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Abstract. A comparative study is done on thermal average calculation by using the state specific vibrational
self-consistent field method (ss-VSCF), the virtual vibrational self-consistent field (v-VSCF) method and the
thermal self-consistent field (t-SCF) method. The different thermodynamic properties and expectation values
are calculated using these three methods and the results are compared with full configuration interaction method
(FVCI). We find that among these three independent particle model based methods, the ss-VSCF method provides most accurate results in the thermal averages followed by t-SCF and the v-VSCF is the least accurate.
However, the ss-VSCF is found to be computationally very expensive for the large molecules. The t-SCF gives
better accuracy compared to the v-VSCF counterpart especially at higher temperatures.
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1. Introduction
The canonical partition functions Z (T ) plays an important role in statistical mechanics. The relation between
different thermodynamic quantities such as the free
energy, internal energy or entropy to the partition function is well-established. The partition function of a
molecule is defined as

e−εn /k B T .
(1)
Z (T ) =
n

Here, εn is the energy eigenvalue of nth state, k B is
the Boltzmann’s constant and T is the temperature.
Thus, one requires to evaluate the complete set of
molecular energy eigenvalues and sum up the associated Boltzmann’s factors to calculate the molecular partition function at a particular temperature. Once the
partition function is calculated, the thermodynamic
properties are easily obtained by using the standard
statistical mechanical equations. For example,
(2)
A(T ) = k B T ln Z (T ),

εn ε−εn /k B T
U (T ) = U (0) + n
,
(3)
Z (T )
U (T )
.
(4)
S(T ) = k B ln Z (T ) +
T
Here, A is the Helmholtz free energy, U is the internal energy, U (0) is the zero point energy and S is the
entropy.
∗ For

correspondence

With the development of quantum chemical methods over last few decades, the accurate descriptions of
molecular energy levels are achievable. The calculation of the molecular energy levels is carried out by
invoking a series of approximations to calculate thermal averages. The nuclear and electronic motions are
separated by invoking the Born–Oppenheimer approximation at the first stage. Mostly the ground electronic
state alone is considered to calculate the partition functions due to the large separation of the electronic states
in a molecule. The potential energy surface associated
with this ground electronic state is used to calculate
the rovibrational energy levels. The rotational and the
vibrational motions are often separated by using the
rigid rotor model for the rotational degrees of freedom.
The rotational partition functions for the rigid rotors are
analytically available. The remaining vibrational problem is often solved in the harmonic oscillator (HO)
approximation, where the analytical solution to the partition function is available in terms of the normal mode
frequencies.
The harmonic approximation provides reasonable
description of the vibrational motion of semi-rigid
molecules for the lower lying vibrational states and
hence it accounts for reasonably accurate results for
the thermodynamic properties of such molecules, especially in the low temperature domain. The partition
functions of semi-rigid molecules at lower temperature are dominated by Boltzmann’s factors of the lower
lying vibrational states. However, the higher vibrational
states are affected by the anharmonicity to a greater
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extent. With the increase of temperature, the partition
functions of molecules are influenced by the Boltzmann’s factors of the higher vibrational states. Hence,
the HO approximation often fails to provide an accurate description of the thermal averages of molecular
properties at higher temperatures. Several approaches
have been discussed in literature to incorporate such
anharmonic effects. 1–28
One of the most common ways to describe the anharmonicity in the molecular vibrations is the use of
quartic potential energy surface (PES) in normal coordinates. Several studies have been done to test the reliability of using the ab initio quartic force fields for
the calculation of thermal properties. 1–3 The vibrational
Hamiltonian with such quartic potential is a many-body
Hamiltonian and hence the exact analytical solution
of the associated Schrödinger equation is not possible.
Several authors used the vibrational configuration interaction (VCI) method to calculate the thermal properties of molecules. 20,26 In this method, one constructs
the vibrational anharmonic Hamiltonian in a chosen
basis and diagonalizes it to obtain the vibrational state
energies. The VCI is conceptually simple and gives
exact results within the chosen basis. However, the
dimension of VCI matrix increases exponentially with
the number of vibrational degrees of freedom. This
makes the VCI method practically inapplicable for large
molecules. Such limitation of VCI provides motivations
to formulate alternative methods and approximations to
study the anharmonic vibrational problem or partition
functions directly.
The simplest and most common approximation to
solve the many-body problems in quantum and statistical mechanics is the mean field approximation or
the independent particle model (IPM). Here, the complicated many-body potential is replaced by averaged
sum of the one body potentials. The vibrational selfconsistent field (VSCF) 29–33 method is such a mean
field approach to solve the Schrödinger equation associated with the molecular anharmonic vibrations. A
few approaches have been developed to calculate the
thermal averages of molecular properties based on the
VSCF methodology. One is the state-specific vibrational self-consistent field (ss-VSCF) approach. 27 Here,
the single particle potential is optimized for each vibrational state and VSCF calculation is done for each state.
Thus a total N number of VSCF calculations are performed to get N vibrational state energies and Eq. (1)
is used to calculate the partition function. The VSCF
calculation for each state scales linearly with the vibrational degrees of freedom and thus avoids the dimensionality problem of the VCI method. However, the
sum-over-states required for the partition function still

remains in the ss-VSCF method for the partition functions. In a calculation for a molecule with D degrees of
freedom and B single particle functions for each degree
of freedom, the total number of states is B D . Thus, the
second part of the calculation still scales exponentially
with the number of degrees of freedom. Moreover, the
VSCF method often suffers from convergence problem,
especially for higher states. This makes the ss-VSCF
method often inaccessible for large molecules. Hansen
et al. considered a further approximation in the VSCF
method to overcome this bottleneck of sum-over-states
problem. This method is known as virtual vibrational
self-consistent field method (v-VSCF). 27 Here, one performs the VSCF calculation only for the ground vibrational state. The virtual modal energy differences of
this vibrational ground state calculation are taken as
the excited states energies. The partition function and
other thermal averages are calculated in usual manner.
The v-VSCF method showed reasonable accuracy for
the thermal properties calculations at lower temperatures. 27 Because it requires only one VSCF calculation, this approximation is not subject to the exponential
bottleneck.
Recently, Roy and Prasad 28 proposed an alternative method to calculate the thermal averages that uses
Feynman variational principle 34 based on the Gibbs–
Bogoliubov inequality. Here, a separable ansatz of thermal density matrix based on the IPM is used to calculate
the thermal averages. The resulting theory resembles
the VSCF procedure with the replacement of quantum mechanical averages with their thermal counterpart. For this reason, this method is termed as thermal
self-consistent field theory (t-SCF). The computational
effort of this approach for a given temperature is similar
to a single VSCF calculation.
The goal of the present work is to make a systematic
comparison of these three methods based on IPM, i.e.,
the ss-VSCF, v-VSCF and t-SCF to calculate the thermal averages at a given temperature. All the three methods are based on the IPM but, the working equations are
obtained by different approaches, and hence differ from
each other. Different aspects of these three methods are
analysed and their performances are compared based
on the computational difficulties and accuracy in the
thermal average calculations. The accuracy in the calculation of thermal averages by these methods is compared with full VCI (FVCI) values. The performance of
these three methods is compared over a range of thermal properties and a wide range of temperature starting
from 10 K to 1000 K. The paper is organized as follows.
In the next section, we give brief review of theoretical
aspects of these three methods. We calculate different
thermal properties of Cl2 O and O3 molecules by these
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three methods and compare them with the results of the
FVCI method. The results are presented in section 3.
Finally, some concluding remarks are given in section 4.
2. Theory
2.1 Preliminaries
Within the Born–Oppenheimer approximation in normal coordinate the Watson Hamiltonian for the rovibrational motion of a molecule is given by 35
 p2
H=
− i + V (Q) + Vc + VW .
(5)
i
2
Here, Q i and Pi represent the mass-weighted normal
coordinates and their conjugate momenta. V (Q) is the
potential energy function. This is often approximated
by a quartic polynomial,


f ii Q i2 +
f i jk Q i Q j Q k
V=
i
i≤ j≤k

+
f i jkl Q i Q j Q k Q l .
(6)
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Here, the effective single particle Hamiltonian, h iusc f is
given by
4
1 d2
+
u i(m) Q im .
(10)
h ivsc f = −
m=1
2 d Q i2
The coefficients u i(m) reflect the average potential felt by
the ith mode. They are given by,


 
 
f i jk Q j Q k  +
f i j j Q 2j
u i(1) =
j<k
j

 
f i jkl Q j Q k  Q l 
+
j<k<l

 
f i j jk Q 2j Q k 
+
j<k

 
f i j j j Q 3j ,
(11)
+
j


 
f ii j Q j
u i(2) = f ii +
j

 
f ii j j Q 2j
+
j

 
f ii jk Q j Q k ,
+
j<k

(12)

i≤ j≤k≤l

The coefficients { f ii , f i jk , f i jkl } are obtained from the
electronic structure calculations as the second, third and
fourth derivatives of the electronic potentital energy surface with respect to the normal coordinates {Q i }. Vc
and VW are the Coriolis coupling and the Watson’s mass
term, respectively. In the present study we ignore these
two terms, and calculate the thermodynamic functions
of the non-rotating molecule.
2.2 The state specific vibrational self consistent field
theory
The VSCF approximation 28–32 is based on separable
ansatz for the vibrational wave function. The vibrational
wave function of a D- mode system is parametrized as
D
(7)
φni i (Q i ).
 (Q 1 , Q 2 , ....Q D ) =
i=1

Here, the single mode functions φni i are called the
modals. Each modal is expanded in a basis (usually in
orthogonal harmonic oscillator basis)

χmi Cmn .
(8)
φni =
m

The modals are determined by minimizing the expectation value of the Hamiltonian with respect to the
modals, subject to the constrains that the modals are
orthonormal. 27,29–32 The resulting VSCF equations can
be cast in the form of eigenvalue problem for each
mode.


(9)
h iusc f − εni φni i (Q i ) = 0.

u i(3) = f iii +


j

 
f iii j Q j ,

u i(4) = f iiii .

(13)

(14)

Starting with a set of guess basis functions, the SCF
potential u i(m) for a particular vibrational state is calculated. Equation (9) is then solved to obtain the
modal energies and a new set of modal functions. This
improved set of modal functions is then used to calculate the average SCF potential. This procedure is
continued until the modal functions are converged.
In the ss-VSCF 27 thermal calculations, a set of B D
such VSCF calculations are performed to obtain the
energies of B D vibrational states. Once the energies of
all vibrational states are obtained, the partition function
is obtained by the equation

e−ε(n1 n2 ......)/k B T ) .
(15)
Z (T ) =
n 1 n 2 ...

Here, n k represents n k th eigenstate of the kth mode.
The other thermal properties are calculated using the
standard statistical mechanical relations of the thermodynamic properties with the partition function. However, we note that a few aspects of ss-VSCF methods
make it unattractive. First, the calculation of Z (T ) for a
molecule with D number of vibrational degrees of freedom requires D nested do loops to obtain all the state
energies. Thus, the computational cost increases exponentially with the number of vibrational degrees of freedom. This makes the ss-VSCF inaccessible for large
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molecules. Second, the nonlinear equation in Eq. (9)
requires iterative solutions with the optimized potential
for each state. Such iterative solutions sometimes do not
converge for the potential of higher excited states, especially for large basis. Third, the underlying variational
principle to obtain the VSCF equations ensures the
upper bound of the ground state energy. However, the
excitation energies in some occasion may fall below the
exact value of the excitation energies due to variational
collapse. 36

where, h k is an effective one particle Hamiltonian and
E 0 is a temperature dependent constant. The form of h k
is given by
1
(22)
h k = − Pk2 + Uk (Q k ) .
2
Here, Uk (Q k ) is the one body effective potential
obtained by minimizing the right hand side of Eq. (19).
With a little algebraic manipulation one gets


Uk (Q k ) = Trl=kVe−

l =k

h l /k B T

Trl=k e−


l =k

h l /k B T

.
(23)

With quartic approximation in the anharmonic potential
such effective single particle potential takes the form

2.3 Virtual vibrational self-consistent field theory
In the v-VSCF method, the VSCF Eq. (9) is solved for
the vibrational ground state. This yields a set of modal
functions φni i (Q i ) and their energies εni for each mode
of vibration. The energy difference of a modal from the
lowest energy modal of a particular mode is taken as the
corresponding excitation energy. For example, excitation energy of a k quanta excitation in the ith vibrational
mode is written as
εki

=

εki

−

ε0i .

The partition function for each mode is then
 i
i
eεk /k B T .
z i = e−ε0 /k B T
k

+



i< j<l





f i jkl Q i T Q j

(17)

2.4 Thermal self-consistence field theory
The formulation of t-SCF theory 28 is based on the
Gibbs–Bogoluibov inequality
(19)

Here, A is the exact Helmholtz free energy defined as
(20)

and, A0 is the Helmholtz free energy of a model system defined by a model Hamiltonian H0 . In the spirit of
IPM, the model Hamiltonian is written as

h k + E0,
(21)
H0 =

+

j


T

Q l T

 
f i j jk Q 2j T Q i T

i< j

Thus, the partition function calculation requires only
one do loop over the number of vibrational degrees of
freedom and hence the computational effort to calculate
the thermal properties scales linearly with the number
of vibrational degrees of freedom.

k

i< j

+

i=1

A = −k B T ln Tre−H/k B T ,

The working equations for the parameters u (m)
are
k
obtained from Eq. (23).


 
 
f i jk Q i T Q j T +
f k j j Q 2j T
u (1)
k =

(16)

The total partition function of a molecule with D
vibrational modes is then given by
D
Z = e−(V −V0 )/k B T
zi .
(18)

A ≤ A0 + H − H0  .

(2) 2
(3) 3
(4) 4
Uk (Q k ) = u (1)
k Q k + u k Q k + u k Q k + u k Q k . (24)


j

 
f k j j j Q 3j T ,

(25)



 
 
f kk j Q j T +
f kk j j Q 2j T
u (2)
k = f kk +
j
j

 
+
f kk jl Q j T Q l T ,
(26)
j<l

u (3)
k = f kkk +


j

 
f kkk j Q j T ,

u (4)
k = f kkkk .

(27)
(28)

are
Thus, the working equations for the parameters u (m)
k
similar of Eq. (11)–(14) with the replacement
 m  of quantum average of the normal coordinates
Q k by their
 

thermal average counterpart Q mk T . The thermal Q mk T
are defined as
 m
Tr Q mk e−h k /k B T
Qk T =
.
(29)
Tr e−h k /k B T
Thus, the t-SCF equations are essentially the quantum
mechanical VSCF equation generalized to finite temperature. Once the single parameters effective potentials are constructed, the eigenfunctions and eigenvalues of this single particle Hamiltonian h k are obtained
by solving
(30)
h k φm(k) = εm(k) φm(k) .
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The eigenfunctions φm(k) are the thermal analogs of
the modal obtained in the VSCF theory. In practical
implementation, this thermal modal are expanded in a
suitable HO basis

χn(k) Cmn .
(31)
φn(k) =
m

Substitution of this expansion in Eq. (30) generates
matrix eigenvalue problem which is solved by standard numerical procedures. The thermal modals are
then used to construct the thermal density matrices
associated with each normal mode.

 (k)

φn(k) e−en /k B T φn(k) .
(32)
ρk = e−h k /k B T =
n

These density matrices are then used to evaluate the
thermal traces required to construct the potential in
Eq. (23). Thus, the thermal trace in Eq. (29) is explicitly
given by
  (k) n (k)  −en(k) /k B T
 m
φ Q φ e
.
(33)
Q k T = m m k (k)m
−en /k B T
me
Finally, the working equation for calculating the overall
density matrix and the free energy are given by

ρk e[−(V −V0 )/k B T ] ,
ρ=
(34)
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Lee and Susceria. 37 We used Gaussian 09 package 38 to
generate the quartic potential energy surface of Cl2 O.
It uses Barone algorithm 39 for the quartic PES calculation. We used density functional theory-based method
with B3LYP functional and aug-cc-pVTZ basis sets for
this calculation. The geometry of this molecule was
optimized tightly and ultra fine keyword was used as
recommended by Barone. 39 In all vibrational calculations, we used 6-12-6 harmonic oscillator basis functions. In all the thermal calculations, the scale of energy
is taken such that the ground state energy is zero by the
method used for the calculation.
We now discuss the results of Helmholtz free energy
calculation by these three methods. We estimate the
error in the free energy values calculated by these three
methods from the FVCI values as
A = [AFVCI (T ) − AFVCI (T = 0)]
− [Aa (T ) − Aa (T = 0)] .

(36)

We present, in figure 1, the variation of A vs. temperature for the Cl2 O and O3 . In the low temperature region,

k


H0
A = −k B T ln Tr e− k B T + V − V0 T .

(35)

Thus, the t-SCF procedure consists of the following
steps. First, one starts with a set of guess modals and
calculates associated free energy A, and the thermal
density matrices ρ k . In the next step, the single particle
effective potential is calculated using these thermal density matrices. Equation (30) is then solved to obtain the
modal energies and a new set of modals. The improved
free energy and density matrices are calculated with this
new set of modal. This process is iterated until either
the free energy or the overall thermal density matrix is
converged.

3. Results and discussion
We calculated the thermal averages of molecular properties of the O3 and Cl2 O molecules using v-VSCF,
ss-VSCF and t-SCF methods. In this study, we calculated the Helmholtz free energies, internal energies,
entropies, expectation values of first normal coordinate
(Q 1 ) and expectation
 values of the square of first
normal coordinate Q 21 of these two molecules over
a wide range of temperatures starting from 10 K to
1000 K. The results are compared with FVCI numbers.
For O3 , we use the quartic potential energy surface of

Figure 1. Variation of the error in the free energy ( A =
[AFVCI (T)-AFVCI (T = 0)]-[Aa (T)-Aa (T = 0)]) with respect to
temperature for ss-VSCF (full line), t-SCF (dashed line) and
v-VSCF (dotted line). The inset is the FVCI free energy vs.
temperature. (a) Cl2 O; (b) O3 .
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all the three methods give similar results for both the
molecules. The deviations in the free energy in these
single particle based methods from FVCI are almost
zero in this temperature region. The partition function
at such low temperature is dominated by the Boltzmann
factor of the ground state. The VSCF provides reasonably accurate description of the ground vibrational
state. With increasing temperature we find deviations in
the free energy by these three methods from FVCI values. The significant errors in the free energy by these
three methods occur at lower temperature in Cl2 O than
O3 . This is due to the presence of low frequency modes
in Cl2 O, the higher energy states becomes populated
in lower temperature in Cl2 O than O3 . However, the
error in O3 is more than Cl2 O due to stronger anharmonicity in O3 . Among these three methods, we find
that the ss-VSCF gives the most accurate results. At
lower temperature, the v-VSCF and t-SCF give similar errors. However, as the temperature increases, the vVSCF becomes less accurate than t-SCF. For example,
for the O3 molecule at 300 K temperature, the ss-VSCF
gives about 4% error whereas the v-VSCF and t-SCF
both give about 7% errors in the free energy values. At
500 K temperature, the ss-VSCF error in free energy
is about 3%, v-VSCF error is 7% and t-SCF error is
6%. At 1000 K temperature, we find that the error in
the free energy calculations by ss-VSCF, v-VSCF and
t-SCF methods are 3%, 6% and 5%, respectively.
In figure 2, we present the variations of U of t-SCF,
ss-VSCF and v-VSCF methods with respect to temperature for the Cl2 O and O3 molecules, respectively. The
error U is calculated using similar formula in Eq. (36).
We find the deviations in the internal energies by these
single particle models from the FVCI values at around
100 K temperature in case of Cl2 O. However, in case of
O3 , up to temperature around 200 K; the single particle
approximations give identical results of FVCI. Due to
the presence of very low frequency modes in Cl2 O, the
effect of correlations is observed in lower temperature
compared to O3 . Like the free energy values, here also,
we find similar trend in the accuracy of internal energy
by ss-VSCF, t-SCF and v-VSCF methods, the magnitude of error is ss-VSCF < t-SCF < v-VSCF. At lower
temperatures, (for example, up to temperature 350 K
in case of O3 ), the t-SCF and v-VSCF gives identical
values of internal energy. However, as the temperature
increases, the t-SCF performs better than v-VSCF. We
find that for the Cl2 O molecule, the errors in the internal energy increase up to a point and after that the error
decreases with increasing temperature in all the three
methods.
The next thermodynamic property we calculated is
the entropy. In figure 3, we present the variation of the

Figure 2. Variation of the error in the internal energy
( U = [UFVCI (T)-UFVCI (T = 0)]-[Ua (T)-Ua (T = 0)]) with
respect to temperature for ss-VSCF (full line), t-SCF (dashed
line) and v-VSCF (dotted line). The inset is the FVCI internal
energy vs. temperature. (a) Cl2 O; (b) O3 .

deviation of entropy values from FVCI with the variation of temperature for Cl2 O and O3 , respectively. Like
the free energy and internal energy, in this case also, we
find the trend in error is ss-VSCF < t-SCF < v-VSCF.
The correlation effects are observed at lower temperature in case of Cl2 O than O3 . However, in all these three
methods, the errors are more in case of O3 than Cl2 O in
all the temperature where the error is visible. For example, at 500 K temperature, the S value by ss-VSCF is
0.057 cal K−1 mol−1 in O3 , whereas in Cl2 O, S value
by the ss-VSCF is only 0.021 cal K−1 mol−1 .
Like free energy and internal energy, in case of
entropy also, the t-SCF and the v-VSCF methods give
nearly identical values at lower temperature. However,
as the temperature increases, the t-SCF method performs better than v-VSCF. Like the internal energy,
the errors in entropy values by the independent particle
models increase with the increasing temperature up to
a point and the errors start falling after this temperature
for the Cl2 O molecule.
Next, we turn to the calculation of the expectation
values of first normal coordinate (Q 1 ). In figure 4,
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Figure 3. Variation of the error in the entropy ( S =
[SFVCI (T)-SFVCI (T = 0)]-[Sa (T)-Sa (T = 0)]) with respect to
temperature for ss-VSCF (full line), t-SCF (dashed line) and
v-VSCF (dotted line). The inset is the FVCI entropy vs.
temperature. (a) Cl2 O; (b) O3 .

we present the variation of Q 1  (defined as Q 1 FVCI −
Q 1 a ) with temperature for Cl2 O and O3 , respectively.
Here also, we find similar trend in the accuracy of these
three methods, i.e., the ss-VSCF gives most accurate
Q 1  value followed by t-SCF and the v-VSCF is the
least accurate one. We find that the t-SCF accuracy for
Q 1  is significantly higher than the v-VSCF counterpart, especially at higher temperatures. The error in the
calculated Q 1  value increases with increasing temperature. For example, in O3 molecule, at 300 K temperature, the error in ss-VSCF calculation is 2%. The errors
in this temperature by the t-SCF and the v-VSCF methods are 2% and 4%, respectively. The maximum error
in Q 1  for this molecule in this temperature range by
ss-VSCF method is 5% at 1000 K temperature. The tSCF calculation at this temperature gives error in Q 1 
9% whereas the error by the v-VSCF method is as high
as 35%. In case of Cl2 O also, the t-SCF and the ssVSCF methods give similar accuracy in the Q 1  calculation which is far better than the v-VSCF method especially at higher temperature. For example, at 1000 K
temperature, the error in ss-VSCF calculation is about
1% and that in t-SCF calculation is about 2%. In case
of v-VSCF calculation the error in Q 1  is 37%. The
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Figure 4. Variation of the error in the expectation values of
Q for first mode ( Q 1  = Q 1 FVCI − Q 1 a ) with respect
to temperature for ss-VSCF (full line), t-SCF (dashed line)
and v-VSCF (dotted line). The inset is the FVCI Q 1  values
vs. temperature. (a) Cl2 O; (b) O3 .

results show that the t-SCF accuracy is comparable with
the ss-VSCF accuracy. However, in comparison to the
v-VSCF, the t-SCF gives far better results in the Q 1 
calculation.
 
A similar trend is seen in the case of Q 21 cal-
culation. In figure 5, we plot the variation of Q 21
with respect to temperature for Cl2 O and O3 molecule,
respectively. Like the other properties, here also we find
the error trend is ss-VSCF < t-SCF < v-VSCF. The
error increases with the increase of temperature for all
the three methods. As can be seen from the graph that
the all the three methods give similar accuracy in  Q 21 
at lower temperature region. Like Q 1 , in case of Q 21
also, we find that the t-SCF performs much better than
the v-VSCF counterpart. For example, at 700
 tem K
perature, the t-SCF gives 7% error in the Q 21 value
compared 4% error in the ss-VSCF calculation. The vVSCF error in this case is as high as 9%. At 1000 K
temperature, the t-SCF error is 9% compared to 5% in
ss-VSCF. However, with the v-VSCF calculations the
error is 15%.
Finally, a few comments on the computational
resource needed for these calculations are in order.
Although the ss-VSCF method is found to be the
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Figure 5. Variation
values of
 of the
 
 error
 in the expectation
Q for first mode  Q 21 = Q 21 FVCI − Q 21 a with respect
to temperature for ss-VSCF (full line), t-SCF (dashed
  line)
and v-VSCF (dotted line). The inset is the FVCI Q 21 values
vs. temperature. (a) Cl2 O; (b) O3 .

most accurate method among these three single particle approximations to calculate the thermal averages of
the molecular properties, it becomes computationally
very expensive for even moderate size molecule. The
number of states scales as B D , where B is the number of basis functions per degrees of freedom and D
is the number of vibrational degrees of freedom. The
computational scaling for the VSCF calculation of each
state goes as follows. The SCF Hamiltonian construction goes as B 2 D and the matrix diagonalization goes
as B 3 D. Thus, the ss-VSCF method becomes resource
hungry for large molecules. The t-SCF requires one
SCF calculation for each temperature. The SCF procedure requires the construction of the temperature dependent hamiltonian that scales as DB2 and its diagonalization (O(DB3 )). The calculation of V − V0 T scales
as TD4 , where, T is the number of temperature steps.
Lastly, the v-VSCF requires only one VSCF calculation. So it requires an effort proportional to TD.
4. Conclusion
In this work, we presented a comparative study of the
three IPM based approximations, ss-VSCF, t-SCF and
v-VSCF to calculate the thermal averages of mole-

cular properties. With the illustrative examples of the
Cl2 O and O3 molecules, we find that the IPM based
model provides reasonably accurate results in the thermal averages calculations compared to the FVCI numbers. At lower temperature domain, the results obtained
by these IPM based methods are very close to the FVCI
values. However, with increasing the temperature, we
find deviations in the thermal average values by IPM
based methods from the FVCI results increase.
Among these three IPM based methods, we find that
the ss-VSCF method provides the most accurate results
followed by t-SCF and v-VSCF method. Even at higher
temperatures, the ss-VSCF results are comparable to
the FVCI values. The ss-VSCF method, however, suffers from few inherent drawbacks. Since the ss-VSCF
involves the VSCF calculations of all the vibrational
states within the basis set used, it becomes computationally very expensive for large molecules. Second,
the ss-VSCF method uses optimized potential for each
state. The optimized potentials for higher excited states
do not always lead to a converged solution for the VSCF
equations. This leads to difficulties in carrying out the
ss-VSCF calculation even for triatomic molecules. For
example, in O3 molecule, the VSCF wave function fails
to converge for 15 22 37 state when 8-16-8 HO basis functions are used in the calculation. Third, as stated earlier, the ss-VSCF free energy is not guaranteed to be the
upper bound due to possibility of the variational collapse in the excitation energies. Lastly, we note that the
VSCF wave functions are not orthogonal, since they are
eigenfunctions of different average potentials. As a consequence, it becomes difficult to write down the density
matrices in terms of these functions without making further approximations to the overlap matrix between these
functions.
In case of t-SCF, the computational cost of t-SCF
method is much less than the ss-VSCF method. Thus,
the t-SCF calculations can be easily carried out for
the thermal averages of large molecules. 28 The t-SCF
has another important feature. Since it uses the Feynman variation principle based on the Gibbs–Bogoliubov
inequality to calculate the free energy, it guarantees the
upper bound to the free energy. Thus, as pointed by Roy
and Prasad, 28 the t-SCF due to the upper bound nature
of the calculated free energy, should be a method of
choice when one calculates the difference in energies
e.g., the equilibrium constant calculation. The errors by
the t-SCF methods in that case are in the same direction
for both the reactant and product molecules and thus
they tend to cancel each other, at least partially. In terms
of accuracy in the calculated thermal average values,
the t-SCF gives comparable numbers to ss-VSCF values
with much less computational cost. Moreover, unlike
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the ss-VSCF method, the t-SCF does not suffer from
the convergence problem. The t-SCF uses single particle potentials generated by thermally averaged many
body potential to construct the effective single particle
Hamiltonian. The thermally averaged potential is dominated by the ground state potentials due to the large
Boltzmann factor of that state. The convergence problem in the solution of VSCF equations with the ground
state potential is very unlikely. Moreover, the present
studies indicate that the density matrix is better represented by the t-SCF approach. This is apparent from
the near identical results by ss-VSCF and t-SCF for the
expectation values for Q and Q 2 .
Finally, the v-VSCF method offers very fast calculations of the thermal averages even for large molecules
as the computational cost scales linearly with the number of vibrational degrees of freedom. Like the t-SCF
method, since it involves the VSCF calculation only for
the ground state, it does not suffer from the convergence
problem. However, in terms of accuracy the v-VSCF
performs poorly compared to the ss-VSCF and t-SCF,
especially in the high temperature region. The density
matrix by this approach appears to be particularly prone
to errors, as seen from the results of the expectation
values.
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