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Abstract. Many experiments are now available where it has been shown that the probability distribution
function (pdf) for the position of a Brownian particle diffusing in a heterogeneous medium is not Gaussian.
However,
in spite of this non-Gaussianity, the mean square displacement (MSD) still remains Fickian, i.e.,
 2
x ∝ T . One possible explanation of this non-Gaussian yet Brownian behavior is that the diffusivity of the
particle itself is “diffusing”. Chubynsky and Slater (Phys. Rev. Lett. 113 098302 2014) proposed a model of
“diffusing diffusivity” which they were able to solve analytically at small time scales, but simulations were
performed for intermediate to large time scales. We present here a class of diffusing diffusivity models and show
that the problem of calculating pdf for the position of diffusing particle is equivalent to calculating the survival
probability of a particle undergoing Brownian motion in the presence of a sink. We give exact analytical results
for all time scales and show that the pdf is non-Gaussian at short times which crosses over to a Gaussian at long
times. The MSD is also shown to vary linearly with time at all times. We ﬁnd that our results reproduce the
numerical results of Chubynsky and Slater quite well.
Keywords.

Diffusing diffusivity; anomalous yet Brownian; non-Gaussian parameter.

1. Introduction
The theory of Brownian motion was formulated by Einstein in 1905 1 while studying the irregular movement
of microscopic particles suspended in a solvent (see
the reviews by Chandrasekhar 2 as well as by Frey and
Kroy. 3 ) In formulating the theory, it was assumed that
the time scale of motion of the particle is much larger
than that of the solvent molecules, thereby causing a
complete separation of time scales. In general, there will
be hundreds of collisions between the particle and the
solvent molecules with in the time period in which the
particle covers a distance comparable to its size. This
separation of time scales leads to two major results: (i)
the mean square displacement (MSD) of the particle
increases linearly with time, i.e.,
 2
(1)
x ∝t
which has been referred to as Fickian diffusion and (ii)
the probability distribution function (pdf) of displacements of particle is Gaussian, owing it to the central
* For correspondence
† Dedicated to the memory of the late Prof. Charusita Chakravarty.

limit theorem. In one dimension this means that the
probability of ﬁnding a particle, which was at the origin
initially, at the position x at a time t is given by
1
2
e−x /4Dt .
P(x, t) = √
4π Dt

(2)

Recently it has been realized that there are phenomena, especially for diffusion processes in crowded or
active media, where the relation of Eq.(1)
 2  is notα valid
4–6
For many processes, x ∝ t with
at all times.
α  = 1 and the diffusion is termed as anomalous.
The motion is called superdiffusive or hyperdiffusive
if α > 1. The superdiffusion or the enhanced diffusion is usually associated with an activated process
where diffusion is assisted by an external force. It was
ﬁrst observed by Bouchaud et al., 7 for a tracer particle in polymer-like, breakable micelles. More details
can be found in the review article by Bouchaud and
Georges. 8 Due to the dynamic nature of micellar solutions, the tracer rides micelles of different sizes, thus
making its apparent diffusion coefﬁcient change with
time. They observed Lévy ﬂight like motion of the
tracer. Superdiffusive motion was further seen in the
929
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simulations of a tracer particle diffusing in crowded
environment of randomly moving barriers, 9 for diffusion in a 2D complex plasma 10 and for activated
motion in live cells. 11 Recently, we 12 gave a model
of “diffusing diffusivity” where diffusion coefﬁcient
is modeled as a Lévy ﬂight process which eventually
leads to superdiffusion for the particle’s position. On
the other hand if α < 1, then the motion is called
subdiffusive and is usually observed for diffusion of a
particle inside crowded environments. While superdiffusion is rare in physical systems, subdiffusion is more
frequent and hence a topic of current reasearch interest. It has now been reported in many experiments viz.,
tracer diffusion in cellular environments, 13–16 diffusion
of ﬂuorescent beads in complex ﬂuids, 17 receptor diffusion on a cell membrane, 18 etc and also in several
theoretical studies. 4,19–21 The two most commonly used
models to explain subdiffusive motion are that of continuous time random walk (CTRW) 22,23 and fractional
Brownian motion (fBM). 24 CTRW model is based on a
broad distribution of dwell times and hence can be easily
distinguished from fBM by testing non-ergodicity. 25,26
More details on the topic of anomalous transport in
crowded media can be found in the nice review article
by Höﬂing and Franosh. 5
Apart from the non-linear scaling of MSD with time
in anomalous diffusion, the pdf is not usually Gaussian.
This is so well accepted that it is often assumed that
if the pdf is found to be non-Gaussian then the MSD
should also be non-linear. Also, it is assumed that if
the diffusion of the particle is Fickian, i.e., the MSD
is proportional to time then the underlying pdf should
be Gaussian. However, with the advances in imaging
techniques, it has now become possible to follow the
trajectory of a single particle and hence measure the distribution of displacements experimentally. In a recent
series of experiments from the group of Granick, 27–29
it was observed that the MSD is linear over the entire
experimental time range, yet the pdf of displacements
is non-Gaussian. Banks et al., 30 in a very recent
study have used variable length-scale ﬂuoroscence
correlation spectroscopy (VLFCS) to study the diffusion of protein molecules in crowded ﬂuids and have
shown that the diffusion is Brownian yet anomalous.
Sung et al., 31 performed simulations to study the rotational diffusion of dumbbells in 2D porous media of
stationary hard disks. They showed that for a low matrix
density, the system is ergodic due the presence of a
percolating network and that the pdf of angular displacements is Gaussian. On the other hand for a high
matrix density, the percolating network disappears leaving the system non-ergodic and the ensemble averaged
pdf becomes non-Gaussian. This kind of Brownian, yet

anomalous diffusion of particles in complex ﬂuids now
seems to be a generic phenomenon and a large body of
evidence from various ﬁelds including many physicochemical and socio-economic processes is available.
These processes include hard sphere diffusion in colloidal suspensions, 29,32,33 liposome diffusion in entangled actin, 28 lateral diffusion of receptor molecules in
cell membranes, 18 tracer diffusion in crowded media
of either larger spheres 33,34 or polymers, 35,36 diffusive
motion in supercooled liquids 37 and in systems close
to glass and jamming transitions, 38,39 orientational diffusion of dye molecules in polymer thin ﬁlms, 40,41
simulations of 2D colloids 42 and hard sphere ﬂuids 43 ,
price dynamics, 44 and ﬁnancial returns. 45 The salient
features of this kind of diffusion processes have been
summarised in a recent review by Metzler 46 and also in
the paper by Cherstvy and Metzler. 47
In many heterogeneous systems, the environment
changes slowly either on its own or because the diffusing particle has moved to a different place. For either
case, the diffusivity changes as the particle feels a different “local” environment. In the “diffusing diffusivity”
model of Chubynsky and Slater, 49 the authors assume
that the environment rearranges over a time scale larger
than that of the diffusion process, and therefore it is possible to deﬁne a diffusion coefﬁcient unambiguously and
that even the variations in diffusion coefﬁcient as the particle moves from one spatial region to another, can be
captured by a stochastic D(t). In their study, Chubynsky
and Slater showed analytically that at short times, the pdf
of displacements is exponential if one assumes an exponential distribution for D. However, for long times they
had to perform simulations and the result was a cross
over to Gaussian. In a recent work, 50 we gave a general class of “diffusing diffusivity” models which can be
solved analytically. With our model, we were able to ﬁnd
complete analytical solutions which could explain all
the limits observed in experiments/simulations. Later,
we applied this model to calculate the survival probability for a particle diffusing in a crowded, rearranging
and bounded domain. 51 In a very recent study, the same
results were obtained by Chechkin et al., 48 via a different approach known as the subordination method in
probability theory.
In this paper, we present our model of “diffusing diffusivity” in which the diffusivity of the particle changes as
a random function of time. The details of the model are
to be found in our earlier work. 50 In this paper, we used
a path integral approach to show that the problem of calculating the pdf for particle displacement can be reduced
to the problem of calculating the survival probability of
a ﬁctitious particle (which actually is the diffusion coefﬁcient!) undergoing overdamped Brownian motion in
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the presence of a sink. We also give an exact expression for the non-Gaussianity parameter which is often
used as a measure to quantify the extent of deviation
from Gaussian distribution. This parameter is zero if the
distribution is Gaussian but is non-zero if there is any
effect of spread in the diffusivity on the pdf of particle
displacement. In this paper, we give a simple, elegant
method to show that the problem of calculating the pdf
can be reduced to that of random walk with absorption.
The paper is organized in the following manner. In
Section 2, we set up the problem by arguing that the
diffusivity becomes a stochastic function of time for
diffusion processes in complex ﬂuids. In Section 3, we
present our model and give an outline to arrive at the
solution. We also discuss the results of the model here.
In Section 4, we make an explicit comparison of our
model with that of Chubynsky and Slater. 49 We ﬁnd
here that the agreement of our analytical results with
their simulation data is quite astonishing despite the differences between the two models. Finally, in Section 5,
we present a summary of the paper.
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p̂ | p = p | p and x̂ |x = x |x

(7)

which satisfy x| p = √1 ei px .
2π
We now consider the Brownian motion of the particle in
an environment which undergoes structural rearrangements.
Consider for such a system that the environment rearrangement happens on a time scale τ R and the shortest interval of
observations is tobs . We consider only the case tobs  τ R so
that one can deﬁne an instantaneous diffusion coefﬁcient D.
Thus the rearrangement of the environment can be modelled
by taking diffusion coefﬁcient to be a random function of
time. In such a case, we have to solve the diffusion equation
corresponding to a time-dependent diffusion coefﬁcient
∂
|P(t) = −D(t) p̂ 2 |P(t)
∂t
where |P(t) is the ket deﬁned by

(8)

x|P(t) = P(x, t)
This equation can be formally solved to get |P(T ) at the ﬁnal
time t = T as
|P(T ) = e−

T
0

dt D(t) p̂ 2

|P(0) .

(9)

Hence,
P(x, T ) = x|P(T ) = x| e−

2. Brownian motion in a crowded, rearranging
medium
In the overdamped limit, the position x(t) of a Brownian
particle undergoing diffusion is governed by the stochastic
differential equation or the Langevin equation as
ẋ(t) = η(t),

(3)

η(t) is the random noise arising from the collisions of solvent
molecules with the diffusing particle. In the conventional theory of Brownian motion, it is assumed to have a very short
correlation time, tc in comparison with the time scale t B at
which the motion of the Brownian particle takes place. i.e.,
t B  tc . In this limit, it is appropriate to assume that η(t) is
a Gaussian white noise having the correlation function
η(t)η(t  ) = 2Dδ(t − t  ).

(4)

Here D is the diffusion coefﬁcient and the symbol · · · stands
for averaging over the noise η(t). The pdf for ﬁnding the
particle at x at the time t, P(x, t) obeys the diffusion equation
∂2
∂
P(x, t) = D 2 P(x, t).
∂t
∂x

(5)

We use the bra-ket formalism of quantum mechanics, as that
is very convenient for the following analysis. Thus we write
the above equation as
∂
P(x, t) = −D p̂ 2 P(x, t),
(6)
∂t
where p̂ = −i ∂∂x is the momentum operator. As is usual in
quantum mechanics, we will also use the eigenkets of momentum and position operators, deﬁned by

T
0

dt D(t) p̂ 2

|P(0)

(10)

Introducing the resolution of identity
 ∞
dp | p  p| ,
I =
−∞

we can write the above equation as
 ∞

2 T
P(x, T ) = x|P(T ) =
dp x| p e− p 0 dt D(t)  p|P(0) .
−∞

(11)

Assuming the particle to be at x = 0 initially (i.e., P(x, 0) =
δ(x), we get
 ∞
dp i px − p2  T dt D(t)
0
e e
.
(12)
P(x, T ) =
−∞ 2π
As D(t) changes randomly, we average over all realizations
of it to get
 ∞
dp i px  − p2  T dt D(t) 
0
e
e
(13)
P(x, T ) =
D
−∞ 2π
where < ... >D is used to denote averaging over all realisations of D(t). Hence calculation of P(x, T ) is reduced to the
calculation of the functional



2 T
F( p, T ) = e− p 0 dt D(t) .
D

As D(t) evolves in a random fashion, in the following we
take its distribution function π(D, t) to obey a Fokker-Planck
equation. Hence, the calculation of the functional F( p, T ) can
be performed easily, by introducing the sink function p 2 D
into the Fokker-Planck equation (see below). In the following
section, we present a model in which F( p, T ) can be calculated analytically. With this model we show that though the
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mean square displacement is linear in time at all times, the
distribution, P(x, T ) is non-Gaussian at short times which
crosses over to being Gaussian in the limit of long time.

 2T

F ( p, T ) = e− p 0 dt D(t)
D

n  ∞
=
dξ j f
−∞

j=1

3. Fokker-Planck equation for the evolution of
D(t)

(14)

where ξ = {ξ1 (t), ξ2 (t), ...ξn (t)} is an n-dimensional
random vector. Since D(t) is obviously constrained to
be positive, ξ 2 (t) being the norm of a vector satisﬁes
this condition. Further we take ξ (t) to be the position
vector of an n−dimensional harmonic oscillator that
is undergoing overdamped Brownian motion. The frequency associated with each direction is taken to be ω
and the “diffusion coefﬁcient” is assumed F, which is
also same for every direction. The Langevin equation
that ξ j (t) obeys is taken to be
ξ̇ j (t) + ωξ j (t) = ζ j (t),

(15)

where ζ j (t) is the Gaussian white noise with the correlation function


ζi (t)ζ j (t  ) = 2Fδi j δ(t − t  ).
(16)
The propagator for the time evolution of ξ j (t) using the
method of phase-space path integral 52,53 is given as

G(ξ j f , T |ξ j0 , 0) =

ξ j (T )=ξ j f



Dπ j (t)
ξ j (0)=ξ j0
T

−F 0 dt π 2j (t) −i 0T dt π j (t)(ξ̇ j (t)+ωξ j (t))

×e

Dξ j (t)

e

dξ j0

−∞
ξ j (T )=ξ j f

× π j,eq (ξ j0 )
Dξ j (t) e− p
ξ j (0)=ξ j0

T
2
× Dπ j (t) e−F 0 dt π j (t)

We now model D(t) as
D(t) = ξ 2 (t),



∞

,

(17)
where π j (t) for j = 1, 2, . . . , n is the conjugate
momentum associated with ξ j (t). The propagator G(ξ j f ,
T |ξ j0 , 0) gives the probability of oscillator to be present
at ξ j f at the time T given that at t = 0 it was at ξ j0 . This
can be evluated exactly to get

ω
G(ξ j f , T |ξ j0 , 0) =
2π F (1 − e−2ωT )
2
ω(ξ j f −ξ j0 e−ωT )
−
2F (1−e−2ωT )
×e
.
(18)
The details of the method can be found elsewhere (for
instance see the paper by Janakiraman and Sebastian 52
and also the book by Kamenev. 53 ) Further the distribution for the initial position, ξ j0 can be assumed to be the
equilibrium one. As we are not interested in the ﬁnal
value of D at the time T, we integrate over all possible ﬁnal values of ξ j f . With these, the average . . . in
Eq.(13) becomes

× e−i

T

(

2

T

2
0 dt ξ j (t)

).

0 dt π j (t) ξ̇ j (t)+ωξ j (t)

(19)

The pdf can now be written as

P(x, T ) =

∞

−∞

d p −i px
e
2π

n





∞

∞

dξ j f
j=1

−∞

dξ j0
−∞

×π j,eq (ξ j0 ) P jsink (ξ j f , T |ξ j0 , 0; p), (20)
where P jsink (ξ j f , T |ξ j0 , 0; p) is given by
P jsink (ξ j f , T |ξ j0 , 0; p)

 ξ j (T )=ξ j f
Dξ j (t) Dπ j (t)
=

ξ j (0)=ξ j0

− 0T dt p2 ξ 2j (t)+Fπ 2j (t)+iπ j (t)(ξ̇ j (t)+ωξ j (t))

×e

.
(21)

At this point we introduce the dimensionless quantities
√
deﬁned by, t˜ = ωt, D̃ = ωF D, x̃ = √ωF x, p̃ = ωF p,
ξ˜j = ωF ξ j and π˜ j = ωF π j . Writing the equation (21)
in terms of these dimensionless quantities and dropping
the “tildes” to simplify the notation, we get
P jsink (ξ j f , T |ξ j0 , 0; p)
 ξ j (T )=ξ j f

=
Dξ j (t) Dπ j (t)

ξ j (0)=ξ j0

− 0T dt p2 ξ 2j (t)+π 2j (t)+iπ j (t)(ξ̇ j (t)+ξ j (t))

×e

(22)

As the action of the path integral in above equation
is quadratic, it can be easily evaluated. Interestingly,
P jsink (ξ j f , T |ξ j0 ; p) is the probability of ﬁnding the j th
Brownian oscillator at ξ j f in presence of a sink which
absorbs it at the position ξ j at a rate equal to p 2 ξ j2 . Thus
the problem of diffusing diffusivity has been reduced
to the problem of Brownian motion with absorption in
n−dimensional space, 54,55 a problem for which exact
solution is easy to ﬁnd. Since P jsink (ξ j f , T |ξ j0 ; p) represents the propagator for Brownian motion of a harmonic
oscillator in the overdamped limit, in presence of a
sink 54,55 which absorbs it at a rate pξ j2 , it obeys the
Fokker-Planck equation
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∂2
∂
∂
2 2
− 2−
ξ j + p ξ j P jsink (ξ j , t|ξ j0 ; p) = 0,
∂t
∂ξ j
∂ξ j
(23)
with the initial condition
P jsink (ξ j , 0|ξ j0 ; p) = δ(ξ j − ξ j0 ).

(24)

This can be solved to get the solution at the ﬁnal time
t = T to get
P jsink (ξ j f , T |ξ j0 ; p)
√
ξ 2j f
ξ 2j0
α
T
= √ √
e2− 4 + 4
2 π sinh(αT )
×e

− 41 α csch(αT )




ξ 2j f +ξ 2j0 cosh(αT )−2ξ j f ξ j0

, (25)

where
α=

1 + 4 p2 .

(26)

The initial equilibrium distribution of the Brownian
oscillator is obtained by (see Eq.(18)) taking the limit
T → ∞, which leads to



2
ξ j0
1
exp −
.
(27)
π j,eq (ξ j0 ) =
2π
2
Substituting for P jsink (ξ j f , T |ξ j0 ; p) and π j,eq (ξ j0 ) from
these expressions into Eq.(20), we get
 ∞
d p −i px
P̄( p, T ),
(28)
e
P(x, T ) =
−∞ 2π
with



P̄( p, T ) =

4αe−(α−1)T
(α + 1)2 − (α − 1)2 e−2αT

n/2
.

This leads to an exponential form of P(x, T ). On the
other hand, if T >> 1, then
P̄( p, T ) ∼ e−T (α−1) ,
2

which behaves like e−2 p T for small p values and like
e−2T | p| for large p values. Therefore, P(x, T ) resembles
a Gaussian distribution for large x and it resembles a
Cauchy distribution for small x.
Non-Gaussianity Parameter: The deviation of the
distribution from Gaussian is usually quantiﬁed by
non-Gaussianity parameter. The parameter is zero for
Gaussian distribution and is non-zero if the distribution
is non-Gaussian. This parameter is deﬁned as


1 x 4 (T )
− 1.
(30)
γ (T ) =
3 (x 2 (T ) )2
From equations (29) and (26), we get

 ∂ 4 P̄ 
 4

= 12n(nT 2 + 2T + e−2T − 1)
x (T ) =
∂ p 4  p=0
Thus, the non-Gaussianity parameter, γ (T ) becomes

1 
2
γ (T ) =
−
1 − e−2T .
(31)
2
nT
nT
In the limit, T → 0, we get
lim γ (T ) = 2/n.

T →0

This corresponds to an exponential distribution if n = 2.
On the other hand in the limit of large T , we get
lim γ (T ) = 0,

(29)

In a recent paper by Chechkin et. al., 48 this result was
obtained using the method of subordination.
The MSD is

 2

 2
∂ P̄( p, T )
= 2nT,
x (T ) = −
∂ p2
p=0

933

T →∞

which corresponds to a Gaussian distribution for all values of n = 1, 2, 3, · · · .
Figure 1 shows the evolution of non-Gaussianity
parameter with time for various values of n. From these
plots, it may be noticed that with an increase in the value
of n, the non-Gaussianity starts disappearing sooner. In

which shows that diffusion is Fickian for any T and for
all values of n. We now consider only the case n = 2,
as this has resemblance with the model of Chubynsky
and Slater. 49 This resemblance is made explicit in the
next section where we also discuss the general case with
arbitrary value of n.
For the case of n = 2, we get
P̄( p, T ) =

4αe−(α−1)T
.
(α + 1)2 − (α − 1)2 e−2αT

Further, in small T limit, i.e. αT << 1, the tail behavior
of the distribution P(x, T ) is governed by,
P̄( p, T ) ∼

1
.
1 + 2 p2 T

Figure 1.

Non-Gaussianinty parameter as a function of T .
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other words, for higher n, the Gaussian behavior is established earlier.

4. Relation to Chubynsky-Slater model
Chubynsky and Slater, in their “diffusing diffusivity”
model, 49 assumed that in a complex system, viz diffusive motion of beads in lipid tubules 27 etc., D undergoes
a biased random walk. Since, D now changes randomly, the distribution of diffusivity, π(D, t) follows
an advection-diffusion equation,


∂
∂
∂π
=
d(D) + s(D) π(D, t),
(32)
∂t
∂D ∂D
where d(D) is the diffusivity of the diffusion coefﬁcient
D and s(D) is the bias or the drift. They also argued that
at short times such that t << τ D (where τ D is the time
scale for the diffusion of diffusivity or in other words
it is the time scale for environment rearrangement), the
diffusion of particle can be assumed constant. Thus on
such small time scales, the pdf of particle displacements
does not depend on the diffusion of diffusivity but only
on its distribution. Now, for the simplest case, if one
chooses a constant pair of s and d, the resultant equilibrium distribution from Eq.(32) becomes exponential,
πeq (D) = D10 e−D/D0 with D0 = s/d. The argument
given above thus leads to an exponential distribution of
particle displacements at short times, i.e.,
 ∞
x2
e− 4DT
d D πeq (D) √
P(x, T ) =
4π DT
0
1
− √|x|
=√
e D0 T .
4D0 T
Therefore, at short times Chubynsky and Slater were
able to reproduce analytically the experimental observations made by Granick’s group. 27,28 But for intermediate
to large times, they had to do simulations. However,
with the present model of diffusing diffusivity, we have
obtained exact results for all the time limits. In the following we consider the case of n = 2, as this case leads
to an equilibrium distribution for D which is exponential and therefore has resemblance with the model of
Chubynsky and Slater. The general case with arbitrary
value of n is also discussed.
4.1 n = 2 case
Assuming D(t) = ξ12 +ξ22 , where {ξ1 , ξ2 } are the position
coordinates of a two dimensional isotropic, Brownian
harmonic oscillator, we can write a Fokker-Planck (FP)
equation for D. 56 The FP equation for the distribution
of D in this case is

Figure 2. Comparison of the pdf at different times with the
simulation data of Chubysnky and Slater. 49 The dots represent the data extracted from Figure 1 of ref. [28] and solid
lines are the plots obtained using the analytical expressions
in equations (28) and (29).




∂
∂
2F
∂
π(D, t) =
4F
D + 2ω D −
∂t
∂D
∂D
ω
× π(D, t).
(33)
This equation, although not identical with Eq.(32), gives
an exponential steady-state distribution after assuming
reﬂecting boundary condition at D = 0, i.e.,
πeq (D) =

1 −D/D0
e
D0

with D0 = 2F/ω. This is same as in the model of
Chubynsky and Slater. In the simulations of the diffusing diffusivity model, Chubynsky and Slater chose the
values of the parameters as d = 0.0025 and s = 0.01 so
that D0 = 0.25. The simulation results of their model
are presented by dots in the plots of Figure 2. In order
to make a fair comparison with their model, we choose
F = 0.0025 and ω = 0.02 such that D0 = 0.25. With
these values of parameters, the plots for P(x, T ) are
shown by solid lines in Figure 2. We see that there is
very good agreement between the two models despite
the fact that the underlying equations governing the evolution of diffusivity in two models are very different, see
equations (32) and (33).
4.2 The general case
For the general case when D(t) = ξ12 + ξ22 + · · · + ξn2 ,
it may be noticed that the equilibrium distribution for
diffusivity is
1
1
πeq (D) =
D0 (n/2)



D
D0

 n2 −1

e−D/D0 ,

(34)
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which is a generalized gamma function. This result is
not surprising as the sum of iid normal random variables, known as chi-squared distribution, ought to have
a gamma distribution. Following a Slater-type argument,
at short times, the pdf for displacements of particle is
given as

the situation. We are currently investigating such interesting possibilities and our preliminary results show
that the dynamics in this case is subdiffusive and nonGaussian.

 2  n−1
4
1
x
1
P(x, T ) =
√
(n/2) π D0 T 4D0 T


|x|
,
× K − n2 + 21 √
D0 T

We dedicate this paper to the memory of Prof. Charusita
Chakravarty, who was a dear friend and a very capable theoretician. KLS is grateful to Professors Arindam Chowdhury
and Rajarshi Chakrabarti for discussions. Both the authors
thank J C Bose Fellowship of K L Sebastian for ﬁnancial
support.

(35)

where K ν (z) is the modiﬁed Bessel function of second
kind, of order ν. 57

5. Conclusions
The problem of diffusing diffusivity has been shown
to be equivalent to Brownian motion with absorption
which leads to analytical solutions for the problem. The
mean square displacement is shown
linearly

 to 2increase
with time at all the times, i.e., x(T ) ∝ T . At short
times, the distribution of displacements is found to be
non-Gaussian while at long times, it crosses over to
being Gaussian. We have also demonstrated that our
analytical results reproduce the numerical results of
Chubynsky and Slater 49 quite well.
The model of “diffusing diffusivity” presented here
is quite general and one can easily ﬁnd exact analytical solution in the case where D is modelled as the
square of the distance of an n-dimensional harmonic
oscillator from the origin. We further believe that the
results obtained in this paper are not very sensitive to
the choice of the model. Simple scaling arguement presented in a very recent paper 12 shows that any model of
“diffusing diffusivity” for translational diffusion would
lead to Fickian behaviour as well as Gaussian distribution in the long time limit if the distribution for
D has ﬁnite ﬁrst and second moments. However, if
the ﬁrst and second moments are not ﬁnite, different
results can be expected. It was found in this paper 12
that for a distribution of D with a power-law of the
form D −1−α , the pdf for displacements was a Lévy stable distribution with stability index 2α. This leads to
superdiffusion in the large T limit. Further, given the
amount of data available from experiments and also
from computer simulations, it is a fair question to ask
if these models of “diffusing diffusivity” can give rise
to subdiffusive dynamics. This seems to be the case if
one assumes a model where diffusivity obeys a timefractional Fokker Planck equation. In crowded media,
we believe that it is quite likely that this would be
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