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Theory of coherent molecule to surface electron injection:
An analytical model†
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Abstract. Electron transfer from a molecular level to empty continuum levels of a substrate is
described theoretically. Using a quasicontinuum approach to model the substrate, analytical expressions
pertaining to the time-dependent probability among the various levels of the substrate is presented along
with its extension to coherently excited molecular vibrational modes. Hidden time scales and dynamics
are revealed in the analysis and possible experiments to observe the new results are suggested. We note
the applicability of the model to the description of a variety of other phenomena that are formally similar
to the electron injection problem, although pertaining to different physics.
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1.

Introduction

Electron injection from a molecular level into unoccupied levels of a metallic or semiconductor substrate
is a basic process that underlies several sub-fields of
interfacial science, including electrochemistry,1 surface photochemistry2 and molecular electronics.3
Photoinduced electron transfer (ET) from excited
electronic states of molecules attached to semiconductor surfaces, such as TiO2, is an ideal model to
study the basic physics underlying electron injection
processes,5 and is also the first step in the operation
of dye-sensitized solar cells. Usually a pump laser
pulse initiates the injection process and a probe
pulse that follows it at a variable time delay, can
time-resolve either the decay of the molecular donor
or the formation of the molecular cation. The decay
of the initial molecular donor state is known to depend
on factors such as: (i) the electronic overlap between
the donor and the substrate electronic levels, (ii) the
substrate density of states, (iii) the molecular reorganization energy that occurs when the nuclear
modes shift their equilibrium position due to ionization, and (iv) the energetic position of the molecular
donor level relative to the conduction band edge of
the semiconductor.4 Femtosecond pump–probe
†
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experiments have revealed that photoinduced heterogeneous electron transfer from a molecule to a
semiconductor occurs before full vibrational relaxation of the excited molecule is achieved.5,6 Accordingly, theoretical description of the decay of the
initial state has been formulated to include vibrational coherence in the transfer process.4
2.

Analytical model

Although the theoretical study of the decay of an
initially populated molecular donor state into a final
continuum of electronic levels has had a long history,4,7–9 the rise of the injected population among
the various continuum electronic levels has been
studied only recently, revealing Franck–Condon dictated structures in the ultrafast time regime that can
be influenced by laser pulse-induced vibrational
coherences.10–12 In this article, we present analytical
expressions for the rise of probability among a uniform quasicontinuum (QC) of electronic states,
which represents the substrate, from an initially
populated discrete electronic state. In the process
what is achieved is a generalization of the wellknown results of the Wigner–Weisskopf13 and
Fano–Anderson14 models (which deal with the static
broadening of a discrete electronic level interacting
with a continuum of levels), to the entire time
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domain, inclusive of coherent and incoherent molecular vibrational degrees of freedom.
In general, the injected distribution will relax
mainly due to interactions with phonons or electron–
electron interactions.15 These coherence limiting
processes are not discussed here, since our purpose
is to understand the basic physics of the injection
process, but we note that the theory applies at low
injection densities and short time scales.
The Hamiltonian describing the coupled vibrational-electronic dynamics is given as
H = ∑ H a | ϕa 〉〈ϕa | + ∑ (Vke | \ϕ− k 〉〈 \ϕ− e | + h.c.), (1)
a

k

where |ϕa〉 are the electronic states and Qξ denotes
the set of vibrational coordinates participating in the
ET process. The Qξ are governed by the vibrational
Hamiltonian Ha, where the electronic quantum number a includes the molecular excited state, a = e and
the QC of band states, a = k. The transfer integral
Vek couples the electron in the excited donor state to
the semiconductor QC. One can account for the photoexcitation by introducing an additional molecular
electronic state (the ground state), which is coupled
to the excited state |ϕe〉 via an electric field.10 In the
impulsive excitation limit, where the pulse duration
of the excitation laser is much shorter than all system time scales, such as the ET and vibrational
times, the photoexcitation process can be ignored
and the initial state taken to be the excited state. In
what follows we neglect also excitation pathways
that proceed directly from the ground molecular
state to the QC and can give rise to Fano interferences.16
The system dynamics is obtained by solving
the time dependent Schrödinger equation for the
electronic-vibrational
wavefunction
| ψ (t )〉 =
∑ av Aav (t )| χ av 〉|ϕa 〉, where ν is a vibrational index
and |χav〉 is the corresponding eigenstate of the
vibrational (Born–Oppenheimer) Hamiltonian governing the dynamics in state a. Here Aaν(t), a = e, k
are time-dependent expansion coefficients whose
square moduli give the probabilities of interest.
3.

Dynamics of the injected electron

It is instructive to start the discussion by neglecting
the vibrational degrees of freedom and focusing on
the electronic dynamics. It will be shown that such a
description contains the essential physics of ET

from a discrete to a continuum set of electronic
states, but the vibrational dynamics introduces interesting new phenomena. With the vibrational quantum numbers omitted, the equation of motion for the
expansion coefficient of each level k of the QC is
given as
t

Ak (t ) = −i/ ∫ Vei (ε k −εe )t ′/ Ae (t ′)dt ′,

(2)

0

where the electronic coupling Vke has been set to V,
a constant, and εa denote the eigen-energies of the
electronic states. In the wide band limit, where the
excited state is coupled with a large, uniformly
spaced QC of electronic levels, Ae(t) reduces to,
Ae (t ) = Ae (t = 0)e −π |V |

2

ρ t /

,

(3)

signifying that the molecular occupation probability
|Ae(t)|2 decays exponentially due to interaction with
the quasi continuum of electronic levels. In (3), ρ–1
is the energy spacing between the QC levels. It
should be noted that only the continuum aspect of
the decay is present in (3); the recurrences that set in
at times much longer than the ET timescale, due to
the discrete nature of the QC, are not accounted for.4
Since the transfer time-scale depends on the product
|V|2ρ, it is convenient to renormalize V such that the
transfer process is studied independent of the level
spacing ρ–1.4 Using (3), the time dependent occupation probability of the continuum states is given as
|Ak (t )|2 =

| V |2 | Ae (t = 0)|2
(ε k − ε e ) 2 + (π | V |2 ρ ) 2

(1 − 2 × cos[(ε k − ε e )t/]e −π |V |

2

ρ t /

+ e −2π |V |

2

ρ t/ 

).

(4)

The above result has also been obtained using a
Green’s function approach.11 It is immediately apparent from (4) that the time-dependent rise of probability in a level k of the QC exhibits two time
constants, unlike the decay of the discrete state,
which exhibits a pure exponential decay subject to a
single time-scale τe =  /2π |V|2ρ. The slower time
constant in (4) is modulated by an oscillatory cosine
term, whose frequency depends on the energy difference between the initial discrete and the final QC
state. Physically this term is related to the phenomenon of quantum beats that is observed when two or
more states are excited coherently. In the present case
the oscillations are damped owing to the interactions
with a dense final manifold. At times long with respect
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to the ET times τe, the time dependence is minimal,
and asymptotically the probability converges to
lim | Ak (t )|2 =

t →∞

| V |2 | Ae (t = 0)|2
.
(ε k − ε e ) 2 + (π | V |2 ρ ) 2

(5)

Equation (5) describes a Lorentzian function with a
FWHM of 2π |V| 2ρ and is readily recognized as the
result of the Wigner–Weisskopf and Fano–Anderson
models.
In figure 1, where the results of (4) are plotted vs
the quasi continuum energy, it can be seen that at
early times the injected distribution is quite broad,
with ripples that signify quantum beats. At t > τe,
however, it converges to the density of states of the
discrete level, which has now broadened into a Lorentzian due to its interaction with the continuum of
electronic levels. The analytical expression given by
(4), is in perfect agreement with results of independent numerical calculations. One is able to grasp the
essential physics of the injection process from (4),
while struck by the presence of the slower time constants and oscillatory terms, which are absent in the
decay of the initial state. These features arise from
our energy resolution of the continuum. The total
probability in the continuum, PQC = ∑k|Ak(t)|2, is
estimated in the limit of a dense manifold (ρ–1 → 0)
by replacing the discrete summation by continuum
integration over εk. Using (4) we find, P QC =
2
|Ae(t = 0)|2(1 – e–2π|V| ρt/), as expected from the
requirement of population conservation. Hence the
quantum beats and the slow rise time scales manifest
only for individual levels or for a partial summation
of k levels in the QC. This is illustrated in figure 2,
where partial summation over k is performed, cen-

Figure 1. Rise of probability among the electronic
levels of a QC of total width of 1⋅4 eV due to injection
from a discrete electronic level εe positioned at energy ip
in relation to the band energies. The plot has been obtained using (4).
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tered about different energies. It is seen that partial
summation of the |Ak(t)|2 over a range centered about
the excited state energy εe – the injection energy –
gives rise, as expected, to a population build up that
is slower when the summation range is narrower, but
in any case smooth, exhibiting no beats. By contrast,
summation about a center other than εe breaks the
symmetry and gives rise to a beat pattern.
Experimental observation of the phenomena predicted here is, in principle, possible with current surface sensitive techniques, such as two photon
photoemission (2PPE).17,18 With a pump probe to
populate the excited state and a probe beam to
photoionize the substrate, it is currently possible to
energy- and time-resolve both the slower rise and
the quantum beats, since the time- and energyresolutions required to that end are within the reach
of present technology, at least in as far as the present
model suggests.
The decay of the occupation probability of the
molecular excited state including vibrational coherences has been derived and extensively discussed,
previously.4 We present here approximate analytical
expression for the probability of populating individual
k-levels of the QC when vibrational modes are introduced. The decay pattern of the time dependent
coefficient associated with each vibrational level of
the initial molecular donor electronic state can be
approximated as

Aeν (t ) ≈ Aeν (t = 0) exp( − Kν t/2),

(6)

Figure 2. Rise of normalized total population versus
time for the case considered in figure 1. Solid (black)
curve indicates population summed over the entire QC
(1⋅4 eV) having a transfer time of 17 fs. Dashed (red)
curve denotes population summed over an energy range
of 100 meV centered about the energy of εe, and dashdotted (blue) curve corresponds to population summed
over a 100 meV range centered 20 meV above εe.
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whereby the QC coefficients are given as

A− k (t )|2 ≈ ∑ | V |2 | 〈ν | μ 〉 |2 | Aeν (t = 0) |2
μ ,ν

×

1 − 2cos[(ε k μ − ε eν )t/]e − Kν t/ 2 + e − Kν t
(ε k μ − ε eν ) 2 + ( Kν /2) 2

⎡
+ Re ⎢ ∑ ∑ 〈ν |μ 〉〈 μ |ν ′〉 Aeν (t = 0) Aeν ′ (t = 0)
⎢⎣ μ ν ≠ν ′
⎛ 1 − e[ −i (ε k μ −ε eν ′ )− Kν′ / 2]t/ ⎞
×⎜
⎜ i(ε k μ − ε eν ′ ) − Kν ′/2 ⎟⎟
⎝
⎠

⎛ 1 − e[ −i (ε k μ −ε eν )− Kν / 2]t/
×⎜
⎜ i(ε − ε eν ) − Kν /2
⎝ kμ

⎞⎤
⎟⎟⎥ .
⎠⎥⎦

(7)

In (7), ν and μ denote the excited state and QC
vibrational indices, respectively, εeν and εkμ are the
excited state and QC vibronic energies, respectively
and
Kν =

2π


∑ |V |2 |〈ν |μ 〉|2 ρ ,

(8)

μ

is the rate of transfer from vibrational level ν of the
initial electronic state. The first term of (7) consists
of the diagonal elements and has the same mathematical structure and physical content as the purely
electronic probability of (4). The second term, consisting of the off-diagonal elements, reflects the
coherences in the initially prepared excited manifold.
In the absence of coherences in the excitation, the
second term disappear and our solution reduces to
the result of ref. 11. Assuming that a single vibrational level νo is initially occupied, one obtains a series of equally-spaced peaks for the occupation
probabilities in the QC, spaced by the energy of the
vibrational mode. The peaks are centered at values
εkμ = εeνo and their heights are determined by the
Franck–Condon terms |〈ν0|μ〉|2. Each peak is akin to
what has already been analysed in the context of the
pure electronic case, both with regard to the electronic quantum beats observed off the center of the
peak and with regard to the decrease of the energetic
spread of probability distribution as time increases.
In case the initially excited state is a coherent vibrational wave packet, the second term of (7) is nonzero, leading to interferences that are manifested as

additional oscillations, as seen along the midpositions of the peaks in figure 3. A slower time scale
of 85 fs has been chosen for figure 3, so that one can
clearly resolve the individual Franck–Condon peaks
already at early times. For the much shorter rise time
considered in figure 1, one would obtain a broader
and unstructured distribution, which persists until
later times. These results explain analytically and
generalize the numerical observations of (ref. 10).
The phase of these oscillations depends on the overall sign of the product of the two Franck–Condon
terms appearing in the off-diagonal term. As one
moves down the QC band, the phase of the oscillations changes sign and this can also be understood in
terms of wavepacket dynamics in the excited state.
For k states whose potential energy surfaces (PESs)
cross that of the excited state at opposite ends of the
classical turning points of the excited state vibrational wavepacket, the rise of probability will exhibit oscillations that differ in phase by a factor π.10
Thus, the injected electronic distribution arising
from a molecular level maps the initially excited coherent vibrational wavepacket: it bears the signature
of molecular vibrational frequencies in the spacing
of the peaks and exhibits the imprint of vibrational
coherence as oscillations along the rise. In addition,
the phase of these oscillations for the various k levels of the QC contains information about the location of the excited state vibrational wavepacket with
regard to the crossings between the initial and final
molecular PESs. If the width of the uniform QC is
sufficient to encompass the entire injected distribu-

Figure 3. Time-dependent probability distribution versus the energy of a QC whose width and spacing are similar to figure 1. The position of the injecting molecular
level, εe, in the energy band of the substrate is indicated
as ip. A single harmonic vibrational mode of energy
0⋅1 eV and an overall transfer time of around 85 fs are
inputs to (7) which has been used in the calculation.
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tion (wide-band limit), as in figure 3, the total injected distribution will display a smooth rise due to
fully destructive interference; otherwise it shows a
step-like rise. In the wide-band limit all relevant
Franck–Condon transitions from every initially
populated vibrational state (ν) to all possible final
vibrational states (μ) are fulfilled and hence Kν
reduces to the pure electronic limit Kν ≡ K =
(2π/)|V|2ρ.4
The time-dependent probabilities of individual
vibrational states of the ionized molecule can be
obtained via (7) by recasting the total probabilities
as |Ak(t)|2 = ∑μ|Akμ(t)|2 and summing the |Akμ(t)|2 over
k. The rise of probability of level μ level of the ionized molecule thus takes the form,
|Aµ (t )|2 = ∑ |Ak µ (t )|2
k

≈ ∑ | V |2 |〈ν |μ 〉|2 |Aeν (t = 0)|2
kν

×

1 − 2cos[(ε k μ − ε eν )t/]e − Kν t/ 2 + e − Kν t
(ε k μ − ε eν ) 2 + ( Kν /2) 2

⎡
+ Re ⎢ ∑ ∑ 〈ν |μ 〉〈 μ |ν ′〉 Aeν (t = 0) Aeν ′ (t = 0)
⎣ k ν ≠ν ′
⎛ 1 − e[ i (ε k μ −ε eν ′ )− Kν′ / 2]t/ ⎞
×⎜
⎜ i(ε k μ − ε eν ′ ) − Kν ′/2 ⎟⎟
⎝
⎠

⎛ 1 − e[ i (ε k μ −ε eν )− Kν / 2]t/ ⎞ ⎤
×⎜
⎥.
⎜ i(ε k μ − ε eν ) − Kν /2 ⎟⎟ ⎥
⎝
⎠⎦

(9)
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limit, wherein ∑ μ|〈ν|μ〉|2 = 1 and Kν ≡ K. In the wideband limit, the rate of rise of probability is thus the
same for all vibrational levels of the ionized molecule. Several experimental investigations of photoinduced heterogeneous ET utilizing pump–probe
methods have measured the total probability of the
cationic product state19 given by (11), but the vibrationally resolved probability of (9) has not been
measured as yet. The population dynamics of individual vibrational levels does not yield new timescale in the wide-band limit. Accordingly, one
observes in figure 4 an overall rate for the rise of
population among the various vibrational levels that
is similar to that of the rise of total population in the
cationic product state. By contrast, the rise of population of individual vibrational levels carries not
only the imprint of vibrational coherence, which appears as steps at the vibrational frequency, but also
the phase relations among the individual vibrational
levels. Similar to injection from a single vibrational
level into the electronic QC, the excited state vibrational wavepacket transfer of population into specific vibrational levels of the molecular ion depends
on its location on the excited state PES. As figure 4
indicates, population injection into the lowest and
the sixth vibrational levels, for instance, is roughly π
out of phase, because during the time when population rises in one state, it remains stationary in the
other. As mentioned earlier, this is because the PES
crossings between the electronic states in the QC
that contribute most to these two final vibrational
levels and the excited state, are located close to the
opposite ends of the classical turning point of the
excited state vibrational wavepacket. On the other

Performing the summation over k states by a continuum integration we obtain the following limit in the
absence of a vibrational wavepacket,
|Aμ (t )|2 =

∑ν |〈ν |μ 〉 |2 |Aeν (t = 0)|2 (1 − e K
∑ μ |〈ν |μ 〉|2

−ν t

)

.

(10)

The total rise of probability in the product state is
obtained by summing over all final vibrational states
|μ〉 and the above expression reduces to

∑ Aμ (t)|2 = ∑ Aeν (t = 0)|2 (1 − e K
μ

−ν t

).

(11)

ν

Thus, the smooth rise in population is not single exponential if the decay proceeds from several initial
vibrational states, unless one invokes the wide-band

Figure 4. Rise of population of selected vibrational
levels of the ionized molecule obtained from (9). All parameters are as in figure 3.
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hand, as the PES of the QC electronic state that
dominates the contribution to the third level crosses
the excited state PES close to its mid-point, population is injected into it twice during every period of
the excited state vibrational wavepacket.
It is possible to extend (7) and (9) to analytically
include: (i) several vibrational modes, similar to
what has been done in the expression for the decay,4
(ii) vibrational coordinate dependent electronic coupling (which would modify only the Franck–Condon
overlap terms in (7)), and (iii) non-uniform density
of states.4 When a significant part of the injected
distribution is located at, and consequently distorted
by, the band edge, (4), (7) and (9) fail to describe
the dynamics accurately.
4.

Conclusion

In summary, the essential physics underlying the
process of electron injection from a discrete electronic state to a continuum of substrate levels has
been discussed within an analytical model. This
process is fundamental to several areas of interfacial
science and its analysis leads to a simple and yet
complete description of the injection process from
the very early times to the late times, when the injected distribution reduces to the well-known form
described by the Wigner–Weisskopf and Fano–
Anderson models. Furthermore, the analysis has
been extended to include molecular vibrational
degrees of freedom that could be either coherently
or incoherently excited via suitable laser pulses.
Importantly, the analysis brings to fore new physics
in the transfer of probability to the various continuum levels, which is manifested as a slower rise or
as transient quantum beats within an appropriate
energy window. It has been suggested that energy
and time-resolved methods such as 2PPE can be
utilized 18 to observe the predictions of the theory
presented here.
In the present work, we have focused specifically
on the electron injection problem, but the model developed is more general, and could be applied to
other problems that involve a discrete state coupled to
a quasi-continuum. These include internal conversion
and intersystem crossing in gas phase polyatomic
excited states, conductance through semiconductor-

based molecular junctions, and atomic (or molecular) excitation into a dense manifold of high-lying
Rydberg states. It would be interesting for future
research to apply the model to these and other problems.
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