq. 16)
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extends the conventional representation of admittance
density from smooth surface to arbitrary surface proﬁle. The local admittance density expression provides
a route for better understanding the processes such as
aggregation, growth22 and catalytic processes. The
expression relating the total admittance with the total
interfacial current via Laplace transformation is given
by43,46:
Z
ix
ix 1
YðxÞ ¼
IðpÞ ¼
dt ei x t IðtÞ
ð17Þ
g0
g0 0
The total admittance expression for an arbitrary
roughness surface proﬁle, fðr~Þ
k in Laplace and Fourier
transformed form is the sum of various-order terms.
These terms are approximated upto second order in
surface proﬁle and is given by
0

2Z
aX x0

nFDK
g0
^ ~k Þ
þY^ 1 fðK

¼
Yðx; fðr~ÞÞ
k

n

z¼0

d2 rk Y^ 0 ð2pÞ2 dðK~k Þ

^ ~k  K~0 Þ; K
^ ~0 ÞfðK
~k ! ~
rk
þY^ 02 fðK
k
k

o
ð18Þ

where the operator Y^ 02 is deﬁned as
 

Z
xk
1
x0
2 0 1
d
Y^ 02 ðx;K~k Þ 
K

k
2 x0 þKaX xk þKaX
ð2pÞ2
xk xk;k0
þ
x0 ðxk þKaX Þ
K~k0 :ðK~k K~k0 Þ
xk
x0


ðxk;k0 þKaX Þ 2x0 ðx0 þKaX Þ ðxk þKaX Þ
#
K~k0 :ðK~k K~k0 Þ
jK~k K~k0 j2
KaX


x0 ðxk þKaX Þ ðxk;k0 þKaX Þ x0 ðxk;k0 þKaX Þ
The operators Y^ 2 and Y^ 02 has difference only in the
numerical coefﬁcient of the last term arises due to the
projected area effect. Equation (18) generalizes the
admittance expression for diffusion-controlled
adsorption at random rough electrode in presence of
uncompensated solution resistance. For some deterministic rough proﬁle functions the generalized
expression of admittance density and total admittance
expression can be obtained using Eq. (16) and
Eq. (18), respectively. With the help and understanding of the simple and extensively used technique of
Fourier and Laplace transform, one can ﬁnd out local
admittance density and total admittance for arbitrary
surfaces which play an important role in various

aspects of diffusion-controlled adsorption processes in
applied systems.
2.2 Admittance for a random surface model
In the random-surface model, characteristic features of
surfaces are described by their statistical averages over
various surface conﬁgurations. The ensemble-averaged admittance expression for diffusion-controlled
adsorption can be obtained using the ab initio
methodology.38,46 The random surface proﬁle of the
interface can be assumed as a homogeneous stochastic
function. For the centered Gaussian ﬁeld, this surface
structure factor is the Fourier transformed form of the
two-point correlation function and is given by
^ ~k Þi ¼ 0
hfðK
0

0

^ ~ Þi ¼ ð2pÞ2 dðK
^ ~k Þj2 i
^ ~k ÞfðK
~k þ K
~ ÞhjfðK
hfðK
k
k
^ ~k Þj2 i represents the power spectrum (PS)
where hjfðK
of roughness. Angular brackets demote the ensemble
averaging over different possible surface conﬁgurations. The ensemble averaged admittance expression at
the stationary, Gaussian random surface under diffusion-limited adsorption process in presence of
uncompensated solution resistance is obtained as


Z
xk x0
x0 1
dKk Kk
\YðxÞ[ ¼ YP ðxÞ 1þ
2p 0
ð1þxk LaX Þ
#
#
2
Kk LaX
2
^ ~k Þ
þ
fðK
2ð1þx0 LaX Þ
ð19Þ
where LaX ¼ CDðRX þ1=ixCad Þ, is the phenomenological adsorption-ohmic coupling length involving
both adsorption and solution resistance parameters. C
is the speciﬁc volume capacitance (C ¼ n2 F 2 Ca0 =RT)
and Cad (=CK) is adsorption capacitance which is
obtained due to the adsorption isotherm condition
connected with linear diffusion. YP ðxÞ is the admittance expression at planar electrode for diffusionlimited adsorption process in presence of uncompensated solution resistance and is obtained as
YP ðxÞ ¼

A0
1=2

1=ðCðixDÞ

Þ þ RX þ 1=ðixCad Þ

ð20Þ

Here the Warburg admittance, YW ðxÞ ¼ A0 CðixDÞ1=2
and the adsorption admittance, Yad ðxÞ ¼ ixCad . The
ensemble-averaged admittance expression for diffusion-limited adsorption process is proportional to the
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projected area and a frequency-dependent complex
dynamic roughness factor. All the morphological
features of roughness are incorporated into the
expression through the power spectrum. If the reaction does not involve adsorption process, under this
limit it will approach the diffusion-limited process
(Warburg admittance).25 The physical problem of the
effect of solution resistance, however, brings about a
signiﬁcant degree of deviation in the expected
response.

2.3 Admittance for realistic self-afﬁne fractal
surfaces

2

hYðxÞi ¼ YP ðxÞ ½1 þ ðw1 ðxÞ þ w2 ðxÞÞ

ð22Þ

The ﬁrst part of this expression shows the admittance
contribution from a smooth surface and the second
part reﬂects the roughness contribution to admittance
for the band-limited isotropic fractal surface. The
terms w1 ðxÞ and w2 ðxÞ can be expressed as
w1 ðxÞ ¼ ½ð Að‘Þ  AðLÞÞ  ðH1 ð‘Þ  H1 ðLÞÞ;
lx0 LaX
w2 ðxÞ ¼
4pðd þ 1Þð1 þ LaX x0 Þ
 2ðdþ1Þ

ð‘
 L2ðdþ1Þ Þ H2 ð‘Þ  H2 ðLÞ


2
ð1  LaX x0 Þ
ð23Þ

Fractal model helps in understanding and explaining
the complexity of natural and artiﬁcial surface
The
surface
model
topographies.24,26,34,47–51
employed for rough electrodes and the interface is
assumed to be a random surface. The roughness of
these surfaces can be modeled approximately as selfafﬁne fractals. The fractal nature of the electrode
surface is limited by two cut-off lengths and shows
the band-limited fractal behavior in this limited
region. These self-afﬁne band-limited fractals
roughness is explained by the power-law
PS.24,26,34,47,49 SEM or AFM studies of the random
surface help in obtaining the power spectrum of the
rough electrode which widely represent the bandlimited power law power spectrum and is given by
^ ~k Þ
fðK
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where the integrals A(u), H1 ðuÞ and H2 ðuÞ are obtained
at ‘ and L and are given by
l x20
u2d
4pdð1  LaX x0 Þ


1
D
D L2aX
;
F1 d; ; 1; d þ 1; 2 ; 2
2
u ix u ðD  L2aX ixÞ

AðuÞ ¼

l x20
u2d
4pdð1  LaX x0 Þ


D L2aX
;
2 F1 1; d; d þ 1; 2
u ðD  L2aX ixÞ


D L2aX
2ðdþ1Þ
;
H2 ðuÞ ¼ u
2 F1 1; d þ 1; d þ 2; 2
u ðD  L2aX ixÞ

H1 ðuÞ ¼

ð24Þ
¼

H 3 ~ 2DH 7
jKk j
;
‘2D
s

1=L  jK~k j  1=‘
ð21Þ

The surface structure factor represents the statistically
isotropic surfaces of a realistic fractal. The fractal
morphological parameters of roughness are: fractal
dimension ðDH Þ, lower cutoff length ð‘Þ, upper cutoff
length (L) and topothesy length ð‘s Þ. Fractal dimension
is a global property which explains the scale invariance property of roughness. ‘ is the ﬁnest feature of
electrode surface roughness. (L) and ð‘Þ are the two
limited length scales below and above which the surface shows fractal behavior, respectively. The
ensemble-averaged admittance expression for an
approximately self-afﬁne isotropic fractal surface for
diffusion-controlled adsorption in the presence of
uncompensated solution resistance can be obtained by
substituting Eq. (21) in Eq. (19) and solving resultant
integral. The expression for a band-limited (isotropic)
fractal PS is given by (for details see SI-B in supplementary information)

where d ¼ DH  5=2, F1 ð  Þ and 2 F1 ð  Þ represents
the Appell52 and hypergeometric,53,54 functions,
respectively which are numerically evaluated using
Mathematica software. The variance in admittance
expression (Eq. (22)) is the function of fractal morphological characteristics of roughness, i.e.,
ðDH ; ‘; L; lÞ and phenomenological complex diffusion layer (LD ) and adsorption-ohmic layer thickness
(LaX ). The extent of deviation in admittance response
(from the smooth surface) is being inﬂuenced by the
roughness of surface and adsorption kinetics.55 As we
approach the limit, LaX ! 0, i.e., complex adsorptionohmic equilibration thickness vanishes, then w1 ðxÞ
remains nonzero and gives Warburg admittance
expression and w2 ðxÞ vanishes. One can analyze
Warburg admittance49 as a special case of diffusioncontrolled adsorption admittance (Eq. (22)) under
limit of, LaX ! 0. The various applications of diffusion-limited adsorption process with random roughness in applied systems make this theoretical model
important and implementable one.

50

Page 8 of 13

J. Chem. Sci. (2021)133:50

3. Results and Discussion
The theory developed here explicitly relates the
impedance response of diffusion limited adsorption
under inﬂuence of uncompensated solution resistance
on rough ﬁnite fractal electrode. Theory is graphically
analyzed with the adsorption isotherm parameter (K),
uncompensated solution resistance (RX ) from medium
and medium viscosity dependent diffusion coefﬁcient
(D). The inﬂuence of roughness at the electrode surface is characterized in terms of DH , ‘ and ‘s .
3.1 Inﬂuence of solution resistance
The inﬂuence of ohmic (potential) drop on the impedance spectra of diffusion-limited adsorption and
electron transfer process at random ﬁnite fractal
(rough) surface is calculated. Figure 2 shows the effect
of solution resistance on the double logarithmic plot of
the magnitude of impedance and phase response for
rough surface. The impedance response is signiﬁcantly
inﬂuenced in the high frequency region with the
variation in solution resistance, thus delaying the onset
of the diffusion-controlled process. The enhancement
in the magnitude of impedance is observed with rise in
RX . The impedance and phase plots show that as we
increase the RX , the intermediate anomalous regime
with a hump diminishes. The morphological features
of roughness are attributed to the hump in the magnitude and phase plots which is characteristic of
roughness at the electrode surface.11
In the presence of uncompensated solution resistance, these features do not show up due to adsorptionohmic equilibration thickness (LaX ). From the phase
plot, it is observed that the magnitude of phase angle
decreases as the solution resistance increases. However, when solution resistance comes into play the
phase angle shows a crossover to 0 towards higher
frequency and 90 towards lower frequency. In the
intermediate frequency regime, the phase angle plot
shows the shift in the crossover frequency with rise in
the value of uncompensated solution resistance. These
graphs show a pseudo-kinetic control setting in the
impedance response. This pseudo-kinetics is governed
by the external parameters such as resistivity and the
distance between working and reference electrodes.
For low-frequency limit (x  xo ) and high frequency
limit (x xi ) the impedance response is adsorption
controlled and ohmic controlled, respectively. In
between these crossover frequencies, the anomalous
regime exhibit approximately phase gain angle
behavior. The inset shows in phase plot the

Figure 2. Effect of solution resistance on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of RX is varied as 10, 20, 30 X
cm2 . Other ﬁxed parameters used are: DH ¼ 2:3, ‘ ¼ 30
nm, ‘s ¼ 600 nm, A0 ¼ 0:08 cm2 , K ¼ 20 lm, D ¼ 4 
106 cm2 s1 and CO ¼ CR ¼ 5 mM. Black curve represents
the response obtained at RX ¼ 0.

characteristic hump for diffusion-limited adsorption
without ohmic losses which are either delayed or
completely curtailed in presence of increasing solution
resistance. The essential feature is again the dynamic
interplay of phenomenological lengths in question,
i.e., adsorption ohmic length (LaX ) and diffusion layer
thickness (D=x).
3.2 Inﬂuence of diffusion coefﬁcient
The effect of variation of diffusion coefﬁcient (with
change in viscosity of medium) is observed on the
double logarithmic plot of the magnitude of impedance vs frequency (Figure 3a) and phase plot (Figure 3b). It is observed that as the value of D increases
the magnitude of impedance decreases. Adsorption
phenomenon has been ascribed to the chemical changes on the bulk of the solution or the interface. But
many observed frequency-variations cannot be
explained in this way. Changing the diffusion coefﬁpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cient alters the yardstick or diffusion length ( D=x)
at the interface and hence the conception of various
phenomena at the interface. These graphs show that as
the diffusion becomes more sluggish, the uncompensated resistance becomes less inﬂuential in impedance
response.
For a lower value of D, the diffusion sets up at a
shorter frequency decoupling it from solution resistance effects at a longer frequency. Such values of
diffusion coefﬁcient are typical of the glycerol-based
system, hexane based systems or concentrated glucose
solutions. The roughness features in such situations
can manifest themselves at intermediate frequency
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giving anomalous response as observed in the transition graphs. The variation in the diffusion coefﬁcient
marks the transition from the non-viscous to the viscous system. One can see that as we increase the
viscosity of the system, the roughness features at the
interface are more perceptible. The phase angle in
lower frequency regime enhances with increase in
diffusion coefﬁcient (or with decrease in viscosity of
the medium). Decrease in the viscosity of the medium
leads to suppression in the anomalous intermediate
frequency valley and peak in impedance phase plot.
This anomaly is due to emergence of pseudo-quasireversibility (e.g. /  450 ) and anomalous Warburg
response (e.g. / 450 ). The phase peak shifts towards
low frequency for less viscous medium, indicating
suppression of diffusion control region.
3.3 Inﬂuence of adsorption parameter
The effect of linearized adsorption parameter (K) on
diffusion-limited adsorption problem in presence of
uncompensated solution resistance is observed on the
log-log plot of the magnitude of impedance vs frequency (Figure 4a) and phase plot (Figure 4b). The
inﬂuence of adsorption isotherm parameter is dominantly observed in the low-frequency region. The
magnitude of impedance decreases with an increase in
the value of K, in the low frequency-regime. It merges
in the intermediate frequency regime and does not
have any inﬂuence in the high-frequency region. From
the phase plot, it is observed that the magnitude of the
phase angle suppresses with the increase in adsorption
isotherm parameter, K. It can be seen from this plot
that the presence of adsorption with linear diffusion
gives rise to capacitive behavior and can be seen

Figure 3. Effect of diffusion coefﬁcient on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of D is varied as (0.5, 1,
3)106 cm2 s1 . Other ﬁxed parameters used are:
DH ¼ 2:3, ‘ ¼ 30 nm, ‘s ¼ 600 nm, A0 ¼ 0:08 cm2 ,
RX ¼ 20 Xcm2 , K ¼ 20 lm and CO ¼ CR ¼ 5 mM.
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towards lower frequency (in case of resistance controlled system phase angle approaches to 0 in the
high-frequency regime).
It is concluded that the larger value of adsorption
isotherm parameter, K, system will be more close to
diffusion regime and a smaller value of adsorption
isotherm parameter, K, system will be more close to
adsorption. The low-frequency regime is controlled by
adsorption kinetics and the high-frequency regime is
limited by ohmic parameters. So it is clear that
adsorption parameter, is a measure of diffusion-controlled adsorption process to diffusion-controlled
process.
The three morphological features, i.e., fractal
dimension, lower cut-off length and topothesy length
dominantly control the electrochemical responses for a
fractally rough surface. In the intermediate frequency
regime, the plots show deviation in the impedance and
phase response characteristic to the rough electrodes.
Here we graphically represent the inﬂuence of various
morphological features of roughness with solution
resistance in the impedance and phase plots. The
electrochemical response obtained by varying the
morphological parameters and compared with the
response of the planar electrode.
3.4 Inﬂuence of fractal dimension
The effect of varying fractal dimension (DH ) of
roughness is observed on the log-log plot of magnitude
of impedance vs frequency (Figure 5a) and phase plot
(Figure 5b) in the presence solution resistance. It is
seen that as the value of the DH increases, the magnitude of impedance decreases. The low-frequency
regime is the adsorption controlled regime. In the

Figure 4. Effect of adsorption parameter on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of K is varied as
20; 30; 50; 80 lm. Other ﬁxed parameters used are:
DH ¼ 2:3, ‘ ¼ 30 nm, ‘s ¼ 600 nm, A0 ¼ 0:08 cm2 , RX ¼
20 Xcm2 , D ¼ 4  106 cm2 s1 and CO ¼ CR ¼ 5 mM.
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intermediate frequency region, the power-law impedance response is observed which is the characteristic
of the dynamic response to surface roughness. This
region is controlled by the mixing of diffusion and
adsorption processes with the roughness of the surface.
The slope of the power-law region varies with the
variation in DH , representing the strong dependence of
anomalous response on the DH . Here the outer and
inner cut-off frequency are inﬂuenced by the solution
resistance and fractal dimension, respectively. The
sensitivity towards roughness is observed at higher
frequencies in the presence of uncompensated
resistance.
In the phase plot, it is observed that the phase value
of minimum decreases with an increase in the value of
DH which enhances the pseudo-quasireversibility
whereas the phase value of maximum enhances with
rise in the value of DH showing the anomalous Warburg behavior (/ 45 ). The crossover in the intermediate frequency region is the point where / ¼ 45 ,
showing Warburg behavior. There is no minimum and
maximum is observed in the planar response depicting
that these minimum and maximum results due to the
roughness of the electrode. In the low-frequency
region, phase angle tends towards 90 and in the highfrequency regime, it goes to 0 characteristic of the
adsorption and solution resistance, respectively. There
is a sharp fall in the value of phase angle in the highfrequency regime and ultimately reaches at 0 , this
region is dominantly controlled by the solution resistance. This crossover from 0 to 90 is affected by the
variation in the fractal dimension.

Figure 5. Effect of fractal dimension on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of DH is varied as 2.2, 2.3, 2.4.
Other ﬁxed parameters used are: D ¼ 3  106 cm2 /s, ‘ ¼
30 nm, ‘s ¼ 600 nm, A0 ¼ 0:08 cm2 ; L ¼ 10 lm,
K ¼ 20 lm, RX ¼ 20 Xcm2 . Black curve shows the
response of planar electrode.
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3.5 Inﬂuence of lower cut-off length of fractal
roughness
The inﬂuence of varying lower cut off length (‘) of
fractal nature is observed on the double logarithmic
plot of the magnitude of impedance vs frequency (Figure 6a) and phase plot (Figure 6b). The lower
length scale represents the ﬁnest feature of surface
fractal roughness. It is seen that as the value of ‘
increases there is an enhancement in the magnitude of
impedance.
The effect of this morphological parameter is,
however, propagated to a larger frequency window in
the plots. It is evident that ‘ not just affects the higher
frequencies but also inﬂuences the intermediate
power-law response to a larger extent showing that the
strongly dependent on the lower length scale cut off.
The change in the slope of the curve is, however,
enhanced in the presence of electrolytic resistance in
the higher frequency ranges. The phase plot also
shows a higher sensitivity towards the lower cut-off
length. The deviation from the planar response is quite
signiﬁcant in the intermediate frequency regime.
Decrease in the magnitude of ﬁnest length scale of
roughness (‘) causes suppression in the magnitude of
phase angle (in low frequency regime). This is followed by a rapid decrease in phase and trough formation in the intermediate frequency regime. Phase
gain in the intermediate region becomes more prominent ‘ decreases. This crossover in the intermediate
frequency region has unusual transition from pseudoquasi-reversible to anomalous Warburg behavior. At
very high frequency all the responses merge together
with zero phase value.

Figure 6. Effect of lower cut-off length on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of ‘ is varied as 20, 30, 50 nm.
Other ﬁxed parameters used are: D ¼ 3  106 cm2 /s,
DH ¼ 2:3, ‘s ¼ 600 nm, L ¼ 10 lm, K ¼ 20 lm, A0 ¼ 0:08
cm2 , RX ¼ 20 Xcm2 . Black curve shows the response of
planar electrode.
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is inﬂuenced by the viscosity of medium through diffusion coefﬁcient of electroactive species (D), solution
resistance (RX ), adsorption isotherm (K) and ﬁnite
fractal morphology parameters (e.g. DH , ‘s and ‘).
Following conclusions are obtained from the
investigation:

Figure 7. Effect of topothesy length on (a) double
logarithmic plot of magnitude of impedance vs frequency
and (b) phase plot. The value of ‘s is varied as 0.2, 0.8, 1.2
lm. Other ﬁxed parameters used are: D ¼ 3  106 cm2 /s,
DH ¼ 2:3, ‘ ¼ 30 nm, L ¼ 10 lm, K ¼ 20 lm, A0 ¼ 0:08
cm2 , RX ¼ 20 Xcm2 . Black curve shows the response of
planar electrode.

3.6 Inﬂuence of topothesy length
Figure 7 represents the inﬂuence of varying width of
surface roughness or topothesy length (‘s ) on the loglog plot of the magnitude of impedance vs frequency
and phase plot. It follows a similar behavior as that of
the fractal dimension ðDH Þ and inverse behavior as
given by lower cut-off length (‘). In the physical sense,
‘s is the function of topothesy of a fractal which
directly relates it to the width of interface. Greater the
width of the interface, longer is the frequency span
over which the roughness features are sensed.
4. Conclusions
The master equation derived for the admittance, i.e.,
Eq. (19), represents the dynamics of diffusion-limited
adsorption process followed by charge transfer under
inﬂuence of uncompensated solution resistance on a
randomly rough electrode. The general power spectrum of the roughness is taken as homogeneous
Gaussian random process. Equation (20) is for the
admittance of diffusion-limited adsorption process in
presence of uncompensated solution resistance but
without electrode surface roughness. The fractal nature
of roughness is expressed through Eq. (22) which
describes the ensemble averaged admittance response
for the ﬁnite (isotropic) fractal with a band-limited
power spectrum. The ﬁrst part of the equation represents the admittance contribution of smooth surface
and the second part reﬂects the fractal dimension,
topothesy length and ﬁnest scale of fractal roughness
dependent response. This equation is used for generating the quantitative response curves. Our analysis
shows that the impedance response at fractal electrode

1) The inﬂuence of solution resistance and adsorption
process is governed through the phenomenological
adsorption-ohmic-diffusion coupling length (LaX ).
This length operates at the terminal frequencies of
the impedance spectra yielding the typical capacitive behavior (/ðxÞ 90 ) at the lower frequencies
identiﬁable with adsorption phenomenon and
decays to resistance control (/ðxÞ 0 ) at the
higher frequencies.
2) The impedance response in high-frequency regime
is governed by the uncompensated solution resistance along with the gross roughness factor. It is
dominantly inﬂuenced by the diffusion coefﬁcient
or viscosity of medium and ﬁnite fractal features
of roughness. So, the intermediate frequency
regime largely inﬂuenced with the values of DH ,
‘ and ‘s .
3) As the value of RX increases, there is an enhancement in the value of LX , which shifts the outer
crossover (xo ) frequency towards lower frequencies. Inner crossover frequency xi D=ðL2aX þ ‘2s Þ
is observed towards lower frequency and outer
crossover frequency xo D=L2aX is observed
towards high frequency.
4) In the presence of the adsorption phenomenon along
with sizeable solution resistance, anomalous behavior is not observed even for a sufﬁciently rough
surface.
5) Inner crossover frequency on the other extreme
depends upon the value of adsorption isotherm
parameter K. An increase in K denotes the weaker
adsorption which causes a shift towards lower
frequency. Inner crossover frequency xi
D=ðL2aX þ ‘2s Þ (for L h) or D=ðL2aX þ L2 Þ (for
L  ‘s ) is observed towards lower frequency.
6) The solution resistance can limit the interpretation
of adsorption dynamics on rough electrodes. The
impedance phase response in intermediate region
can show anomalous dilation, delay or completely
curtail characteristic response.
Finally, the theory presented here successfully offers
an understanding of impedance response for diffusionlimited adsorption processes under the inﬂuence of
solution resistance at ﬁnite fractal electrodes. The
electrochemical response obtained show sensitivity
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towards electrode rough surface and also show
anomalous response in the speciﬁc regime.
Supplementary Information (SI)
SIA-SI-B are available at www.ias.ac.in/chemsci.
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