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Abstract. The present work aims to control the rotational excitations of an ac-driven planar rotor, a model
for rigid diatomic molecules, by rebuilding barriers in the classical phase space. The barriers are invariant tori
with irrational winding ratios which are perturbatively constructed at desired locations in the phase space. We
establish that constructing such barriers, equivalent to additional weak ﬁelds, can efﬁciently suppress the chaos
leading to the control of various processes. The phase space barriers are shown to be effective in controlling the
quantum dynamics as well. In particular, the efﬁciency of the phase space barriers towards controlling dynamical
tunneling in the system is explored. Our studies are relevant to understanding the role of the chaotic regions in
dynamical tunneling and for molecular alignment using bichromatic ﬁelds.
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1. Introduction
Starting with the early proposals 1–3 for coherently controlling quantum phenomena using tailored ﬁelds there
has been an increasing interest 4–7 to uncover the control
mechanism as encoded in the structure of the applied
ﬁelds. Following the initial studies there was a general
consensus that coherent control utilizes 8 the quantum interference effect between different pathways that
connect a given initial and ﬁnal state. In this sense coherent control can be viewed as an intrinsically quantum
technique with no classical analog. Recently, however,
doubts have been cast on this long held viewpoint.
In particular, it is now understood that a typical laser
control scenario, involving ac-ﬁelds with two different
frequency components, is not equivalent to the Young’s
double slit paradigm. 9 Surprisingly, in the so called
laser-induced symmetry breaking approach the control
mechanism has a common origin from both classical
and quantum perspectives. 10,11 The reasons behind this
unusual viewpoint has to do with the fact that the nonlinear response of a system to the combined ﬁelds has
a well deﬁned classical limit. 10,12 Indeed, it has been
argued that the symmetry requirements on the ﬁeld to
generate phase-controllable dynamics are identical 13 in
both classical and quantum mechanics.
* For correspondence
† Dedicated to the memory of late Professor Charusita Chakravarty.

To a large extent the renewed understanding of coherent control mechanisms mentioned above has come
about due to a sustained interest in the classical-quantum
correspondence studies of driven systems. Such studies in atomic, molecular and mesoscopic systems have
established the inﬂuence of the classical phase space
on a wide range of quantum phenomena. The literature
in this context is substantial and as examples of early
work we mention, microwave ionization of atoms, 14
dissociation of diatomic molecules using continuous 15
and chirped ﬁelds, 16 dynamical tunneling, 17 and even
quantum entanglement. 18 Every one of these phenomena exhibit sensitive dependence on various classical
phase space structures including chaos, cantori, and nonlinear resonances. A partial list of reviews, 19–29 spanning
a wide range of disciplines, gives a glimpse of the utility
of the classical-quantum correspondence viewpoint.
Thus, given that laser-induced symmetry breaking has
a classical origin and that driven systems are cognizant
of the nature of the classical phase space, is it feasible
to exert control by suitable modiﬁcation of the classical phase space structures? By suitable modiﬁcation
we mean reducing the extent of chaos or perturbing a
speciﬁc nonlinear resonance by introducing additional,
possibly weak, control terms to the original classical
Hamiltonian. Starting with the initial work 30 by Ciraolo
et al., there are now several examples for such a local
phase space based approach to controlling classical
dynamics. 31–35 However, it is crucial to determine the
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efﬁciency of the phase space barriers in the corresponding quantum system since there can be a subtle interplay
between classical and quantum transports depending on
the effective Planck constant of the system. In this regard
there has not been much work except for an earlier study
on the inﬂuence of the rebuilt local phase space barriers
on the quantum dynamics of a ac-driven Morse oscillator. 36 Moreover, as seen in the earlier work 36 and the current work, it is advantageous if one can map the control
terms to additional ﬁelds which, apart from being experimentally accessible, can yield valuable insights into the
mechanisms of laser-induced symmetry breaking.
In the present study we take a fairly simple, yet
paradigmatic, model of a driven planar rotor and show
that it is possible to control both the quantum and classical rotational dynamics by modifying the classical phase
space. In Sec. 2 we provide a detailed introduction to the
model, nature of the phase space, and the motivations
for our interest in the speciﬁc system. In Sec. 3 we give a
brief but essential discussion of the ideas and techniques
for the local phase space control and interpret the control
terms. This is followed by results where in Sec. 4.1 we
demonstrate the efﬁciency of controlling the quantum
rotational excitations and in Sec. 4.2 establish that it is
possible to control the dynamical tunneling process as
well. Finally, in Sec. 5 we summarize the present work
and brieﬂy mention aspects of the control method that
needs further attention.
2. Model Hamiltonian
The Hamiltonian of
rotor given by

interest 37

H (J, θ, t) =

is a periodically driven planar

J2
− μE 0 cos ωt cos θ
2I

(1)

where the external ac-driving ﬁeld with amplitude E0 and
frequency ω makes an angle θ with the dipole moment vector
of magnitude μ. The moment of inertia of the rotor is denoted
by I . The Hamiltonian can be expressed as
f
J2
− [cos(θ + ωt) + cos(θ − ωt)]
2I
2
≡ H0 (J ) − [cos(θ + ωt) + cos(θ − ωt)] (2)

H (J, θ, t) =

with f ≡ 2 = μE0 . Note that the Hamiltonian above arises
in a number of different contexts. For instance, it is possible
to interpret Eq. 2 as the Hamiltonian, in action-angle representation, for a ac-driven pendulum with only two resonance
terms being retained. 38 As a further example, Eq. 2 arises in
experiments 39,40 on cold atoms trapped in a time modulated
optical lattice. Following earlier work, 37 we work with the
scaled Hamiltonian
1
H (J, θ, t) = J 2 − [cos(θ + ωt) + cos(θ − ωt)] (3)
2
with ω = 1. In the above Hamiltonian the various parameters
are dimensionless. The rescaling results in an effective Planck
constant h̄ eff , henceforth denoted as h̄, in the context of the
quantum studies.
The phase space of the system for Eq. 3 is shown in Figure 1 as a stroboscopic surface of section for two values of
the ﬁeld strength. The two prominent islands of regularity at
J±r ≈ ±1 are the two 1:1 nonlinear resonances arising from
the ﬁeld-matter interaction. These hindered rotational motion
(librations) are determined by the resonance condition

∂ H0 (J ) 
= (J±r ) = ±ω
(4)
∂ J  J =J±2
with  being the nonlinear frequency of the rotor. A qualitative understanding of the nature of the phase space can be
obtained using Chirikov’s resonance overlap theory. 41 For
small values of the ﬁeld strength f the two resonances
√ do
not overlap and each has a full width of Jmax = 8 f .
With increasing ﬁeld strength the resonances overlap at f =

Figure 1. Stroboscopic surface of section for the Hamiltonian Eq. 3 for (A) f = 0.3 and
(B) f = 0.5 with driving ﬁeld frequency ω = 1.
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f c = 1/2 and for f > f c generate substantial chaos in
the phase space. Semiclassically, the width of a resonance
translates to the number of quantum states that are trapped in
the resonance zones.We refer the reader to the earlier work
by Berman, Zaslavsky, and Kolovsky 42–44 for further details
on the classical-quantum correspondence for transition to
stochasticity in such double resonance models.
The Hamiltonian of interest affords several advantages in
terms of a detailed classical-quantum correspondence study of
various phenomena. Since the system possess the dynamical
symmetry H (−J, −θ, t) = H (J, θ, t), the classical phase
space exhibits symmetry related structures and one expects
dynamical tunneling 17 between such structures. Thus, classical trajectories initiated in the upper 1:1 island in Figure 1 are
trapped forever whereas quantum dynamics allows an initial
quantum state localized in the upper island to dynamically
tunnel to the symmetry related lower 1:1 island. The simple ﬁeld-matter resonance structure of Eq. 3 allows for a clear
analysis of dynamical tunneling effects in terms of the various
nonlinear resonances 45,46 and chaos, 47 as shown in an earlier
study 48 by Mouchet, Eltschka, and Schlagheck. Moreover, an
important point to note from Figure 1 is that the chaotic region
is bounded from above and below by KAM tori corresponding to free rotation. This is in contrast to examples such as
the kicked rotor, 49,50 microwave driven atoms 51,52 and driven
Morse oscillator 15 wherein the chaotic regions are unbounded
and there can be strong quantum localization effects in the
classically chaotic region. Indeed, detailed studies by Moiseyev, Korsch, and Mirbach have shown 37 that in case of the
periodically driven rotor the quasienergy states are extended
and do not exhibit strong quantum localization effects. Consequently, even when the ﬁeld is far off-resonance from the
typical rotational frequencies, an initial rotational quantum
state (for example j = 0 with f = 0.5 as in Figure 1B) can
transfer population to highly excited rotational states with
almost equal probabilities - the maximal excited rotational
state quantum number being determined by the extent of the
bounded chaotic region in the classical phase space. 37
Given the close classical-quantum correspondence for the
driven rotor one expects that it should be possible to control
quantum processes like dynamical tunneling and rotational
excitation by suitable modiﬁcations of the classical phase
space. In particular, since the chaos in the classical phase
space plays an important role, it is of interest to study the effect
of “bottling up” of chaos on the quantum processes of interest.
One way to implement this idea is to locally modify the phase
space by rebuilding the KAM barriers in the phase space to
effectively conﬁne and/or reduce the extent of stochasticity.
In the following section we outline such an approach due to
Vittot and coworkers 31,32 and derive the explicit form of the
control terms for the driven rotor system.

notation, as far as possible, for convenience and clarity.
The key features of the method are summarized in a general setting followed by implementation for our speciﬁc
model Hamiltonian.
Consider the general Hamiltonian of the form

3. Local phase space control

3.1 Control term for the driven rotor case

We start by brieﬂy recounting the local phase control
idea as described 33 in Huang et al., and follow their

In order to apply the local phase space control approach
to the Hamiltonian in Eq. 3, we start by converting the

H (A, φ) = H0 (A) + V (A, φ)

(5)

with (A, φ) ∈ R f × T f being the f -dimensional
action-angle variables. For  = 0 the phase space is
integrable and foliated by invariant tori with frequency
(A) = ∂ H0 (A)/∂A. For increasing values of  an
increasing number of the invariant tori break up as in the
classic KAM scenario for nonlinear, and nondegenerate, Hamiltonians. In particular, resonant tori satisfying
k· = 0 for nonzero integer vector k are the ﬁrst ones to
be destroyed by the perturbation whereas non-resonant
tori are destroyed beyond a threshold value c of the
perturbation strength. The goal of the local phase space
control is to rebuild a speciﬁc non-resonant invariant
torus for  > c by modifying the original Hamiltonian
in Eq. 5 as
Hc (A, φ) = H0 (A) + V (A, φ) + h(φ)

(6)

The control term is O( 2 ) i.e., small with respect to
the perturbation V (A, φ) in the original uncontrolled
Hamiltonian. Assuming that the non-resonant torus with
frequency  is located at A = A0 , the expression for
the control term can be written as
h(φ) = −H (A0 − ∂φ b(φ), φ)
(7)

ik·φ
where b(φ) ≡ H (A0 , φ) = k∈Z f bk e , and  is a
linear operator deﬁned by
 bk
eik·φ
(8)
b(φ) =
ik
·

k·=0
Note that the condition k ·   = 0 in the equation above
is due to the fact that  is chosen to be non-resonant.
In addition, the rebuilt invariant torus for the controlled
system is located at
A = A0 − ∂φ b(φ)

(9)

Details regarding the regimes of validity of the local
control strategy as well as an explicit construction of the
control term via suitably chosen canonical transformations can be found in the work 32 of Vittot et al. In this
work we apply the above equations to the Hamiltonian
of interest and numerically test the effectiveness of the
control term.
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time-dependent system to an autonomous system. So,
we consider t as an additional angle variable whose conjugate action is the energy E. The resulting autonomous
Hamiltonian can be expressed as
H(A, φ) = E +

1 2
J − [cos(θ + t) + cos(θ − t)]
2
(10)

where the action and angle variables are denoted by
A ≡ (J, E) and φ ≡ (θ, t) and  = (, 1) being
the frequency vector.
Since our purpose is to rebuild irrational barriers in
the phase space we choose the ratio of the ﬁeld to rotor
frequencies as
ω
= g+γ
(11)

√
with g being an integer and γ = ( 5 − 1)/2 ≈ 0.618 is
the golden ratio. Working with the scaled Hamiltonian,
our tori to be rebuilt are located at A0 = (Jg , 0) with
frequency  = (g , 1) and g = Jg = (g + γ )−1 .
Note that the chosen frequency ratio corresponds to the
so called noble frequencies, in general expressible as
(aγ + b)/(cγ + d) with ad − bc = ±1, which form 53,54
fairly robust barriers for transport in the phase space of
systems with two degrees of freedom. The case of Eq. 11
corresponds to a = d = 1, b = g, and c = 0.
Following the methodology discussed above the
desired control term as given in Eq. 7 is

due to a second weak ﬁeld with frequency 2ω at an
angle 2θ with respect to the dipole vector. On the
other hand, the (2, 0) mode corresponds to an additional static ﬁeld with a relative phase shift of π since
|g | < 1. In other words, the control Hamiltonian
can be thought of as equivalent to a Hamiltonian such
as
K (J, θ, t) = H (J, θ, t) − f 2 cos 2t cos 2θ
− f s cos(2θ + π )
(14)
with f 2 and f s being related to the 2ω-ﬁeld strength
and static ﬁeld strength respectively. Comparing to
our explicit control Hamiltonian result in Eq. 13 one
obtains

f2
≡
f
4(g − 1)2
fs

≡
f
4(1 − 2g )

(15)
(16)

Clearly, f > f 2 ≥ f s with the equality holding for large
g values i.e., nearly symmetric location of the rebuilt
barrier. Consequently, both the (2, −2) and the (2, 0)
modes are expected to be crucial and, given the choice
of our rebuilt torus action, the (2, 2) mode plays a relatively minor role.
The efﬁciency of the control term is illustrated in
Figure 2 where the phase space of the controlled Hamiltonian with ω/ = 3 + γ and 1 + γ are shown for
f = 0.3 (A and B respectively) and f = 0.5 (C
(12)
h(φ) = −H(A0 − ∂φ b(φ), φ)
and D respectively) are shown. On comparing to the
An explicit computation of the control term yields
uncontrolled phase spaces shown in Figure 1 it is clear
that the addition of the control term has indeed con1
strained the stochasticity in the phase space to speciﬁc
h(φ) = − [∂θ b(φ)]2
2
regions. In addition, with increasing g in Eq. 11 the

2
locations of the rebuilt tori move closer to J ≈ 0.
 2 cos(θ + t) cos(θ − t)
+
=−
However,
despite the nearly symmetric nature of the
2
g + 1
g − 1

 phase space for large g, the local phase space struc 2 cos(2θ +2t) cos(2θ − 2t) 2 cos 2θ
ture in the vicinity of the 1:1 islands has important
=−
+
+ 2
4
(g +1)2
(g −1)2
g − 1
differences in terms of the secondary resonances. In
(13) Figure 3 we show the inﬂuence of the speciﬁc Fourier
modes in the control term. The result of neglecting the
where in the last line above terms independent of θ (2, 2) mode is shown in Figure 3B and indicates that the
have been dropped since they are uninteresting from inﬂuence of the speciﬁc mode is minimal. Figure 3C
the dynamical perspective.
shows that, despite the barriers being rebuilt, neglecting
the (2, −2) mode leads to some subtle changes in the
phase space. For instance, the extent of chaos around
3.2 Efﬁciency and an interpretation of the control
the upper (lower) 1:1 island in Figure 3C is increased
term
(decreased) in comparison to Figure 3A and B. HowAs expected, the control term in Eq. 13 is O( 2 ) and ever, Figure 3D clearly shows that the (2, 0) mode i.e.,
has three Fourier components (2, 2), (2, −2), and (2, 0). the static ﬁeld is crucial in order to rebuild the barInterestingly,the modes (2, ±2) can be interpreted as rier.
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Figure 2. Stroboscopic surfaces of section showing the inﬂuence of the control ﬁeld in
Eq. 13 for two examples of the rebuilt KAM tori. The frequency ratio ω/  equal to (A)
3 + γ and (B) 1 + γ for f = 2 = 0.3. (C) and (D) show the corresponding phase spaces
for f = 2 = 0.5. All the plots have identical axes range.

4. Results and Discussion
We now investigate the extent to which the rebuilt
classical phase space barriers inﬂuence speciﬁc quantum processes. In addition, we are interested in the
classical-quantum correspondence of the control process. Therefore, we analyze the effect of the rebuilt phase
space barriers on an exquisitely quantum phenomenon
of dynamical tunneling between the resonant islands. In
particular we analyze the example case considered in the
earlier work 48 by Mouchet, Eltschka, and Schlagheck
wherein both resonance and chaos assisted tunneling
occurs.
In order to study the classical-quantum correspondence we undertake a detailed study of the quantum
dynamics of Eq. 3 using the technique of Floquet theory. Owing to the time-periodic nature of the system
of interest, it is advantageous to obtain the Floquet

states |χα (t) = exp(−iωα t)|ϕα (t) and the associated quasienergies α ≡ h̄ωα by diagonalizing the
one cycle propagator U (T = 2π/ω, 0). Note that the
identity U (nT, 0) = [U (T, 0)]n , due to the periodicity |ϕα (t + nT ) = |ϕα (t) , implies that one can
study the long time quantum dynamics using only the
one cycle propagator. Moreover, the Floquet setting is
ideal for interpreting the quantum dynamics in terms
of the classical stroboscopic surfaces of section. In
our case we obtain the quasienergies and eigenvectors by diagonalising U (T, 0) in the free rotor basis
|j .
4.1 Control of the rotational excitations
As mentioned earlier, a remarkable feature of the driven
planar rotor system is the lack of quantum localization
effects in the chaotic regions. As a result an initial rotor
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Figure 3. Stroboscopic surfaces of section showing the inﬂuence of the various Fourier modes in Eq. 13 for the control ﬁeld.
(A) All three modes present (B) Mode (2, 2) absent (C) Mode (2, −2) absent (D) Mode (2, 0) absent. Top row corresponds
to rebuilding ω/  = 2 + γ barrier for f = 0.3 while the bottom row corresponds to rebuilding the ω/  = 11 + γ barrier
for f = 0.5. All the plots have identical axes range.

state | j0 evolves under the periodic driving to yield
amplitudes in very highly excited rotor levels. The maximally excited quantum state | jmax is solely determined
by the extent of the bounded chaotic region. Clearly,
introducing barriers in the chaotic sea are expected to
limit the extent of rotational excitations. In our studies we have investigated the inﬂuence of the creation of
barriers at various phase space locations on the classical
and quantum rotational excitations for several choices
of the driving ﬁeld strengths, effective Planck constants,
and initial rotational states. For brevity, and as representative examples, in this work we illustrate the extent to
which control can be achieved with two example cases.
We choose the initial state | j = 0 = √12π corresponding to the ground state of the rotor with h̄ = 0.02. The
probability to excite the initially non-rotating diatomic
molecule to the rotational state | j after n optical cycles
i.e., t = nT is given by
p j (n) = | 0(nT )| j |2

2



∗
−inωα T 
=
Cα, j Cα,0 e




(17)

α

where the last line is obtained by expanding the time evolution of the initial state in terms of the Floquet states
and Cα are the eigenvectors of the one cycle propagator. A basis of size 401 free rotor states is sufﬁcient to

obtain converged Floquet states and quasienergies for
the longest timescales studied in this work.
In order to compare classical and quantum dynamics
we perform the corresponding classical calculation by
propagating 12000 uniformly distributed initial phase
space points with J (t = 0) = 0 and θ ∈ (0, 2π ). The
resulting values of J (nT ) are then analyzed using the
method used in an earlier work. 37 Speciﬁcally, since
J = h̄ j, the classical excitation probability p clj (n) is
shown as a histogram obtained by binning the J (nT )
values according to j < J (nT )/h̄ < j + 1. The bin
width is taken to be equal to the effective Planck constant
value.
In Figure 4A and B we compare the long time (t f =
5000T ) classical and quantum rotational distributions
for the cases f = 0.3 and f = 0.5 respectively in the
absence of the control ﬁeld. The results can be rationalized, with the mapping J = h̄ j, based on Figure 1A and
B which show the corresponding classical phase spaces.
The result for f = 0.3 shown in Figure 4A indicates that
despite | jmax | being similar for both quantum and classical, the quantum rotational distribution is more localized
as compared to the classical one. This is expected due to
the regular island structures seen in Figure 1A around
J = 0. On the other hand, for the f = 0.5 result in
Figure 4B the classical and quantum distributions are
similar, conﬁrming the earlier expectation 37,50 for the
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Figure 4. Quantum (shaded gray) and classical (black histogram) rotational excitation
probability, at t f = 5000T with h̄ = 0.02, to excite the non-rotating rotor to its j th
rotational state. The uncontrolled cases for f = 0.3 and f = 0.5 are shown in (A) and (B)
respectively. The corresponding results for the controlled cases are shown in (C) and (D)
respectively. The phase space barriers for (C) and (D) correspond to ω/  = 2 + γ and
11 + γ respectively, as in Figure 3 (ﬁrst column). In (C) and (D) the dashed vertical lines
indicate the position of the rebuilt barriers. For comparison, the controlled results are also
shown in (c) and (d) on the same scale as (A) and (B) respectively.

p j (n) to be nearly ﬂat with random ﬂuctuations. Details
regarding the origins of the structures in the rotational
distributions, including the short time rotational rainbow features and the long time statistical ﬂuctuations,
are already known. 37 Therefore, we will not dwell upon
the various features in Figure 4A and B any further and
focus on the effect of the rebuilt barriers on the rotational
excitations.
In Figure 4C and D we show the inﬂuence of the phase
space barriers created at J = (2 + γ )−1 and (11 + γ )−1
for f = 0.3 and 0.5 respectively. Clearly, in both cases
the rotational distribution is considerably narrower as
compared to the uncontrolled counterparts. One also
anticipates this from the controlled phase spaces shown
in Figure 3A where regular tori appear in the vicinity
of the initial rotational state. In addition, the distributions are asymmetric with respect to j = 0 which is due
to the fact that the barriers are created at J > 0. An
important observation is that although both the classical
and quantum excitations are controlled to a large extent,
there is non-negligible quantum population in rotor levels that are not populated classically. Interestingly, while
for f = 0.3 in Figure 4C both classical and quantum
populations are constrained by the barrier, for f = 0.5
shown in Figure 4D the quantum rotor excitations do
extend beyond the barrier location. Presumably this is

due to dynamical tunneling through the barriers. However, this requires further considerations along the lines
of the earlier studies 55,56 and will be the focus of a future
work.
4.2 Control of dynamical tunneling
The second focus of this work is to investigate the inﬂuence of the rebuilt phase space barriers on the dynamical
tunneling occurring between the 1:1 resonance islands.
In an earlier work, Mouchet, Eltschka, and Schlagheck
have analyzed 48 the various aspects of dynamical tunneling in great detail for the Hamiltonian in Eq. 3 with
emphasis on the role of the nonlinear resonances. It was
established that small variations of f in Eq. 3 could
enhance the tunneling between the two 1:1 islands by
several orders of magnitude. The enhancements occur
due to the emergence of nonlinear resonances within
the 1:1 islands. For example, in Figure 5A and B we
show the details of the phase space near the upper 1:1
island for f = 0.72 and f = 0.67 respectively. The
driving ﬁeld strengths considered in Figure 5 are precisely the ones that are the subject of a detailed study
in the earlier work. 48 It was observed that at h̄ −1 ≈ 16
the tunneling for f = 0.72 was nearly ﬁve orders of
magnitude faster than that for f = 0.67. A detailed
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Figure 5. Details of the phase space near the 1:1
resonant island for the Hamiltonian in Eq. 3 for (A)
f = 0.72 and (B) f = 0.67. In all the panels,
curved arrows are schematic representations of resonance-assisted tunneling processes.
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analysis established the cause for the enhancement to
be the well developed nonlinear resonance island chain
(ω/ω0 = 7/3 with ω0 being the frequency of oscillations
around the center of the island) seen in Figure 5A. The
same resonance in Figure 5B for f = 0.67, not important at h̄ −1 ≈ 16, does provide an additional pathway for
resonance-assisted tunneling starting around h̄ −1 ≈ 30.
Thus, dynamical tunneling in mixed regular-chaotic
systems involves a combination of two processes. First,
resonance-assisted tunneling 45 from the 1:1 island to
the chaotic sea and second, transport through the
chaotic region 47 due to the delocalized Floquet states.
The resonance-assisted process may have several steps
depending on the number of resonances that are important at a given effective h̄ value. For the chaos-assisted
transport part of the mechanism it is natural to surmise that the partial barriers in the chaotic sea should
play an important role. In addition, recently it has
been shown 57,58 that delocalized Floquet states can spoil
bichromatic control despite explicit symmetry breaking
in the system.
Given the fact that the control term in Eq. 13 reduces
the extent of the chaotic region in the phase space (cf.
Figure 2 and Figure 3), one expects a drastic inﬂuence
on the dynamical tunneling process. In order to conﬁrm
our expectations we take an initial state of the form


1
(θc − θ )2
Jc θ
exp −
+i
ψ(θ ; θc , Jc ) =
4σ 2
h̄
(2π σ 2 )1/4
(18)
localized about the upper/lower 1:1 island center (θc , Jc )
with σ 2 = h̄/2. Note that the above state is similar to an appropriately squeezed coherent state and we
are working with dimensionless units. A signature of
resonance and chaos assisted tunneling is the interaction of the tunneling doublet with one or more states,
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12

Figure 6. Long time limit of the survival probability Eq. 19
for the uncontrolled (solid line) and controlled (dashed line)
cases. The initial state is localized in the lower (I− ) and upper
(I+ ) 1:1 island in the classical phase space. (a) f = 0.67, I+
(b) f = 0.67, I− (c) f = 0.72, I+ (d) f = 0.72, I− . The
rebuilt barrier corresponds to ω/  = 11 + γ in all cases and
h̄ = 0.02.

regular or chaotic, leading to ﬂuctuations in the tunnel splittings. A convenient measure for the number
of states that participate in the dynamics of an initial
state is the long time limit of the survival probability
L ≡ lim | ψ(0)|ψ(τ ) |2
τ →∞


= lim
pα pβ e−i(α −β )τ/h̄ =
pα2
τ →∞

α,β

(19)

α

with pα ≡ | ψ(0)|ϕα (0) |2 being the overlap intensity. The participation ratio L −1 represents the number
of Floquet states that participate in the dynamics of
|ψ(0) . In a typical two level dynamics involving only
the tunneling doublet L ≈ 0.5 whereas for the participation of additional states one expects L < 0.5.
Moreover, L ≈ 1 indicates the lack of any tunneling
and the initial state is localized. Recently L has been
used 57 to map the tunneling control landscape as a function of the various driving ﬁeld parameters. In order to
show the usefulness of Eq. 19, Figure 6 shows L as a
function of h̄ −1 for our system in the absence of any
control term. One can clearly see in Figure 6(d), corresponding to f = 0.72, a large number of multistate
interactions with L  0.3. In contrast, the uncontrolled
result for f = 0.67 in Figure 6(a) shows similar L
values but with isolated multistate interactions. These
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Figure 7. Husimi distributions Eq. 20 of select states that lead to the loss of control seen
in Figure 6 for f = 0.72 and h̄ = 0.02. First column shows the states responsible for the
sharp dip in L around h̄ −1 ≈ 15 in Figure 6(c) and the second column shows the states
responsible for the broad dip in L around h̄ −1 ≈ 18 in Figure 6(d). Note that the Husimi
distributions are superimposed on the controlled phase space for comparison.

results are consistent with the earlier observations 48
where the orders of magnitude enhancement of tunneling for f = 0.72 as compared to f = 0.67 was ascribed
to the multitude of crossings involving delocalized Floquet states.
In Figure 6 we show the effect of rebuilding the
ω/ = 11 + γ barrier on dynamical tunneling for
the coupling strengths f = 0.67 and 0.72 with varying h̄ −1 values. The chosen barrier is nearly symmetric
with respect to the 1:1 islands and the speciﬁc choice
of the coupling parameters is made to make contact
with the earlier work. In Figure 6(a) and (b) we show
the result for f = 0.67 with the initial state localized
in the upper and lower islands respectively. Clearly,
tunneling is controlled quite well over the range of h̄
values considered. In contrast, similar computations for
f = 0.72 shown in Figure 6(c) and (d) indicate a
few isolated regions where the control is not effective.
It is important to note that the multistate interactions
are not observed with the control term being present.
This is consistent with the fact that the rebuilt barrier has signiﬁcantly constrained the chaotic regions in

the phase space (cf. Figure 7 for the controlled phase
space).
In order to understand the origins of the lack of control seen in Figure 6(c) and (d) we compute the Husimi
distribution functions for the Floquet states of interest
and compare to the classical phase space structures. The
Husimi distribution 59
ρ H (θ, J ) =

1
| χα |G |2 ,
2π

(20)

is given by the overlap of coherent states |G (similar
to Eq. 18) localized at various phase space points (θ, J )
with the Floquet states |χα . In Figure 7 ﬁrst column we
show the Husimi distribution of the two states that have
the largest overlap with the initial state localized in the
upper 1:1 island. These two states correspond to the dip
in L seen in Figure 6(c) at h̄ −1 ≈ 15. One can clearly see
that a Floquet state localized on one of the resonances
within the 1:1 island interacts with the initial state leading to the loss of control. Nevertheless, it is important to
see that the rebuilt torus is acting as a barrier since there
is no Husimi density in the 1:1 island below. Similarly,
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Figure 7 second column shows that a different island
chain within the main 1:1 resonance is is leading to the
loss of control observed in Figure 6(d) as a broad dip
for h̄ −1 ≈ 18. Notably, in both instances the dynamical tunneling is indeed controlled by the rebuilt barrier.
However, isolated interactions with certain regular Floquet states within the 1:1 island lead to the “leaking” of
the initial state.
5. Conclusions
In this work we have shown, building on our earlier
work, 36 that one can control both the classical and the
corresponding quantum dynamics by rebuilding barriers in the classical phase space. Speciﬁcally, using the
example of a driven planar rotor, it is possible to control
both the rotational excitations and dynamical tunneling
in the system. Note that the control of dynamical tunneling in this context amounts to localizing a diatomic
molecule in regions of phase space with limited angular excursions about, and aligned with or against, the
ﬁeld axis. Such “pendular” states have been the subject of several studies. Indeed, one route to molecular
alignment involves the use of a strong dc-ﬁeld 60,61 and
it is remarkable that our classical control term Eq. 13
has such a component. Moreover, as evident from Figure 3, the dc-ﬁeld component in the control Hamiltonian
is crucial and the coefﬁcient of the (2, 0) Fourier mode
in Eq. 13 can be related to the polarizability anisotropy
of the diatomic molecule. Thus, one anticipates a close
classical-quantum correspondence for the interplay 62 of
rotational excitations and molecular alignment.
The current study is concerned with building a single phase space barrier. Nevertheless, it is possible to
construct several barriers together at appropriate locations using a similar approach. It would be interesting
to explore the consequences of such multiple barriers
on the rotational dynamics.The values of the effective
Planck constant used here implies that the results are
relevant, as noted before, 50 to rather heavy diatomic
molecules like cesium iodide (CsI). It remains to be
seen whether our approach can be suitably modiﬁed to
be applicable to lighter diatomics like carbon monoxide
(CO). Moreover, the generalization of the perturbative
approach to pulsed and tilted ﬁelds 63 is worth exploring
since the role 26,64 of the sub Planck scale classical phase
space structures may be different when compared to a
system driven by an ac-ﬁeld.
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