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Generalized Warburg impedance on realistic self-affine fractals:
Comparative study of statistically corrugated and isotropic roughness†
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Abstract. We analyse the problem of impedance for a diffusion controlled charge transfer process
across an irregular interface. These interfacial irregularities are characterized as two class of random fractals: (i) a statistically isotropic self-affine fractals and (ii) a statistically corrugated self-affine fractals.
The information about the realistic fractal surface roughness has been introduced through the bandlimited power-law power spectrum over limited wave numbers. The details of power spectrum of such
roughness can be characterized in term of four fractal morphological parameters, viz. fractal dimension
(DH), lower (), and upper (L) cut-off length scales of fractality, and the proportionality factor (µ) of
power spectrum. Theoretical results are analysed for the impedance of such rough electrode as well as the
effect of statistical symmetries of roughness. Impedance response for irregular interface is simplified
through expansion over intermediate frequencies. This intermediate frequency expansion with sufficient
number of terms offers a good approximation over all frequency regimes. The Nyquist plots of impedance show the strong dependency mainly on three surface morphological parameters i.e. DH,  and µ. We
can say that our theoretical results also provide an alternative explanation for the exponent in intermediate
frequency power-law form.
Keywords. Warburg impedance; rough electrode; realistic self-affine fractals; diffusion controlled.

1.

Introduction

Electrochemical impedance spectroscopy is a powerful technique for investigating electrochemical
systems and processes. The main strength lies in its
ability to interrogate relaxation phenomenon. In
contrast to other electrochemical techniques, the
electrochemical impedance spectroscopy is noninvasive and can be used for investigating bulk as
well as interfacial processes. The method of impedance measurement is used extensively in applied
systems like: corrosion,1 bio-sensors,2 batteries,3,4
characterization of thin film and coating,5,6 electrochemical machining,7 fuel cell,8 bio-electrochemistry,9
etc. and also to study the mechanism of interfacial
processes, electrode kinetics, double layer studies,
evaluation of parameters like rate constants and
double layer capacitance in electrochemistry.10–12
The problem of diffusive transport to and across an
irregular interface is common and are of general
interest. Diffusion-limited processes on such interfaces show anomalous diffusive behaviour and realized in various physical phenomena such as: spin
†
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relaxation,13 fluorescence quenching,13,14 heterogeneous catalysis,15 enzyme kinetics,16 heat diffusion,17
membrane transport,18,19 electrochemistry,20–44 and
impedance response.24–26,40–46
Most of the real interfacial system can exhibit
complex shapes with varying degree of irregularity
or disorder. Such complex unconventional geometrical presence influences the electrode response. The
recent interest in realistic fractal geometry26,28,29,40,44
has helped to understand the influence of surface
disorder over the electrode response. The surface
irregularities over realistic objects are characterized
as two class of random fractals: (i) statistically isotropic fractals and (ii) statistically corrugated fractals. Theoretical understanding in electrochemistry for
these surfaces offers solution to several open ended
questions in this area. Particularly, our focus in this
communication is on realistic surface fractals with
limited length scale of irregularities which are frequently looked upon as self-affine fractals (figure
1).26–29,44,47
Diffusion-limited electrode reactions are frequently observed in electrode kinetics. The total
admittance, Y(ω), of an interfacial redox reaction,
O + ne–  R, driven by sinusoidal interfacial poten579
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tial (δη = E – Ee = η0eiωt, where δη is the magnitude
of overpotential, Ee is the equilibrium potential and
η0 is the magnitude of applied sinusoidal potential,
i = −1, ω is angular frequency and t is time) can be
obtained by solving appropriate diffusion equation.

∂Cα (r , t )

= Dα ∇ 2 Cα (r , t ),
∂t

(1)

where α ≡ O, R, represents the oxidized or reduced

species, Cα ( r , t ) is the concentration of α th species,
Dα is the bulk diffusion constant of α th species, and


r is the three-dimensional vector; r ≡ ( x, y, z ). The

concentration profile of the form δ Cα ( r )eiωt satisfies the diffusion equation and can be expressed as:


iωδ Cα ( r ) = Dα ∇ 2δ Cα ( r ),

(2)


where δ Cα (r ) is the difference between surface and
bulk concentration, i = −1 and ω is the angular
frequency. There is a local transfer kinetics limita-

tion at the interface (ζ) which can be obtained under
Nernstian boundary constraint (for simplicity we
assume DO = DR = D). Hence, the linearized Nernstian condition at the interface can be expressed as:
⎛ 1
1 ⎞
δ CS ( z = ζ ( x, z )) = − nf η0 / ⎜ 0 + 0 ⎟ ,
⎝ CO CR ⎠

(3)

where δ CS ( z = ζ ( x, y )) is the surface concentration,
n being the number of electron transferred, f = F/RT
(where F is Faraday constant, R is gas constant and
T being the temperature). η0 is the magnitude of applied sinusoidal potential. CO0 and CR0 are the bulk
concentrations of oxidized and reduced species, respectively. Here at initial time and far off from the
interface, we assume uniform initial and bulk concentration Cα0 viz.

Cα ( r , r = 0) = Cα ( z → ∞, t ) = Cα0 .

The formalism for diffusion processes on realistic
random boundary value problem and its approximate
results for sharp cut-off corrugated self-affine fractals is described in reference (26) and formalism for
diffusion processes on realistic random boundary
value problem and its approximate results for sharp
cut-off – band limited power spectrum for isotropic
self-affine fractals is described in reference (44). We
wish to use these perturbative solutions of boundary
value problem on realistic fractals because these are
most frequent form of roughness encountered in
rough electrodes. In the absence of roughness,
admittance for above mentioned problem has well
known form which is called Warburg admittance.
Warburg admittance of planar electrode45 is given
as:
YW (ω ) = A0 Γ (iω D)1/ 2 ,

(4)

where A0 is the projected area of the surface, Γ is
specific diffusion capacitance, defined as
Figure 1. Schematic diagram of a rough working electrode, where a charge transfer reaction O(Sol) + ne–
 R(Sol) under Nernstian condition and bulk diffusion
of redox species is taking place. Various length scales,
which control the response of electrode/electrolyte interface are smallest () and largest (L) length scale of
roughness, fractal dimension (DH), mean square width
(h2 ∝ µ) of interface and the diffusion length D/ω .

⎛ 1
1 ⎞
Γ = n2 F 2 /RT ⎜ 0 + 0 ⎟ .
⎝ CO CR ⎠

Warburg admittance inferred that the admittance
under diffusion-controlled process is directly proportional to the area of electrode, specific capacitance and the complex depletion layer thickness.
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It is well-known and understood that the analytical
approaches to such interfaces are difficult and solved
under various degree of approximations. The scaling, numerical and experimental studies20–22,26–29,37,44
have shown that the admittance, Y(ω), in the intermediate frequency domain is expressed as power–
law relation. The scaling form for admittance is:
Y (ω ) ~ (iω ) β ,

(5)

where the exponent, β, depends on the interfacial
roughness. De Gennes13 and Pajkossy23 gave less
precise explanation for the scaling exponent for intermediate frequency diffusion limited charge transfer
process, i.e. β = (DH – 1)/2. Later similar results discussed for other diffusion controlled situations such
as impedance of rough electrode,20,21 current or impedance for the diffusion limited transfer at irregular
electrode surface.20–22,26–29,35–37,44 These works consider two charge transfer conditions: (i) Nernstian
charge transfer26,28,29,44 and (ii) Quasi-reversible
charge transfer.36,37 These results were obtained both
in terms of an arbitrary roughness deterministic profile and an arbitrary roughness power spectrum for
random roughness profile. An important power
spectrum for approximately self-affine fractals can
have band-limited power-law form.27–29,36,37,44,47
Most of the studies on realistic fractals (statistically isotropic band limited and statistically corrugated band limited) address the questions related to
roughness with sharp cut-offs.28,44 Palasantzas40 also
used the formalism discussed in us in reference (26)
to study the admittance of self-affine rough electrode but their analysis is limited to high frequency
region. They completely missed the essential intermediate anomalous frequency behaviour of this problem. Here we use perturbative solution for realistic
fractal roughness formulated in reference (26) and
reference (44) for corrugated self-affine random fractals and isotropic self-affine fractal, respectively.
In this paper, we analyse the electrochemical
impedance response in Nyquist form for statistically
corrugated as well as isotropic self-affine fractals.
Comparative study between statistically corrugated
self-affine fractal and isotropic self-affine fractal
differs in qualitative responses which emphasizes
the effect of dimensionality.
2. Statistical description of random surface fractals
Statistical models are employed here for rough electrodes, and the electrode–electrolyte interface is

considered a random surface. Roughness of these
surfaces can be modelled as approximately selfaffine fractal roughness having structure factor of
the form which is band-limited power-law function27–29,44,47 and such surfaces exhibit statistical
self-resemblance over limited range of length scales.
It is important to emphasize that the structure factor
or power spectrum which is related to two-point correlation function and consist equivalent surface morphological information.
The admittance equation for bulk diffusion followed by a fast charge transfer reaction at electrode/electrolyte interface was analysed by KantRangarajan.26 The ensemble averaged admittance at
the stationary, Gaussian random electrode surface
which is related to its structure factor of roughness.
The generalized expression is given as:
⎡
1
〈Y (ω )〉 = YW (ω ) ⎢1 +
2
⎣ (2π )

iω
d 2K
D∫

⎤
⎛
iω
iω ⎞ ˆ
2
2
−
⎜⎜ K +
⎟⎟ 〈| ζ ( K ) | 〉 ⎥ ,
D
D⎠
⎝
⎦⎥

(6)

where 〈Y (ω )〉 is the ensemble averaged admittance
for the rough electrode, YW (ω ) is admittance for
smooth electrode commonly known as Warburg
admittance and expressed by (4). 〈| ζˆ ( K ) |2 〉 is the
structure factor or power spectrum of roughness
which is function of wavenumber, K. The generalized diffusional impedance (Warburg) (6) on arbitrary random rough electrode is proportional to the
admittance of smooth electrode (i.e. Warburg admittance) and frequency-dependent complex dynamic
roughness factor. This dynamic roughness factor
contains all information about the surface geometric
disorder through power spectrum of roughness. The
description of anomalous diffusion impedance due
to random fractals can be studied over two types of
fractals namely: (i) statistically corrugated selfaffine fractals and (ii) statistically isotropic selfaffine fractals. The description of these surfaces is
discussed in the following subsections.
2.1

Statistically corrugated self-affine fractals

The power spectrum can be obtained for disordered
surface profile using various scanning techniques.
Some of the measured power spectra show constant
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magnitude up to certain wavenumber and exhibit
power-law form with high wavenumber.48 The
power spectrum of roughness, 〈| ζˆ ( K ) |2 〉 , for such
corrugated self-affine fractal surfaces can be defined
in terms of power-law function26,27,47 as:

ness and under this limit the whole generalized
admittance expression equals to the plane electrode
response. For corrugated self-affine fractal surfaces
integral
∞

∫

− (2 DH −5)

⎧μ L
⎫
, K < 1/L
⎪
⎪
⎪
⎪
〈| ζˆ ( K ) |2 〉 = ⎨μ K 2 DH −5 , 1/L ≤ K ≤ 1/ ⎬ ,
⎪0,
⎪
K ≥ 1/
⎪
⎪
⎩
⎭

d 2 K (.) =

−∞

∞

∫

∞

dK x

−∞

(7)
in (6) can be expressed as
∞

where K is the wavenumber in one-dimension, DH is
fractal dimension, which describe the scale invariance property of roughness, 1/L and 1/ are related
to low wavenumber cut-off and high wavenumber
cut-off, respectively. The lower cut-off length ()
can be defined as the length above which surface
shows fractal behaviour and upper cut-off length
scale (L) is the length below which surface exhibit
fractal behaviour. μ is the proportionality factor
which is related to the topothesy of fractals.47
Topothesy τ is defined as the horizontal distance between two points on which structure factor, equal to
τ2, can be expressed as:47

∫

∞

−∞

dK x (.) = 2∫ dK x (.).
0

Substituting (7) in (6) and solving resultant integral,
we obtain the ensemble averaged admittance expression for statistically corrugated band limited fractal
surfaces and can be expressed as:
〈YCorr (ω )〉 = YW (ω )[1 + RLc (ω ) + RIc (ω )] ,
RLc (ω ) = −

where ζ ( x, y ) is the centered surface profile function, the angular brackets designate ensemble averaging and distance as
X = [(x – x′)2 + (y – y′)2]1/2,
d is dimension and α is the spectral exponent and
restricted within d < α < d + 2, in order to show that
surface profile is self-affine (in statistical sense).
Topothesy of an ‘ideal’ fractal surface is related to
the normalizing factor (strength) of the power-law
spectra (μ) by the following relation:
μπ d/ 2 2d + 2 −α Γ((d + 2 − α )/2)
(α − d )Γ(α /2)

for the cases d = 1 (corrugated) and d = 2 (isotropic), topothesy expression can be simplified.
Power spectrum, 〈| ζˆ ( K ) |2 〉 , has unit of cm3 for corrugated self-affine fractals and cm4 for isotropic
self-affine fractals. μ has unit of cm 2 DH − 2 for corrugated self-affine fractals and cm 2 DH −3 for self-affine
isotropic fractals, if μ → 0 means there is no rough-

(8)

iω μ L−(2δ c −1)
4π
D

⎡
⎛
⎛
⎢
⎜
⎜
⎢
⎜
iω ⎜
iω
⎢4 + L
⎜ L og ⎜
2
D⎜
⎢
⎜ ⎛1
1 iω ⎞
D
+ 2+
⎟
⎢
⎜⎜
⎜⎜ ⎜ L
D⎠
L
⎝ ⎝
⎝
⎣⎢

〈[ζ ( x, y ) − ζ ( x ′, y ′]2 〉 = τ d + 2 −α X α − d ,

τ d + 2 −α =

∫ dK y (.)

−∞

−2

D
iω

⎞⎞
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟ ⎟⎟
⎠⎠

⎤
⎥
⎥
1 iω ⎥
+
L2 D ⎥
⎥
⎥
⎥⎦

⎡ μ L− (2δ c −1) μ  − (2δ c −1)
⎤
−
+ ψ c (ω ) ⎥
⎢
⎣ π (2δ c − 1) π (2δ c − 1)
⎦

RIc (ω ) =

iω
D

ψ c (ω ) =

μ  − (2δ c −1)
1 −1
1 iD ⎤
⎡
, δc + , 2 ⎥
2 F1 ⎢δ c − ,
π (2δ c − 1)
2 2
2  ω⎦
⎣

−

μ L−(2δ c −1)
⎡⎡
1 −1
1 iD ⎤ ⎤
, δ c + , 2 ⎥⎥ ,
2 F1 ⎢ ⎢δ c − ,
π (2δ c − 1)
2 2
2 L ω ⎦⎦
⎣⎣

here δc = (DH – 3/2) is deviation from the Brownian
fractal dimension for corrugated surfaces and 2F 1 is
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the hypergeometric function.49 RLc (ω ) is the low
wave number contribution in roughness (from flat
region of wave number) and RIc (ω ) is the intermediate wave number contribution in roughness for
corrugated self-affine fractal surfaces. The admittance expression (8) is dependent on four fractal
morphological parameters of power spectrum of
roughness and phenomenological diffusion length.
The anomalous admittance region for the intermediate frequency can be expressed in terms of series
expansion of two hypergeometric functions shown
in (8) viz. one for small (D/L2 ω) and another for
large (D/2ω) and retaining only the leading
orders. The admittance equation for the intermediate
anomalous region for statistically corrugated
fractal surfaces, first five leading terms can be written as:

〈YCorr (ω )〉 ≈ YW (ω )
⎡
⎛ μ  −(2δ c −1)
⎞⎤
μ
− 3/ 2
⎢
⎜−
⎟⎥
⎢
⎜ π (2δ c − 1) 2π (2δ c − 1) ⎟⎥
⎢
⎜
δ c −1/ 2 ⎟ ⎥
⎢
⎜ Γ(δ + 1/2)Γ(−δ ) ⎛ iω ⎞
⎟⎥
c
c ⎜
⎟
⎢ iω ⎜
⎟⎥
⎝d ⎠
⎢1 + ⎜
⎟⎥ ,
d ⎜ μ −2δ c d
μ  −2(δ c −1) ⎟⎥
⎢
⎢
⎜ + 2π (δ ) iω + 4π (δ − 1) ⎟⎥
c
c
⎢
⎜
⎟⎥
3/ 2 ⎟ ⎥
2
−
2(
δ
−
1)
⎢
⎜ iω
c
i
μ
ω
⎛ ⎞
⎢
+
⎜⎜
⎟⎟⎥
⎜ ⎟
−
16
(2
)
d
π
δ
c ⎝ d ⎠
⎝
⎠⎦⎥
⎣⎢


here K|| is a wave vector in two-dimension. μ is the
proportionality factor known as strength of fractality, which is related to the topothesy of fractals.47
 is the lower cut-off length and L is the upper cutoff length. The angular brackets denote an ensemble
average over various possible surface configurations. For isotropic self-affine fractals, ∫ d 2 K in the
integrand represents a double integral over two
components of wave-vector with limits –∞ to ∞ and
for statistically isotropic surface this simplifies to:
∞

2
∫ d K = 2π ∫ dK K.
0

Substituting (10) in (6) and solving resultant integral, we have ensemble averaged admittance expression for a band-limited isotropic fractal and can be
expressed as:

〈YIso (ω )〉 = YW (ω )[1 + RL (ω ) + RI (ω )]
RL (ω ) = −

(9)

here Γ(.), is Gamma function and δc = (DH – 3/2).
Equation (9) is obtained for intermediate frequency
regime of admittance for corrugated random fractals.
Equation (9) offers a good approximation of
equation (8) in all frequency regimes (see (23) in
reference 26 represent the special case of this equation).
2.2
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Statistically isotropic self-affine fractals

The power spectrum of roughness, 〈| ζˆ ( K ) |2 〉 for
isotropic self-affine fractal can be expressed in
terms of power-law function28,29,37,44,47 as:

⎧μ L−2 DH −7 ,
⎫
| K|| |< 1/L
 2 ⎪
 2 D −7

⎪
⎪
⎪
〈| ζˆ ( K|| ) | 〉 = ⎨μ (| K|| |) H , 1/L ≤| K|| |≤ 1/ ⎬ , (10)

⎪0,
⎪
| K|| |≥ 1/
⎪
⎪
⎩
⎭

iω μ L−2δ
D 4π

⎡ 2iω 2 2 D ⎛ iω 2 ⎞3/ 2 ⎤
L −
⎢1 +
⎜1 + L ⎟ ⎥
3L iω ⎝
D ⎠ ⎥⎦
⎢⎣ 3D
RI (ω ) =

⎤
iω ⎡ μ L−2δ μ  −2δ
−
+ ψ (ω ) ⎥
⎢
4πδ
D ⎣ 4πδ
⎦

ψ (ω ) =

μ  −2δ
iD ⎤
⎡ −1
, δ + 1, 2 ⎥
2 F1 ⎢δ ,
4πδ
 ω⎦
⎣ 2

−

μ  −2 δ
iD ⎤
⎡ −1
, δ + 1, 2 ⎥ ,
2 F1 ⎢δ ,
4πδ
Lω⎦
⎣ 2

(11)

here δ = (DH – 5/2) is deviation from the Brownian
fractal dimension for isotropic surfaces and 2F1 is
the hypergeometric function.49 The function, RL(ω),
is the low wave number contribution of roughness
and RI(ω), is the intermediate wave number contribution of roughness. This admittance expression is
dependent on four fractal morphological parameters
of power spectrum of roughness and phenomenological diffusion length. The generalization of this
result is obtained in reference 44 for sharp cut-off
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spectrum. The anomalous admittance intermediate
frequency region expansion of two hypergeometric
functions in (11) can be expressed as: (see appendix
in reference (44). Note that contribution from
RL(ω) is insignificant in intermediate frequency
regime)

〈YIso (ω )〉 ≈ YW (ω )
⎡
⎛
⎞⎤
⎢
⎜
δ ⎟⎥
−2 δ
⎢
⎜ − μ  − μ Γ(δ + 1)Γ(−δ − 1/2) ⎛ iω ⎞ ⎟⎥
⎜ ⎟ ⎟⎥
⎢
⎜ 8πδ
8π 3 / 2δ
⎝ D ⎠+
⎢
⎜
⎟⎥
−2δ −1
−2δ +1
D
iω
μ
μ
⎢ iω ⎜
⎟⎥
⎢1 + D ⎜ + 4π (δ + 1/2) iω − 8π (1/2 − δ ) D
⎟⎥
⎢
⎜
⎟⎥
⎢
⎜
⎟⎥
μ 3−2δ
⎢
⎜+
⎟⎥
3/ 2
⎢
⎜ 32π (3/2 − δ ) ⎛ iω ⎞
⎟⎥
⎜ ⎟
⎜
⎟⎥
⎢⎢
D
⎝
⎠
⎝
⎠⎥⎦
⎣
(12)

here YW (ω ) is the Warburg admittance and Γ(.), is
Gamma function.49 This simplified expression is
suitable to obtain intermediate frequency dependence of anomalous admittance. Admittance expression in intermediate frequency region is a dominant
function of the three fractal morphological parameters say (DH, , μ).
Equations (8, 9, 11, 12) generalizes the conventional representation of the Warburg admittance on
smooth surface electrode to the fractally rough electrode where roughness is characterized by its power
spectrum. These equations generalize Warburg admittance response for a realistic statistically corrugated and statistically isotropic self-affine fractal
roughness. We will analyse Nyquist plots of these
equations in the following section.
3.

important effect on impedance response. Usually,
Nyquist plots represent the real component of impedance (Z′(ω)) along x-axis and imaginary component of impedance (–Z″(ω)) along y-axis with
varying frequency. The higher frequency region is
observed towards left and lower frequency region is
observed towards right in the plots. The assumption
of semi-infinite diffusion on smooth surface made
by Warburg for the derivation of diffusional impedance signifies that the real component of impedance
(Z′(ω)) and imaginary component of impedance
(–Z″(ω)) have the same value and hence has a
straight line appearance with a phase angle of 45°,
but presence of roughness violates this assumption.
Logarithmic Nyquist plot is shown in figure 2 to
emphasize various regimes in frequency domain.
This figure also emphasizes the deviation and distinguishing features of diffusional impedance response from the smooth electrode response. Various
curves are plotted under the variation of fractal dimension (DH) while all other parameters are kept
fixed. The real component of impedance (Z′(ω)) and
imaginary component of impedance (–Z″(ω)) of

Results and discussion

The general aspect for the diffusion limited admittance/impedance response on realistic fractal electrode is depicted through the Nyquist diagram. Here,
we analyse graphically how the electrochemical impedance response; under bulk diffusion and facile
interfacial charge transfer condition; is influenced
by the surface morphological features and how they
deviate from smooth geometry response. These figures show clearly that the extent of roughness has an

Figure 2. Logarithmic Nyquist plots for isotropic selfaffine fractals showing effect of fractal dimension on the
diffusion impedance. Plot is generated for fixed,
 = 40 nm, μ = 2 × 10–6 (a.u.) and L = 4 μm, while varying DH as 2⋅25, 2⋅3, 2⋅35, 2⋅4, 2⋅45, diffusion coefficient
D = 5 × 10–6 cm2/s, frequency ω(s–1) = 10–3 to 103 and
concentration CO0 = CR0 = 15 mM are used.
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Nyquist plots are related with magnitude of impedance and phase angle. Therefore, any change in real
component and imaginary component of impedance
will affect the magnitude of impedance and phase
angle response.44 The logarithmic plots of components of impedance in this figure merges with the
planar response (lowest curve) at very low and very
high frequency. Deviation from planar response corresponds to crossover frequencies i.e., outer crossover frequency (ω O ~ D/L2) and inner crossover
frequency (ω i ~ D/2), which emphasize the effect of
roughness. Outer crossover frequency (ω O ~ D/L2) is
related to upper length scale cut-off observed at low
frequency where Z′(ω) ≅ –Z″(ω 0) and inner crossover frequency cut-off (ωi ~ D/2) is related to lower
length scale cut-off corresponding to first inflexion
point on left hand side of curves and is observed at
high frequency. The anomalous powerlaw frequency
dependence of impedance Bode plot44 can be seen
above the inner crossover frequency and below the
outer crossover frequency which is intermediate
frequency region. The fractal dimension (DH) increases from bottom to top in this figure and magnitude of –Z″(ω) increases with DH for a given value
of Z′(ω).
Traditionally, the Nyquist plots have been
found in non-logarithmic scale. We have plotted conventional Nyquist plots in figure 3 showing the influence of various fractal roughness features and
difference is emphasized over the planar surface response.
Figure 3(a) shows the Nyquist plots for diffusional impedance (Warburg) response under the
variation of fractal dimension (DH) and the response
of smooth (planar) electrode is shown in lowest
curve. The fractal dimension (DH) increases from
bottom to top in this figure while the other morphological parameters of power spectrum are fixed.
These are lower cut-off length ( = 40 nm), strength
of fractality (μ = 2 × 10–6 (arbitrary units)) and
upper length scale cut-off (L = 4 μm). In these plots
frequency varies from 10–2 to 102 which correspond
mainly to the intermediate frequency region. The
real component of impedance (Z′(ω)) and imaginary
component of impedance (–Z″(ω)) merges with the
planar response of Warburg impedance at higher
frequency. The signature of anomalous power-law
frequency dependence of impedance can be seen in
approximately linear region. The magnitude of
imaginary component of impedance (Z″(ω)) increases
as the fractal dimension increases for a fixed value
of Z′(ω).
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Figure 3(d) shows the influence of fractal dimension (DH) over the diffusional impedance response
of statistically corrugated fractal electrode. The fractal dimension (DH) increases from bottom to top in
this figure while other surface morphological parameters kept constant. These are lower cut-off length
( = 40 nm), strength of fractality (μ = 15 × 10–2
(arbitrary units)) and upper length scale cut-off
(L = 4 μm). In this case the strength of fractality
differs in magnitude as compared to isotropic
self-affine fractals, because the electrochemical
impedance response for statistically corrugated
fractal surfaces is very low as compared to the
isotropic self-affine fractals with equivalent set of
roughness parameters. Therefore, we increase the
value of strength of fractality (which is related to
the width of interface) for statistically corrugated
fractal surface, so that we can get the same qualitative response as we get in case of isotropic selfaffine fractals. The approximate power-law can
be seen in approximately linear region. Here
also the magnitude of imaginary component of
impedance increases with increase in fractal dimension.
In figure 3(b) we observe the influence of lower
cut-off length () scale over the electrochemical
impedance response. From this plot one can say that
the intermediate frequency admittance scaling exponent, β, is usually related in less precise calculation
to fractal dimension (DH). There are some other surface morphological parameters on which the electrochemical response depends. These parameters are
lower length cut-off () and strength of fractality
(μ). Parameters which are fixed for this figure are
fractal dimension (DH = 2⋅4), strength of fractality
(μ = 2 × 10–6 (arbitrary units)) and upper length
scale cut-off (L = 4 μm) with varying  which is increases from top to bottom. In this plot we observe
that the magnitude of imaginary component of
impedance (Z″(ω)) decreases with increase in lower
cut-off length scale. This plot exhibits that,
for low roughness surface, the impedance behaviour
follows the same pattern as for planar surface,
but as the roughness increases due to decrease in
lower cut-off length value, there is increase in
imaginary part of impedance for a given value
of real part of impedance. The approximate
linear behaviour in intermediate frequency
region corresponds to identical functional dependence of real and imaginary components. All curves
merge with a planar response curve at higher frequency.
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Figure 3. First column of the graphs represent Nyquist
plots for isotropic self-affine fractals: (a) Effect of fractal
dimension on the diffusion impedance. Plot is generated
for fixed,  = 40 nm, μ = 2 × 10–6 (a.u.) and L = 4 μm,
while varying DH as 2⋅25, 2⋅3, 2⋅35, 2⋅4, 2⋅45, diffusion
coefficient D = 5 × 10–6 cm2/s, frequency ω (s–1) = 10–2 to
102 and concentration CO0 = CR0 = 15 mM are used. (b) Effect of lower length scale cut-off. Plot is generated for
fixed DH = 2⋅4, μ = 2 × 10–6 (a.u.) and L = 4 μm, while
varying  (nm) as 15, 30, 60, 120, 240, 480, other parameters are fixed as in figure 3(a). (c) Effect of strength of
fractality. Plot is generated for fixed  = 40 nm, L =
4 μm, DH = 2⋅4 while varying μ (10–6 a.u.) as 0⋅5, 1⋅0,
2⋅0, 4⋅0, 8⋅0. Second column of the graphs represent Nyquist plots for corrugated random self-affine fractals: (d)
Effect of fractal dimension, parameters are  = 40 nm,
μ = 15 × 10–2 (a.u.) and L = 4 μm, while varying DH as
1⋅25, 1⋅3, 1⋅35, 1⋅4, 1⋅45, and other parameters are same
as in other plots. (e) Effect of lower length cut-off.
Parameters are DH = 1⋅4, μ = 15 × 10–2 (a.u.) and L =
4 μm, while varying  (nm) as 125, 250, 500, 1000, 2000.
(f) Effect of strength of fractality is plotted where roughness parameters are  = 40 nm, L = 4 μm, DH = 1⋅4 while
varying μ (10–2 a.u.) as 1⋅0, 2⋅0, 4⋅0, 8⋅0, 16⋅0.

In figure 3(e), we understand how the lower cutoff length () value influences the diffusional impedance response for statistically corrugated fractal

surfaces and how they differ from the smooth geometry response. Lower cut-off length () value increases from top to bottom in figure 3(e) and other
morphological parameters fixed are: fractal dimension (DH = 1⋅4), strength of fractality (μ = 15 × 10–2
(arbitrary units)) and upper length scale cut-off
(L = 4 μm). In this plot we observe that the magnitude of imaginary component of impedance (Z″(ω))
decreases with the increase in lower cut-off length
scale. Other qualitative responses are similar as we
observed in figure 3(b).
In figure 3(c), we observe that the roughness can
also be characterized by the strength of fractality
(topothesy), i.e. linearly related to the mean square
width (thickness) of the interface. Dependence of
slope of intermediate region on μ, indicate that even
under limit,  → 0 and L → ∞ scaling exponent (β)
in (5) will be a function of DH and μ (an approximate power-law behaviour and dependency of
dominant fractal morphological parameter shown in
log–log plot of magnitude of impedance with frequency in reference 44). This indicates the fact that
the sole dependence of β on DH, as claimed in earlier work, is an incomplete characterization of β
with fractal morphological parameters. Here, the
magnitude of imaginary component of impedance
(Z′(ω)) increases with increase in strength of fractality (μ). The linearity of Nyquist plots over a range of
frequency implies an approximately identical functional dependence. This approximate functional
dependence is power-law form in intermediate frequency regions.
Figure 3(f) shows the influence of strength of
fractality (μ) over the impedance response of
statistically corrugated fractal electrode. Strength of
fractality increases from bottom to top curve while
other surface morphological parameters are fixed.
The value of strength of fractality varying here
differs largely from the isotropic self-affine fractal
surfaces to illustrate the similar qualitative response.
From this plot we observed that the magnitude
of imaginary component of impedance (Z″(ω))
increases with increase in strength of fractality
for given value of real component of impedance
(Z′(ω)).
The qualitative description of response for both
kinds of surfaces looks similar but they differ a lot
in their detailed characteristics. These interesting
and notable features which differentiate both kinds
of surfaces can be analysed through the comparative
study and dimensionality effect and can be seen in
figure 4.

Generalized Warburg impedance on realistic self-affine fractals

4.

Figure 4. Comparison between isotropic and corrugated
random fractals. Lowest solid line corresponds to planar
Warburg response. Other lines correspond to isotropic
fractals and dashed lines corresponding to corrugated
fractals. The value of different parameters are (i) for isotropic, DH = 2⋅3, 2⋅4,  = 40 nm, μ = 2 × 10–6 (a.u.) and
L = 4 μm, (ii) for corrugated DH = 1⋅3, 1⋅4,  = 40 nm,
μ = 15 × 10–2 (a.u.) and L = 4 μm.

Figure 4 clearly differentiates between the corrugated and isotropic surface fractal response which is
the effect of dimensionality of roughness. As we
know, the degree of irregularity plays an important
role in the electrochemical response of fractal electrode. Since, isotropic fractal surfaces show fluctuation independent of direction and have high roughness
factor, while the corrugated surface shows fluctuation in one direction only, due to which it has comparative low roughness factor for same set of
roughness parameters. From (8) and (11) one can
say that the roughness contribution is directly proportional to roughness factor; that is why the impedance response for isotropic surface is high compared
to corrugated surface for same value of roughness
parameters and can be seen through figure 4, where
we increase the strength of fractality which is directly related to width of interface and roughness
factor. In general, one can say that the magnitude of
imaginary component of impedance (Z″(ω)) increases with increase of roughness and decrease in
dimensionality. Roughness of the fractal surfaces
increases with increase in fractal dimension, increase in strength of fractality and decrease in lower
length cut-off. Therefore, one can easily say that
fractal morphological parameters (DH, , μ) and
dimensionality play an important role in the electrochemical impedance response in realistic fractals.
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Conclusion

In this paper, we report theoretical results for the
Nyquist impedance analysis for self-affine corrugated as well as self-affine isotropic fractal surfaces.
We are interested to know the electrochemical
response in term of admittance/impedance for surfaces with irregularities which are characterized as
limited scales fractals.50 These disorders originate in
the systems either from initial preparation/treatments
(cleaning of surface) or their development in situ.
The extent of deviation in response is dictated by the
so called amplitude parameter, h ∝ µ , of the profile as well as several other length scales in the
problem. Here, we show that the admittance/
impedance of rough surfaces is not only characterized by fractal dimension (DH), but also on other
surface morphological parameters i.e.  and μ.
Nyquist impedance plots depend on three dominant
morphological parameters of fractal, i.e. DH,  and
μ, this was not conceived in earlier work. The limited length scales fractal surface (corrugated as well
as isotropic) model led to other important conclusions which are given as: (i) Anomalous diffusive
behaviour in the intermediate frequency domain is
due to fractal nature of surface on intermediate
length scales. (ii) Our work clearly unravels the
connection between the fractal dimension of roughness, the inner and outer cut-off length scales of
roughness. (iii) Effect of dimensionality on electrochemical impedance is also analysed. Finally, one
can say that our theory provides insight into the
quantitative description of the role of roughness on
the generalized Warburg impedance.
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