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Growth and decay of large fluctuations far from equilibrium†
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Abstract. We have explored the weak noise limit of stochastic processes in nonlinear dissipative systems which admit of stable dynamical attractors in absence of noise. An interesting ‘detailed balance’
like condition in the steady state which is manifested in the time reversal symmetry between growth and
decay of fluctuation far from equilibrium, similar to what is observed in thermally equilibrated systems,
is demonstrated.
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1.

Introduction

Equilibrium state is an unique macroscopic state of a
thermodynamic system. This is characterised by the
condition of detailed balance1 at a temperature
determined by the thermal noise intensity and the
damping constant related formally by the celebrated
fluctuation-dissipation relation.2 A simple well
known consequence of the detailed balance is the
time-reversal symmetry3 between growth and decay
of fluctuations (large of the order >> D , D being
the diffusion coefficient) around equilibrium. Although large fluctuations of the dynamical variables
are rare, they may, however, make their presence
felt in a wide variety of phenomena involving
chemical reactions, mutations in DNA, nucleation in
phase transition, glycolytic oscillations, etc. The
principle of detailed balance takes care of, on an
average, a balance of input of energy into the system
through thermal fluctuation and output of energy
from the system due to dissipation in a thermodynamically closed system. Can such a detailed balance like condition be perceived in the steady state
under far from equilibrium condition? While the
equilibrium state is unique the steady states depending on the non-linearity of the system are, in general, multiple in number. The object of the present
paper is to show that a nonlinear dissipative
dynamical system characterized by a stable attractor,
like limit cycle or strange attractor can exhibit such
†
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a condition in one of the steady states. An interesting offshoot of this condition is a mirror image
symmetry between the growth of fluctuation of the
dynamical variable away from the stable state in
presence of noise and its return to the stable state
along a relaxational path in absence of noise. We
look for the conspicuous nature of these steady
states and illustrate our analysis using auxiliary
Hamiltonian technique in several model nonlinear
dissipative dynamical systems having stable
dynamical attractors in appropriate parameter space.
2. Analysis of the steady state of a class of
stochastic nonlinear dissipative systems
To put the present analysis in an appropriate context
we first consider the motion of a Brownian particle
characterized by coordinate x and momentum y in a
potential field V(x)4

x = y

(1)

y = −V ′( x) − γ y[h( x, y ) − 1] + η (t ).

(2)

Here γ y[h(x, y) – 1] is a nonlinear damping term, γ
being a constant. h(x, y) is a function of the variables x, y such that the system admits of a stable
dynamical attractor in absence of noise term η(t).
For example, one may choose h(x, y) = x2 + y2,
which corresponds to Lienard system, a generalization of Van der pol oscillator10 when V(x) is considered for a harmonic potential. is η (t ) a zero mean,
Gaussian, delta correlated noise given by
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〈η(t) = 0〉

(3)

〈η(t)η(t′)〉 = Dδ (t – t′).

(4)

When h(x, y) = 0, the dissipation is linear (for γ < 0).
η(t) may be internal or external depending on
whether the strength of noise D is determined by the
Einstein’s relation between mobility and diffusion
D = γ kT or not, respectively. Here k is the Boltzmann constant and T is the temperature.
The Fokker–Planck or Kramers equation corresponding to Langevin description (1) is given by
∂ρ
∂
∂2 ρ
= Lρ + γ [(h( x, y ) − 1) y ]ρ + D 2 ,
(5)
∂t
∂y
∂y
where ρ (x, y) is the probability density function in
phase space. Lρ corresponds to the Liouville dynamics
V ′( x)

∂ρ
∂ρ
−y
.
∂y
∂x

Rewriting (5) in a form which takes care of both
reversible liouville part and irreversible contribution
as
∂ρ
∂
= L ρ + J irr ,
∂t
∂y

(6)

where
− J irr = γ {h( x, y ) − 1} y ρ + D

∂ρ
,
∂y

(7)

The average heat exchange between the system and
the reservoir can be calculated from the irreversible
part –Jirr as
+∞

dQ
∂E
= − dy dx
J irr .
dt
∂y
−∞

∫ ∫

+∞

∫ ∫

(8)

+∞

∫ ∫

= dx dyγ y 2 [h( x, y ) − 1] ρ + D dx dyy
−∞

−∞

∂ρ
.
∂y

(9)

Here the integration ranges over the available phase
space of the attractor. Carrying out integration by
parts of the second term we obtain

dQ
= −γ 〈 y 2 〉 + γ 〈ε ex ( x, y )〉 − D,
dt

(10)

where εex = y2h(x, y). The energy exchange between
the system and the heat reservoir is thus contributed
by three terms. First term denotes the average energy
change due to linear term. The second one refers to
the average energy change due to self-excitation of
nonlinear dynamical origin and the third term corresponds to the average energy change due to thermal/
nonthermal noise. At the steady state 〈dQ/dt 〉 = 0
and we have
γ 〈 y 2 〉 = γ 〈ε ex ( x, y )〉 − D.

(11)

We now examine the following cases: (i) The noise
is internal, i.e. one assumes the validity of the fluctuation-dissipation relation, D = γ kT and the dynamical system is characterized by linear pumping, i.e.
h(x, y) = 0 and γ > 0 in (2) (this is the reverse situation of linear damping). Equations (1) and (2) correspond to a linearly pumped stochastic system. One
then arrives at an unphysical condition –γ 〈y2〉 = kT
from (11) and therefore the system can not reach
equilibrium. (ii) On the other hand, when the system
is a linearly damped stochastic system we have h(x,
y) = 0 and γ < 0 in (11). One then recovers from (2)
the standard equipartition result 1/2〈y2〉 = 1/2kT at
equilibrium. (iii) However, when the noise is internal and the system is nonlinearly damped, i.e.
h(x, y) ≠ 0 and γ > 0 in (2) we obtain from (11) the
following relation;
〈 y 2 〉 = 〈ε ex ( x, y )〉 − kT .

(12)

This situation is of special interest to us in this paper
since this condition captures the special role of
nonlinear dissipation in attaining the steady state of
the dynamics. Absence of γ indicates that the approach to the steady state is independent of its path
of approach and the state is an unique state of the
system. In this state the average energy loss due to
linear dissipation is balanced by the average energy
gain due to self excitation of the system and thermal
noise due to bath in a unique way. The steady state
expresses a detailed balance-like condition similar in
spirit to what is expressed by fluctuation–dissipation
relation. (iv) When the noise is external, the fluctuation–dissipation relation is not valid, i.e. D ≠ γ kT,
we reach a dynamical steady state given by the con-

Growth and decay of large fluctuations far from equilibrium

dition (11). This steady state is distinctly different
from the previous one (12) in the sense that it depends on the path characterized by γ along which the
dynamical system moves to the steady state. Our object in this paper is to analyse the nature of the
steady state implied by the condition (12).
3.

The weak noise limit of the stochastic process

We begin with the note that the state of thermal
equilibrium is characterised by the condition of
detailed balance. A few years back Luchinsky and
McClintok have demonstrated that there exists a
time-reversal symmetry between growth and decay
of fluctuation of dynamical variables at equilibrium
which is a consequence of detailed balance. The
large fluctuations can be studied in the weak noise
limit of stochastic process using auxiliary Hamiltonian or path integral techniques. Luchinsky and
McClintok5–7 have considered this weak noise limit
of overdamped Brownian motion in a force field
K(x, t). The physical situation is governed by the
following Fokker–Planck (FP) equation for probability density ρ (x, t).
D ∂2 ρ
∂ρ ( x, t )
∂
.
= − K ( x, t ) ρ +
2 ∂x 2
∂t
∂x

(13)

In the weak noise limit the diffusion coefficient D is
considered to be a smallness parameter such that
LtD → 0, ρ (x, t) can be described by a WKB type
approximation of the FP equation of the form
ρ ( x, t ) = Z ( x, t )eW ( x ,t ) / D . Z is a prefactor and W(x, t)
is the classical action satisfying a Hamiltonian–
Jacobi equation which can be solved by integration of the auxiliary Hamiltonian equation of
motion
∂K
x = K + p, p =
p.
∂x

(14)

the variable x implies a temporary departure from its
stable state to some remote state (in presence of p)
followed by a return to the stable state as a result of
relaxation in absence of fluctuation. Luchinsky and
McClintok have studied fluctuational and relaxational paths in analog electronic circuits and decay
of fluctuations at equilibrium for K ( x) = − x3 + x ,
when the system is driven away from stable fixed
point (–1 or +1). This symmetry, however, is not
preserved when the unstable state of the system is
chosen as the initial state or the system is acted upon
by an additional external forcing. In both cases the
system fails to be thermally equilibriated because of
the loss of detailed balance.
We now turn to the central theme of the paper and
enquire whether the presence of a stable dynamical
attractor (limit cycle/strange attractor) in a dissipative nonlinear system can result in a symmetry
between growth and decay of fluctuation far from
equilibrium. Our motivation lies in exploring the
possibility of realization of the unique steady state
condition (12) as an analogue of equilibrium state.
In what follows we employ Hamiltonian method5
to analyse the weak noise limit of the stochastic
process (1).6,7 For this purpose we choose
h( x, y ) = x 2 + y 2 and V ( x ) = 1/2 x 2 for which the
dynamical system admits of a stable limit cycle. In
the weak noise limit LtD → 0 the Fokker–Planck
equation
for
probability
density
function
ρ ( x, y , t ) = z ( x, y, t ) exp(W ( x, y , t ) / D ) is now governed by the auxiliary Hamiltonian of the form
H aux = − fp − gq + q 2 where p = ∂W/∂x and q = ∂W/
∂y denote the auxiliary momenta signifying noise
degree of freedom in the extended phase space.
f (x, y) and g(x, y) are given by

x = y ≡ f ( x, y )

(15)

y = γ {1 − ( x 2 + y 2 )} y − x ≡ g ( x, y ).

(16)

The auxiliary equations of motion are given by

The auxiliary Hamiltonian is
H aux ( x, p, t ) = pK ( x, t ) +

907

p2
2

with p = ∂W/∂x treated as a momentum of the auxiliary system. The origin of momentum is the inherent noise or fluctuation of the reservoir. In a
thermally equilibrated system a large fluctuation of

x = y

(17)

y = γ {1 − ( x 2 + y 2 )} y − x − 2q

(18)

p = 2γ xyq + q

(19)

q = − p + γ {( x 2 + 3 y 2 ) − 1}q.

(20)
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The fixed point (0, 0) of the dynamical system in
absence of noise unstable and the system admits of
η(t) a stable limit cycle for γ > (inset in figure 1).
With the introduction of noise degree of freedom,
the trajectory in the extended phase space moves
away from the limit cycle to a state of large fluctuation (compared to strength of noise p, q ~ 10–6) at
t = 0 as shown in figure 1 (dark line). The fluctuational path from the stable limit cycle to the state of
large fluctuation can be considered as an optimal

path along which the system moves with overwhelming large probability. If the system is now
allowed to relax in absence of noise variables
(p = q = 0) to return to the limit cycle one observes a
mirror image symmetry between growth and decay
of fluctuation (dotted line in figure 1).
As a next example, we consider a prototype twovariable model described by x = f ( x, y ) + η (t );
y = g ( x, y ) with
f ( x, y ) = − x + ay + x 2 y

(21)

g ( x, y ) = b − ay − x 2 y

(22)

corresponding to Selkov model for glycolysis;8 x
and y being the concentrations of two chemical species, ADP and F6P, respectively. The equations of
motion corresponding to the auxiliary Hamiltonian
H aux = − f ( x, y ) p − g ( x, y )q + p 2 are given by

Figure 1. The mirror image symmetry between the path
(solid line) for the fluctuation of x as a function of time t
from a limit cycle (in the presence of noise) and the
relaxational path (dotted line) towards the limit cycle in
absence of noise. Inset (limit cycle in absence of noise)
units arbitrary.

Figure 2. Stable limit cycle region and stable fixed
point region for the Selkov model of glycolytic oscillator.

x = − x + ay + x 2 y − 2 p

(23)

y = b − ay − x 2 y

(24)

p = p − 2 xyp + 2 xyq

(25)

q = − ap − x 2 p + aq + x 2 q .

(26)

The linear stability analysis identifies stable limit
cycle and stable fixed point regions in the parameter
space a, b > 0 as depicted in figure 2. We choose the
stable fixed point for a = 0⋅12 and b = 0⋅2 for the
unperturbed system. In presence of noise degree of
freedom the trajectory moves away from the stable
fixed point to a remote state of large fluctuation at
t = 0 as shown in figure 3a. When the system relaxes
in absence of noise variables (p = q = 0) to return to
the stable state one observes a mirror image symmetry between the fluctuational and the relaxational
path. This symmetry between the growth and the
decay of fluctuations can also be found when the
dynamical system is driven by the noise degree of
freedom from the stable limit cycle for a = 0⋅08 and
b = 0⋅6 followed by its relaxation. This is shown in
figure 3b. The results in figures 1 and 3 are remarkably counterintuitive in view of the fact that
these dynamical systems, in question, are under far
from equilibrium condition. The origin of this time
reversal symmetry under far from equilibrium condition, we believe, is the presence of stable limit cy-
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cle attractor due to the interplay of nonlinearity and
dissipation such that the energy is injected in one
region and extracted in another region of phase
space. A limit cycle serves as a common boundary
between them and implies a delicate balance
between them ensuring strict periodicity and return
to the stable manifold. In order to check this conclusion further we have studied another two-variable
system, Lotka–Volterra predator–prey model with
f ( x, y ) = x − xy and g ( x, y ) = xy − y . This model allows stable oscillations but does not admit any limit
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cycle. The weak noise limit of the corresponding
stochastic dynamical system does not exhibit this
symmetry between fluctuational and relaxational
paths.
Can the above analysis be extended to chaotic
attractors? To address this question we now consider
the prototype three-variable Lorenz model,9 which
has served as a traditional paradigm of nonlinear dynamics for decades. The stochastic equations are

x = σ ( y − z ) + η (t )

(27)

y = rx − y − xz

(28)

z = xy − bz,

(29)

η(t) being the external white noise as described earlier. The parameters σ and b are fixed at 10 and 8/3,
respectively while r is varied. Depending on the
values of r several regions in phase space of the unperturbed system can be identified.10 The origin is
globally stable for r < 1. At r = 1 the origin loses its
stability by a supercritical pitchfork bifurcation and
a symmetric pair of attracting fixed points is born.
At a critical value of r,
rH = σ

(σ + b + 3)
,
(σ − b − 1)

fixed points lose stability through Hopf bifurcation.
For the present purpose we have fixed the parameter
space for the values r = 10 (stable fixed point
region), r = 28 (strange attractor region) and r = 300
(limit cycle region).
Proceeding exactly as in the earlier cases we
derive the following auxiliary Hamiltonian equations of motion

Figure 3. (a) The mirror image symmetry between the
path (solid line) signifying the fluctuation of x as a function of time t from the steady state (in the presence of
noise) and the relaxational path (dotted line) towards the
steady state (in absence of noise) for the Selkov model of
glycolytic oscillator. Inset (dynamics in absence of noise)
units arbitrary. (b) Same as in figure 3a, but for the fluctuation from a limit cycle for the parameter set mentioned
in the text. Inset sustained oscillation as a function of
time in absence of noise.

x = σ ( y − x) − 2u

(30)

y = rx − y − xz

(31)

z = xy − bz

(32)

u = σ u − rv + vz − yw

(33)

v = −σ u + v − xw

(34)

w = xv + bw.

(35)
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Here u, v, w denote the auxiliary momenta signifying noise degree of freedom, conjugate to x, y and z
respectively. In figure 4a–c we display the numerical results on the growth and decay of large fluctuation for the three different phase space regions
(stable fixed point, chaotic attractor and limit cycle
regions) depicting the moving away of the trajectories along the fluctuational paths (u, v, w ≠ 0) and
their return along the relaxational paths (u, v, w = 0).
We find that the fluctuational and the relaxational
paths obey the mirror image symmetry in the same
way as before. The time reversal symmetry may be
viewed as arising from a degeneracy between the
projections of two different curves in an extended
phase space onto the space of original variables. The
degeneracy is not, however, robust against an
applied force.
4.

Figure 4. (a) The mirror image symmetry between the
path (solid line) for the fluctuation of x as a function of
time t from the steady state (in the presence of noise) and
the relaxational path (dotted line) towards the steady state
in absence of noise for the Lorenz model. Inset (approach
to steady state in absence of noise) units arbitrary. (b)
Same as in figure 4a, but for fluctuation from a chaotic
attractor for the parameter set mentioned in the text.
Inset (strange attractor (z vs x) in absence of noise. (c)
Same as in figure 4a, but for fluctuation from a limit
cycle for the parameter set mentioned in the text.
Inset (sustained limit cycle oscillation in absence of
noise).

Conclusion

In conclusion, we have shown that an interplay of
nonlinearity and dissipation in stochastic dynamical
systems with stable attractors (like limit cycle,
strange attractor) may give rise to an unique steady
state. This state is conspicuous by the independence
of its path of approach as a thermally equilibrated
state and allows us to realize a detailed balance-like
condition. This is reflected in the time reversal
symmetry between growth and decay of fluctuation
around the steady state similar to what is observed
in thermally equilibrated systems and is a consequence of a delicate balance between energy gain
due to self-excitation and energy loss due to dissipation in specified regions of phase space where the
stable attractor (limit cycle or chaotic attractor) lies
at the common boundary between them. In view of a
very few results known for far-from-equilibrium
condition (e.g. pattern formation,11 Jarzynski equality12,13 and related fluctuation theorems),14 we
believe that our observation on the time reversal
symmetry, promises new relations involving correlation functions and transition rates and understanding
the nature of non-equilibrium distribution functions
and elucidating the nature of turbulence and biological systems.
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