J. Chem. Sci. (2018) 130:155
https://doi.org/10.1007/s12039-018-1561-x

© Indian Academy of Sciences

REGULAR ARTICLE

Ab initio potential energy surface and quantum scattering studies
of Li+ with N2 : comparison with experiments at Ec.m. = 2.47 eV
and 3.64 eV
ABHINAV KUMAR and SANJAY KUMAR∗
Department of Chemistry, Indian Institute of Technology Madras, Chennai, Tamil Nadu 600 036, India
E-mail: sanjay@iitm.ac.in
MS received 2 August 2018; revised 4 September 2018; accepted 5 September 2018; published online 30 October 2018

Abstract. A new ground electronic state potential energy surface of Li+ + N2 system is presented in the
Jacobi scattering coordinates at MRCI level of accuracy employing the augmented correlation-consistent
polarized valence quadrupole zeta (aug-cc-pVQZ) basis set. An analytic fit of the computed ab initio surface
has also been obtained. The surface has a global minimum for the collinear geometry at the internuclear
distance of N2 , r = 2.078a0 , and the distance between Li+ and N2 , R = 4.96a0 . Quantum dynamics studies
have been performed within the vibrational close coupling-rotational infinite-order sudden approximation at
E c.m. = 3.64 eV, and the collision attributes have been analyzed. The computed total differential crosssections are found in quantitative agreement with those available from the experiments at E c.m. = 3.64 eV.
The other dynamic attributes such as angle dependent opacities and integral cross-sections are also reported.
Preliminary rigid-rotor and vibrational–rotational coupled-state calculations at E c.m. = 2.47 eV also support
the experimental observation that the system exhibits a large number of rotational excitations in the vibrational
manifold v = 0.
Keywords. Potential energy surface; quantum dynamics; vibrational–rotational excitations.

excitations of N2 and CO on collisions with Li+ have
been studied experimentally at (i) low collision 3,7,8
Ion–molecule collisions leading to vibrational–rotational (E coll < 20 eV), (ii) moderate collision energies 9,10
and electronic (charge transfer) excitations are impor- (E coll ∼ 70 –350 eV) and high collision energies 11
tant in several areas of Chemical Physics, Astrophysics (E coll > 500 eV).
and Atmospheric Chemistry. 1,2 Collisions of H+ ion
The present study is focused on the inelastic
with diatomic and polyatomic molecules have been vibrational–rotational excitations in Li+ + N2 system
studied extensively both by experiments and theory. 2 at low collision energies. In the asymptotic limit, the
But, collisions with relatively larger Li+ ion with charge transfer channel Li + N+2 is endoergic (E ≈
molecules have not received much attention although 10.2 eV) in comparison to entrance Li+ + N2 channel,
the experimental data on its collisions with N2 and and therefore at low energies, one expects that inelastic
CO became available as early as 1976. 3 Li+ ion has vibrational–rotational excitations would occur involva closed-shell electronic structure of He but possesses ing only the ground electronic state (GS) of the system.
a positive charge. Several experimental and theoretical
Measurements of inelastic scattering of Li+ with N2
studies are available for collisions of diatoms with He, (and CO) were carried out by Böttner et al., 3 using timeNe and Ar. For example, see references 4–6 and refer- of-flight spectra of scattered Li+ at collision energy (in
ences therein. The interactions of Li+ with molecules the center of mass frame) E c.m. = 4.23 eV and 7.07 eV
is of particular interest since they are dominated by over a wide range of scattering angles, θc.m. . Some addiboth short-range valence and long-range interactions. tional data of time-of-flight measurements 7 also became
Being a four-electron system, the Li+ + H2 system 2 available at E c.m. = 8.4 eV and 16.8 eV for θc.m. in the
has been investigated relatively more than the Li+ + N2 range of 30◦ –120◦ . The measured spectra showed two
and Li+ + CO systems. Vibrational and/or rotational well-resolved peaks identified with vibrational excitations (v = 0 → v  = 0 and v = 0 → v  = 1)
* For correspondence
and their broadening was identified with large number
1. Introduction
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Figure 1. Jacobi
coordinates. r : internuclear
distance of N2 ; R: distance
of Li+ atom from the c.m. of
N2 ; γ: angle between r and
R.

of rotational excitations ( j  ≈ 30) in each vibrational
manifold.
On the theoretical side, the information on the
potential energy surface (PES) was first provided by
Staemmler 12 at the self-consistent field (SCF) level of
accuracy in the Jacobi scattering coordinates (Figure 1).
The dependence of internuclear distance (1.8a0 ≤ r ≤
2.3a0 ) of N2 was analyzed only for collinear (γ = 0◦ )
and perpendicular (γ = 90◦ ) approaches of Li+ . The
rigid-rotor (RR) PES was obtained as a function of
R (= 2.0–20a0 ) and γ (= 0◦ , 30◦ , 60◦ , 90◦ ), and a fit
was obtained in terms of Legendre expansion. The
errors associated with the PES and the computed values of polarizabilities and quadrupole moments were
estimated to be within 20 per cent.
Staemmler’s ab initio points were used in
subsequent theoretical studies. Thomas 13 obtained a
48-parameter analytical fit (within 14 per cent error)
where γ-dependence was obtained in terms of Legendre expansion and r -dependence was taken in terms of
Taylor series expansion around r = req up to quadratic
terms. His quasi-classical trajectory (QCT) calculations
were found in overall qualitative agreement but lacked
agreement with experiments for rotational distribution.
Almost at the same time, Poppe and Böttner 14 obtained
a similar type of fit using the combination of least square
and cubic spline fits and carried out QCT calculations.
Their results were in overall good qualitative agreement
and they attributed the differences observed between
the experiment and theory to the inaccuracy in the PES.
Subsequently, Billing 15 obtained an analytic fit using 95
ab initio points with an error estimate within 6 per cent
and carried out semi-classical calculations describing
the vibrational motion quantum mechanically and translational and rotational motions classically. He obtained
narrower rotational distributions in comparison with
those of experiments. Pfeffer and Secrest 16 obtained
another analytic fit on similar lines with similar

J. Chem. Sci. (2018) 130:155

percentage error but they believed that their fit provided
the better angular dependency. They studied vibrationalrotational excitations using quantum mechanical vibrational close coupling-rotational infinite-order sudden
approximation (VCC-RIOSA) and carefully analyzed
the computed differential cross sections (DCS) in the
experimental range (30◦ –60◦ ) and found the distribution of rotational excitations in disagreement with those
observed in the experiments.
Various theoretical studies predicting the
thermodynamic and structural properties of Li+ + N2
have also been reported 17 which supplement data only
around the stationary points on the PES and therefore
provided limited information on the full PES. There have
also been attempts 18 to construct the spherically averaged potential (V0 (R) term in the Legendre polynomial
expansion of the RR potential) through the measurements of total (elastic) cross sections in high collision
energy range.
The SCF PES of Staemmler 12 lacked accuracy in
terms of electron correlation. Therefore, Grice et al., 19
computed a new RR PES employing the Hartree-Fock
(HF) and Møller-Plesset (MP) levels of theories and
examined the improvement achieved in terms of enlargement of basis set and retrieval of electron correlation.
They computed the RR PES for R = 1.0–12 Å, γ =
0◦ , 22.5◦ , 45◦ and 90◦ . Subsequently, a more recent ab
initio study was undertaken by Falcetta and Siska 20
to compute the RR PES for He+ /Li+ + N2 systems
for R = 3.0–20.0a0 and γ = 0◦ , 45◦ and 90◦ . To
describe the long-range RR potential they also computed
various multipolar terms (polarizabilities, quadrupole
moments, etc.) with high accuracy and obtained an
analytic fit. Recently, Bulanin et al., 21 computed the
PES around the van der Waal’s interaction well and
the energetically low-lying bound states of [LiN2 ]+
complex.
To the best of our knowledge, an accurate full PES
incorporating the dependence of the vibrational coordinate and angular approaches over a fine grid is still
lacking for the Li+ + N2 system. Therefore, we have
computed the full PES in the Jacobi coordinates and
also obtained an analytic fit in order to carry out quantum
dynamics of vibrational–rotational excitation so that the
results can be compared with the existing experimental data meaningfully. Computational details of the PES
are presented in section 2 and its various characteristics
are examined there. A preliminary quantum dynamics study has been carried out within the VCC-RIOSA
framework at E c.m. = 3.64 eV and RR and vibrational–
rotational coupled-state calculations at E c.m. = 2.47 eV.
The details are presented in section 3, and a summary
with the conclusions is given in section 4.
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2. Computational details
2.1 Ab initio calculations
All the calculations presented here were performed in the
Jacobi coordinates (Figure 1) on the following grid points: r =
1.5–3.3 (0.1); R = 1.9–3.1 (0.2), 3.1–5.6 (0.1), 5.6–7.2 (0.2),
7.2–10.2 (0.5), 10.2–14.2 (1.0); γ = 0◦ –90◦ (15◦ ). R and r
are in atomic units and the number in parenthesis indicates
the interval in the stated range. The total number of computed
ab initio points were approximately 6500. Calculations were
performed in C2v point group for collinear and perpendicular
approaches, and in Cs point group for other approaches.
In the present calculations, we employed an augmented
correlation-consistent polarized valence quadrupole zeta
(aug-cc-pVQZ) basis ((13s7p4d3f2g)/[6s5p4d3f2g]) of Dunnig. 22 Falcetta and Siska 20 had used a truncated aug-ccpVQZ basis set 23 yielding (13s7p4d3f2g)/[6s5p4d2f] basis.
For each point, a HF calculation was performed, followed by
a complete active space self-consistent field 24 (CASSCF) calculation. The resulting molecular orbitals (MOs) were used
as a reference space to construct multi-reference single and
double excitations. Self-consistent field internally contracted
multi-reference configuration interaction 25 (SCF-icMRCI)
calculations were performed using MOLPRO 2010.1 26 program. The lowest three MOs in energy were kept as core
orbitals and next 12 MOs (6A1 ,3B1 ,3B2 for γ = 0◦ ;
5A1 ,2B1 ,4B2 ,1A2 for γ = 90◦ ; 9A ,3A for 0◦ < γ < 90◦ )
were treated as valence orbitals. Typically, the wavefunction
consisted of 43194 configuration state functions (CSFs) with
157464 slater determinants. The MRCI calculations were
performed with a reference space of 15549 configurations.
The numbers of internal configurations N, N-1 and N-2 were
58278, 43252 and 28314, respectively. The total number of
contracted configurations was 11621739 with 43194 internal,
10642536 singly external and 936009 doubly external configurations. The threshold value for the selection of CSFs was
kept at 3.2 × 10−5 a.u. For example, the following energy
values were obtained for r = 2.0812a0 , R = 2.7a0 and γ =
0◦ : E(HF) = −114.9683 a.u., E(CASSCF) = −115.5687 a.u.
and E(MRCI) = −115.77 a.u.

Table 1.

Before we present the results on PES, it would be
important to ascertain the quality of computation by comparing the structural and electric properties of N2 with those
obtained from the experiments and earlier theoretical calculations. Table 1 lists the various calculated 12,19,20 and
experimental data. 27–29 The SCF calculations of staemmler 12
yielded relatively lower values for all the properties. Grice et
al., 19 computed them at the HF level and also incorporated
electron correlation through perturbative MP calculations by
enlarging the basis set. Their req values were found to be
approximately shorter by 0.05a0 (∼ 2.024a0 ) in comparison
to the experimental value and remained almost the same in
going from the HF to MP2 levels of calculations, and so was
the case for quadrupole moment (Q ∼ −1.26 a.u.). However,
the values for polarizabilities did show some improvement in
comparison with those of experiments. Falcetta and Siska 20
had used the experimental value for r = req (i.e., 2.074a0 ),
and their values for Q and α’s are in close agreement with
those of experiments. The computed value of Bulanin et al., 21
for req was 2.066a0 at CCSD/cc-pVQZ level of theory. Their
computed values for other electric properties are not available and therefore they are not listed in Table 1. We used
Gaussian 09 program suite 30 to compute parallel (α|| ) and perpendicular (α⊥ ) polarizability components at configuration
interaction with all single and double substitutions (CISD)
level of accuracy. Our optimized values of req and polarizability components are also in close agreement with those of
Falcetta and Siska and the experiments. Considering the error
bar in the experiment, the quadrupole moment is also well
reproduced in the present calculations.
Falcetta and Siska 20 carried out systematic investigations
of the basis set superposition error (BSSE) using the counterpoise method, 31 and their RR PES was obtained using the
BSSE corrected data points. They observed that BSSE corrections were small compared to the net interaction energy of
Li+ + N2 ; For example, for γ = 0◦ their BSSE corrections
were 0.02 kcal/mol (0.0009 eV) at R = 10.0a0 , 0.16 kcal/mol
(0.007 eV) at R = 5.0a0 and 0.57 kcal/mol (0.02 eV) at R =
3.0a0 . In the present calculations, the BSSE corrections were
found to be in the similar range. In view of small magnitudes
of BSSE corrections, particularly in the well and long-range

Structural and electronic properties of N2 . All values are in atomic units.

Theory/basis
Staemmler 12
HF/(9s4p+2d)
Grice et al. 19
HF/6-311+G(df)
MP4SDTQ/6-311+G(2df)
Falcetta and Siska 20
MRCI/(13s7p4d2f3d)/[6s5p4d2f]
Present calculations
MRCI/aug-cc-pVQZ
Experiment

α||

α⊥

−0.94

13.46

9.73

2.018
−

−1.26
−

14.68
14.13

7.01
8.57

−

−1.067

14.62

9.9

2.08
2.074 27

−1.124
−1.09 ± 0.05 28

14.712
14.81 29

9.96
10.2 29

re

Q

2.018
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Table 2. Characteristics of computed Li+ + N2 interaction
potential well in collinear geometry (γ = 0◦ ). R0 defines
the R at which the PEC crosses the zero-energy line in the
repulsive region.

regions, and scattering dynamics for collision energy
E c.m. ≥ 2.47 eV, we believe that non-inclusion of BSSE corrections will not result into a significant error. Therefore, in
the present study, we report the computed ab initio energies
without the BSSE correction. For reference, we report the following computed energies: E(Li+ ;1 S) = −7.2526 a.u. and
E(N2 ;1 g+ , req = 2.081a0 ) = −109.392 a.u.
In order to compare our results with those of earlier
theoretical calculations, we have plotted the RR potential
energy curves (PEC) for γ = 0◦ , 45◦ and 90◦ as a function of R in Figure 2. The present results are shown for our
optimized value of req = 2.0812a0 . Falcetta and Siska 20 had
used experimental value of req = 2.074a0 while req used by
Grice et al., 19 was 2.024a0 . The corresponding results are
reproduced in Figure 2. It can be seen that the present results
(solid lines) are in close agreement with both the results, more
so with those of Falcetta and Siska. 20 The Li+ + N2 interaction well is found to be the deepest in collinear geometry
(γ = 0◦ ). Therefore, it would be worthwhile to compare its
characteristics with those of earlier calculations. In Table 2,
its various parameters have been compared. Once again, the
present calculations are in close agreement with Falcetta and
Siska.
It would also be important to examine the well characteristics of the spherically averaged term, V0 (R) of the Legendre
expansion of the RR interaction potential defined as
λ=0

r / a0

R/a0

R0 /a0 De /Kcal/mol

Staemmler 12
Waldman et al. 17a
Dixon et al. 17b
Grice et al. 19
Falcetta and Siska 20
Present calculations

2.067
–
2.018
2.016
2.074
2.08

4.964
4.648
4.972
4.947
4.932
4.962

4.157
3.893
–
4.123
4.133
4.157

13.03
14.2
11.36
12.84
12.648
12.443

Table 3. Well characteristics of spherically averaged V0 (R) potential for Li+ + N2 complex. For
definition, see the text. R0 defines the R at which
the PEC crosses the zero-energy line in the repulsive
region.

Figure 2. Computed potential energy curves as
a function of R with r = req (see the text) for
γ = 0◦ , 45◦ and 90◦ . The ab initio data points of
Falcetta and Siska 20 and Grice et al., 19 are shown
with ‘+’ and ‘o’ symbols, respectively. The present
calculations are shown as solid curves.

V (R, r = req , γ ) =  Vλ (R, r = req )Pλ (cos γ )

Reference

(1)

where Pλ s are the Legendre polynomials. The various
parameters are summarized in Table 3 along with earlier
theoretical 12, 17a, 19,20 and experimental 11 results. Gislason
et al., 11 had deduced these values from their total crosssection measurements for Li+ ions scattered from N2 in the

Reference

Re /a0 R0 /a0 De /kcal/mol

Staemmler 12
Waldman et al. 17a
Gislason et al. 11
Grice et al. 19
Falcetta and Siska 20
Present calculations

4.752
4.612
4.802
4.817
4.732
4.767

3.921
3.856
3.932
3.977
3.952
3.977

7.516
5.13
7.32
5.89
6.015
6.014

range Eθlab = 5–1000 eVdeg. There has been an uncertainty
regarding the estimate of the well depth as it varied in both
theoretical and experimental estimates. One can see again that
the present calculations are in close agreement with those of
Falcetta and Siska. 20

2.2 Analytic fit of the PES
The computed PES exhibits a smooth behavior as a function
of R, r and γ. One of the general ways of obtaining a fit of
ab initio points is to expand the potential terms in Legendre
polynomials
V (R, r, γ ) =  Vλ (R, r )Pλ (cos γ )
λ=0

(2)

The coefficients Vλ are dependent on both R and r . Following
our earlier experience with the fitting of PES for the H+ + CO
system 32 we have tried the similar fitting here, that is,
7 7−i

7

V (R, r, cos γ ) =    Ci jk
i=1 j=1 k=1

 i   j
1
1
(cos γ )k (3)
R
r

which yielded 196 coefficients to be determined by the
standard least-square method. The following ranges were
used to obtain the fitting: 1.5a0 ≤ r ≤ 3.3a0 ; 1.9a0 ≤ R ≤
14.2a0 and 0◦ ≤ γ ≤ 90◦ with a root mean square error
of 0.2266 × 10−3 a.u. (0.00616 eV). The values of the
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Table 4. Coefficients used in the fitting of longrange potential. See eqs. (4) and (5). All values
are in atomic units.
Property
Q
α0d
α2d

a0

a1

a2

a3

a4

−1.125 0.989 0.100 −0.113 −0.110
11.561 6.033 0.459 1.660 −1.894
4.791 6.892 0.479 6.679 −5.942

quadrupole, hexadecapole and tetrahexacontapole values at
req = 2.074 a0 . In the present study, we consider only the
quadrupole and the polarizability components to be the contributing factors for long-range interaction potential since we
believe that other components would have negligible contributions in view of collision dynamics for energies, E c.m. ≥
2.47 eV. We obtained the asymptotic potential (Vasymp ) using
eqs. (4), (5) and (6). We used the same aug-cc-pVQZ basis
set to compute these properties as a function of r at MRCI
level of theory and fitted them using the polynomial (eq. 5) as
a function of r . As mentioned above, req taken in the present
calculations is 2.0812a0 . The coefficients were obtained using
the least-square method and they are given in Table 4. The root
mean square errors for the fits of Q, α|| and α⊥ were 0.00029
a.u., 0.00022 a.u., and 0.00276 a.u. respectively.
Q(r )
α0 (r )
P2 (cos γ ) −
R3
2R 4
α2 (r )
−
P2 (cos γ ) + O(P3 )
2R 4
f (r ) = a0 + a1 (r − req ) + a2 (r − req )2

Vasymp ∼

Li+

Figure 3. PESs and contour plots of
+ N2 complex as
a function of r and R for three different orientations, γ = 0◦ ,
45◦ and 90◦ .

+ a3 (r − req )3 + a4 (r − req )4


1
2
α|| + 2α⊥ and αd2 =
α|| − α⊥
αd0 =
3
3

(4)
(5)
(6)

The ab initio PES and the long-range PES were joined
smoothly at R = 14.2a0 .
coefficients and the FORTRAN code of the ab initio fitting
are available upon request.
Figure 3 displays the PESs and the contour plots as a
function of R and r for γ = 0◦ , 45◦ and 90◦ . The topology of these PESs is almost identical except that the depth of
the interaction well becomes successively less in going from
γ = 0◦ to γ = 90◦ . Interestingly, an analysis of req , Req
values corresponding to the bottom of the interaction well
reveals that req does not show any significant change and
remains almost equal to the value of req of N2 and that Req
varies from 4.96a0 to 4.55a0 in going from the collinear to
the perpendicular approaches.

2.3 Long-range interactions
For homonuclear N2 , the odd multiple moments such as
dipole, octupole, etc., have zero values and only the even
multipole moments such as quadrupole, hexadecapole, etc.,
will survive. Falcetta and Siska 20 had computed values for

2.4 Vibrational coupling matrix elements
Before we present the results of dynamics calculations it
would be worthwhile to analyze the strengths of vibrational
coupling matrix elements (VCMEs) defined by
Vvv  (R, γ ) = φv (r )| Vin (R, r, γ ) |φv  (r )

(7)

where φv and φv represent the initial and final vibrational
state wavefunctions of N2 , and Vin (R, r , γ) (Vtotal (R, r, γ) −
Vtotal (R = 100a0 , r, γ) denotes the interaction potential
which goes to zero value at asymptotic separations, R =
100a0 . The vibrational wave functions φv (r ) were obtained
numerically using the Le Roy code 33 and N2 PEC. The
strengths of VCMEs is related to the probability of vibrational
excitation. The VCMEs as a function of R for γ = 0◦ , 45◦
and 90◦ are shown in Figure 4. They show a smooth behavior and there is a relatively deep potential well for V00 for
all angles between 0◦ and 90◦ indicating a strong coupling in

155 Page 6 of 11

Figure 4. Vibrational coupling matrix elements defined in
eq. (7) as a function of R for γ = 0◦ , 45◦ and 90◦ . Left panel:
V00 ; Right panel: V01 and V02. See the text.
the vibrationally elastic channel. The coupling elements for
inelastic channels (V01 and V02 ) are relatively much weaker
than V00 and V01 > V02 . Also, they are significantly small
for R ≥ 5a0 indicating weak vibrational inelasticity in the
system as it was observed in the experiments. 3

3. Results and Discussion
3.1 Quantum dynamics within VCC-RIOSA
approximation
The rotational states of N2 are much more densely
packed as compared to that of H2 . Therefore, as collision
energy increases the treatment of quantum dynamics
in the close-coupling formalism successively becomes
computationally prohibitive. Hence, it would be worthwhile to invoke the VCC-RIOSA approximation. The
theory of VCC-RIOSA has been well discussed and
well documented in the literature. For example, see
references 34–36 and references therein. Therefore, we
summarize only the essential details here. The first
approximation is the decoupling of rotational and orbital
angular momenta, which can be valid when the
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interaction (collision) time of the projectile is much
shorter than the rotational period of the diatom. The
second approximation is based on the fact that rotational states are closely packed so that differences
between rotational energy levels are small compared
to the translational energy of the collision. Both of
these approximations, known as the centrifugal sudden
and energy sudden approximations, could be well justified at relatively higher collision energies. The VCCRIOSA approximation leads to a drastic reduction in
the coupled-channel equations wherein one essentially
solves the vibrational–translational motions quantum
mechanically by decoupling the angular momenta for
different fixed values of γ. Successful applications of
VCC-RIOSA have been reported for energies as low
as E c.m. = 3.7 eV for the H+ + H2 system. 37 The
experiments of Böttner et al., 3 reported total vibrational
excitation differential cross sections for E c.m. = 3.64 eV
(E lab = 4.5 eV) and E c.m. = 2.47 eV (E lab = 3.5 eV).
They also published some data on the distribution of
rotationally excited states in v = 0 and 1 manifolds
for three different scattering angles for E c.m. = 4.23 eV
and 7.07 eV. Therefore, in the present study we carried
out VCC-RIOSA calculations at E c.m. = 3.64 eV and
compared them with those of experiments. It is important to note here that Pfeffer and Secrest 16 had also
studied vibrational–rotational excitations in the system
within VCC-RIOSA approximation at E c.m. = 4.23 eV.
Their calculations could show low vibrational inelasticity, but their computed rotational distributions for DCSs
at θc.m. = 37.1◦ , 43.2◦ , 49.2◦ were found to be narrower
than those of experiments. In the present study, we focus
on the DCS for total rotationally-summed vibrational
excitations and compare them with that available from
experiments at E c.m. = 3.64 eV.
Since the sudden S-matrix elements in ion–molecule
system 16,35 are known to show a strong γ-dependence,
particularly at smaller values of orbital angular momentum (l), it was useful to expand their angular dependence
in terms of Legendre expansion. Accordingly, the T matrix elements were expanded as,
Tvvj̄l =  Alλ ( j̄v → v  )Pλ (cos γ )
λ

(8)

where j̄ is the initial rotational state (usually set as
zero), v and v  are the initial and final vibrational states,
and the transition indicates the excitation from an initial state ( j̄v) to a rotationally-summed vibrational state
(v  ). The working formula for the rotationally-summed
DCS and integral cross sections (ICS) are given in terms
of Alλ ( j̄v → v  ) as 35
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dσ
dσ λ
( j̄v → v  ) =  (2λ + 1)−1
( j̄v → v  )
λ
dω
dω

(9)

where
dσ λ
( j̄v → v  )
dω 

2


1
l
 

=
(2l
+
1)P
(cos
θ
)A
(
j̄v
→
v
)

l
cm
λ

4k 2j̄v  l
(10)
θc.m. is the scattering angle in the center of mass frame,
and k jv is the wave vector
k jv =

2μ(E − ε jv )
h̄

(11)

ε jv denotes the vibrational–rotational energy of the
diatom, and E is the total energy. The integral cross
sections for rotationally-summed vibrational excitations
were obtained as
σ ( j̄v → v  ) =  (2λ + 1)−1 σ λ ( j̄v → v  )
λ

With,
σ λ ( j̄v → v  ) =



π
k 2jv



(12)


2
 (2l + 1)  Alλ ( j̄v → v  )
l

(13)
In the present calculations, the radial vibrational
coupled-channel equations were integrated using the
sixth-order Numerov method (from initial Ri values
well below the classical turning points up to final Rf =
100a0 ) for 7 equally spaced γ-values between 0◦ and
90◦ , for each partial wave (l). Ten vibrational levels of
N2 were included and the maximum value of lmax was
4050 at E c.m. = 3.64 eV for reaching the numerical convergence for elastic and inelastic vibrational excitations
up to v  = 3.
3.2 Computed dynamical attributes
It would be worthwhile to examine the characteristics
of angle-dependent opacity functions (partial cross sections) as they provide useful insight into the collision
dynamics and they are defined as
 
2

π

 j̄l
l

(γ
)
(14)
(2l
+
1)
T
σ ( j̄v → v ; γ ) =


vv 
k 2j̄v
The opacities are shown in Figure 5 for (a) v = 0 →
v  = 0, (b) v = 0 → v  = 1, and (c) v = 0 → v  = 2
excitations for three approaches γ = 0◦ , 45◦ and 90◦ . As
reflected from the strengths of VCMEs (Figure 4) the

Figure 5. Opacity (partial cross section) as
defined in eq. (14) as a function of contributing
orbital angular momentum l (in the units of h̄)
for (a) elastic channel, v = 0 → v  = 0 and
inelastic channels (b) v = 0 → v  = 1 and (c)
v = 0 → v  = 2 for γ = 0◦ (—), 45◦ (- - -) and
90◦ (· · · ).

relative magnitudes of opacities also follow the same
order for these orientations. The opacities for elastic
channel show lots of oscillations at lower l values.
These oscillations successively grow large in magnitude
exhibiting finally a large decaying tail which originates
from the long-range interaction potential. Their magnitudes are much stronger (approximately by two orders)
than those of vibrationally inelastic channels. The magnitudes of the opacities for v  = 1 and 2 excitations are
very small and they follow the order v  = 1 > v  = 2,
supporting the experimental observations of Böttner
et al. 3
A meaningful comparison between the theory and the
experiment involves the comparison of the state-to-state
DCSs since they depend critically on both the quality of
interaction potential and the accuracy and applicability
of the involved theoretical method in their calculations.
The total DCS is compared with that of experiment at
E c.m. = 3.64 eV in Figure 6. The total DCS was obtained
after summing up all the rotationally-summed vibrational excitations DCS including rotationally-summed
DCS for the elastic channel. Since the experimental
DCS was reported in arbitrary units they were normalized with respect to the calculated DCS values at the
datum point, θc.m. ≈ 36◦ . The experimental total DCS
shows almost an exponential decay as a function of θc.m .
Interestingly, there does not appear any signs of a strong
rainbow maxima. However, there appears to be a weak
and broad rainbow for θc.m. in the range, 30◦ < θc.m. <
60◦ . The absence of a strong rainbow maximum could
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Figure 6. Total DCS as a function of θcm .
The present calculations are shown as solid
line. The experimental data of Böttner et
al., 3 are retrieved for comparison, and normalized to the datum point, θc.m. = 36◦ .
See the text. The number on the ordinate
denotes the power of 10.

be attributed to the interference (quenching) effect originating from the inelastic processes. It is gratifying to
note that the present VCC-RIOSA calculations for the
total DCS are in quantitative agreement with the experimental data over the entire range of θc.m .
The rotationally-summed state-to-state DCS for
vibrational excitations are shown in Figure 7. One can
see that the magnitude for v  = 0 is the largest followed by v  = 1 and the magnitudes for v  = 2
and v  = 3 are extremely small except for ‘hardhit’ collisions resulting in large angle scattering. This
confirms indirectly the experimental observations of
Böttner et al., 3 that vibrational excitation with v  = 2
was very small and v  = 3 and above no excitation peaks
were observed. Interestingly, all the vibrational inelastic
channels exhibit a decreasing trend for θc.m. = 5◦ –30◦
and after reaching a minimum around θc.m. ≈ 20◦ they
increase monotonically with θc.m. . The elastic v  = 0
DCS shows almost an exponential-like decay as a function of θc.m. . The values of integral cross sections at
E c.m. = 3.64 eV (in a.u.) for v  = 0, 1, 2 and 3
excitations were 439.71, 0.5528, 0.06672 and 0.00707,
respectively.
Another striking finding of experiments of Böttner et
al., 3 is the observation of a large number of rotational
excitations in the system which were reflected from the
analysis of energy-loss spectra at E c.m. = 4.23 eV and
E c.m. = 7.07 eV at θLAB = 30◦ , 35◦ and 40◦ . It was
observed that at E c.m. = 4.23 eV rotational levels ( j  )
up to 50 could be populated in the vibrational manifold
v = 0. With the increase in collision energy the magnitude of vibrational excitation v  = 1 also increases
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Figure 7. Rotationally summed state-tostate DCS for (i) elastic, v = 0 → v 
= 0 and (ii) inelastic, v = 0 → v  = 1,
v = 0 → v  = 2 and v = 0 → v  = 3
channels. The number on the ordinate
denotes the power of 10.

and v  = 1 manifold also exhibits rotational population up to j  = 40. Rotational excitations distribution
was reported where j  ≈ 20 peaked with the maximum
magnitude.
As a preliminary examination to this observation we
carried out a coupled-state 38 study at E c.m. = 2.47 eV
considering N2 as a rigid-rotor with ji = 0 using
MOLSCAT code. 39 The r = req value taken as the
average value in the ground vibrational state and the
rigid-rotor potential was taken as the potential averaged
over the ground vibrational state, that is, V (R, γ ) =
φv=0 (r ) |V (R, r, γ )|φv=0 (r ) . At this collision energy,
transitions up to j  = 100 were allowed energetically
(open channels). In order to get cross-sections numerically converged for j  = 50, additional 20 closed
rotational channels were added, and coupled equations
were integrated up to the asymptotic limit, R = 100a0
using the log-derivative method. The obtained integral
cross sections (up to j  = 50) are shown in Figure 8 as
solid line. From the calculated values of integral crosssections (ICSs), we observe that rotational excitations
to higher states up to j  = 50 are possible but their magnitudes successively decrease with the increase in j  .
While the energy sudden approximation is expected
to be still valid in view of large density of rotational
states and their small energy separations, it would
be worthwhile to incorporate the vibrational–rotational
coupling and carrying out coupled-state calculations.
To this end, we have carried out vibrational–rotational
coupled-state calculations at E c.m. = 2.47 eV involving
the v = 0 and v = 1 vibrational levels. We did not
include higher vibrational states in view of negligible
excitations for v ≥ 2 as observed in the present calculations and also in the experiments. We kept the rotational
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Figure 8. State-to-state integral cross
sections (in a.u.) of rotational excitations
of N2 , vi = 0, ji = 0 → v  = 0, j 
(up to 50) upon collisions of Li+ at E c.m.
= 2.47 eV obtained from coupled-state calculations. (×): vib-rotor calculations; (—):
rigid-rotor calculations. The number on the
ordinate indicates the power of 10.

basis same, that is, jmax in v = 0 and v = 1 manifold
was 120. The computed cross sections values for
rotational excitations in v = 0 are shown in Figure 8 as
crosses. The vibrational–rotational coupled-state calculations give similar results for j  > 6 in v = 0 manifold
and for j  = 2, 4 the cross sections are marginally higher
than those obtained from the RR coupled-state calculations. This suggests that vibrational–rotational coupling
increases the magnitudes of rotational excitations for
lower j  (up to j  = 6). However, for higher j  transitions ( j  > 6) both the RR and vibrational–rotational
coupled-state calculations yield similar results. The
magnitudes of integral cross sections of rotational excitations from v = 0, j = 0 to v = 1, j  (with j  up
to 50) are very small and all of them have almost the
same magnitude suggesting that excitations to all of
them are equally probable. Both the vibrational, rotational excitations in v  = 1 level are very small as seen
in experiments.
Experiments 3 reported the rotational excitation
distribution at θc.m. = 37.1◦ , 43.2◦ and 49.2◦ only for
E c.m. = 4.23 eV and 7.07 eV. However, it is worthwhile to examine the rotational excitation distribution
for the same angles at E c.m. = 2.47 eV. Since both
RR and vibrational–rotational coupled-state calculations give identical results for j  > 4 we analyzed
the DCS obtained only from the RR calculations at
E c.m. = 2.47 eV. We have plotted them in Figure 9.
One can see that rotational excitations can occur up to
j  = 20 with j  ≈ 10 with maximum magnitude.
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Figure 9. Rotational distributions ( j  of N2 )
with ji = 0 obtained from the rigid-rotor coupled-state calculations at E c.m. = 2.47 eV for
θc.m. = 37.1◦ , 43.2◦ and 49.2◦ . See the text.

4. Conclusions
In the present study, a new ground electronic state
PES of Li+ + N2 system at the MRCI/aug-cc-pVQZ
level of accuracy has been reported in the Jacobi scattering coordinates along with its analytical fit. The
long-range interaction has been modelled in terms of
charge-quadrupole and polarizability interactions. Various structural characteristics and electronic parameters
have been analyzed in detail and they are found to be
in good agreement with those available from the experiments as well as earlier theoretical results.
Quantum scattering dynamics study for vibrational
excitations has been carried out within VCC-RIOSA
approximation at E c.m. = 3.64 eV and various collision
attributes have been analyzed in detail. The computed
total DCS at E c.m. = 3.64 eV is found in quantitative
agreement with those of experiments, thus lending credence to the accuracy of the PES.
A preliminary coupled-state study of rotational
excitations within the rigid rotor approximation (in v =
0 vibrational manifold) is also carried out to examine the
potential anisotropy and amount of rotational excitations
at E c.m. = 2.47 eV. The effect of vibrational–rotational
coupling is also examined by carrying out vibrational–
rotational coupled-state calculations at E c.m. = 2.47 eV.
The computed ICSs in both the calculations indicate
large number of rotational excitations with appreciable and comparable magnitudes of cross sections for
j  up to 50. An analysis of the rotational distribution
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at θc.m. = 37.1◦ , 43.2◦ and 49.2◦ suggests a wide
distribution of j  with a maximum around j  ≈ 10 at
this collision energy.
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