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Abstract. A time-dependent generalized non-linear Schrödinger equation (GNLSE) of motion was earlier
derived in our laboratory by combining density functional theory and quantum fluid dynamics in threedimensional space. In continuation of the work reported previously, the GNLSE is applied to provide additional knowledge on the femtosecond dynamics of the electron density in the hydrogen molecule interacting with high-intensity laser fields. For this purpose, the GNLSE is solved numerically for many time-steps
over a total interaction time of 100 fs, by employing a finite-difference scheme. Various time-dependent
(TD) quantities, namely, electron density, ground-state survival probability and dipole moment have been
obtained for two laser wavelengths and four different intensities. The high-order harmonics generation
(HHG) is also examined. The present approach goes beyond the linear response formalism and, in principle,
calculates the TD electron density to all orders of change.
Keywords. Hydrogen molecule; intense laser fields; femtosecond dynamics; time-dependent density;
density functional theory; quantum fluid dynamics.

1.

Introduction

In the last two decades, the multiphoton, femtosecond
dynamics of strongly non-linear interaction of atoms
with intense laser fields has received a great deal of
attention.1–10 A wealth of new and sometimes counterintuitive phenomena has been discovered, involving
the absorption of hundreds or thousands of photons
by a single atom. Such phenomena include abovethreshold ionization (ATI), high-order harmonics
generation (HHG), stabilization under superintense
fields, etc. Considerable insights into these phenomena have been obtained through semi-classical and
time-dependent (TD) quantum mechanical methods
of varying degrees of sophistication.11–22 These included TD Hartree–Fock11 and TD density functional calculations.15–17 In view of the requirement of
non-perturbative quantum mechanical methodologies for explaining the above phenomena, the most
accurate method is the numerical solution of the TD
Schrödinger equation for the problem.18–22 It

*Dedicated to Prof. D Mukherjee on his 60th birthday
**For correspondence

has also been noted that one- and two-dimensional
non-linear oscillators can reproduce most features of the
laser–atom interaction,19 including the possible occurrence of quantum chaos21,22 as a result of the interaction. Over the years, such experimental and theoretical
studies have also resulted in a wide range of applications, e.g. the development of attosecond and X-ray
lasers.19,23
Very recently, strong interest has developed in the
study of molecules under intense laser fields.24,25
Compared with atoms, the additional degrees of freedom associated with nuclear motion in molecules result in other interesting phenomena. Apart from ATI
and HHG, these include above-threshold dissociation
(ATD),24,25 alignment of the molecule with the laser
field,26 ionization dependent on internuclear distance,27
bond dissociation dynamics, in particular, bond softening28 and Coulomb explosion.29 A striking outcome of such studies has been the first experimental
picture of a wavefunction, namely, the 3σg HOMO
(highest occupied molecular orbital) of N2 molecule,
obtained from the HHG spectra by using a tomographic algorithm.30
In a previous work from our laboratory,31 the dynamical electron density changes and HHG spectra of
335

336

Amita Wadehra and B M Deb

H2 molecule generated by intense laser fields were
studied. The overall femtosecond dynamics were
explained through the numerical solution of a TD
generalized non-linear Schrödinger equation (GNLSE)
derived earlier32 by combining density functional
theory and quantum fluid dynamics in real space.
Even though nuclear motion was not taken into account, interesting insights were obtained into the phenomena of excitation, ionization, bond softening,
dipole formation and HHG.31 The method goes beyond
the linear response formalism and, in principle, calculates the TD electron density to all orders of
change.
The present paper is a continuation of the above
work and therefore uses the same methodology. Here
we report additional information on the changes in
electron density, ground-state survival probability,
TD dipole moment, etc. under intense laser fields of
wavelengths 532 and 1064 nm, as well as four different
intensities, 1 × 1014, 2 × 1014, 3 × 1014 and 1 ×
1015 W cm–2. The fast Fourier transform of the dipole moment yields the HHG spectrum.
Section 2 of this paper gives a brief account of the
methodology employed (see ref. 31 for details). Section 3 presents and discusses the results while §4
makes a few concluding remarks.
2.

Methodology

The GNLSE32 for a many-electron system is given by
(atomic units employed throughout this paper)
[−(1/2)Δ + Veff ([ρ]; r, t)]ψ(r, t) = i∂ψ(r, t)/∂t, (1)
where ψ(r, t) is the hydrodynamical ‘wavefunction’
and the electron density ρ(r, t) = |ψ(r, t)|2. The effective potential Veff ([ρ]; r, t) consists of both classical and quantum terms; it is given by a sum of
potential terms representing interelectronic Coulomb
repulsion, electron-nuclear Coulomb attraction, exchange and correlation interactions, interaction with
an external (e.g. laser) field and a non-classical kinetic energy correction term which vanishes for oneelectron systems and two-electron Hartree–Fock
systems (in the case of H2 molecule, this correction
term is neglected) but contributes significantly for
systems containing more than two electrons. Equation
(1) reduces to the Schrödinger equation for one-electron
systems and to the TD Kohn–Sham equations for
two-electron systems. It also bears a superficial resemblance to the Gross–Pitaevskii equation, a cubic

Schrödinger equation,33,34 for Bose–Einstein condensate, but is actually more complicated due to the
presence of both non-integer powers of ψ(r, t) and
an integral operator.
The detailed expressions for various potential
terms in Veff have been given in.31 For the exchange
potential, the Ghosh–Deb local functional35 has
been employed while, for the correlation potential, a
local Wigner-type functional31 has been used. Both
these functionals give excellent exchange and correlation energies respectively for atoms and molecules.
The symmetry of the problem necessitates the use
of a cylindrical coordinate system, ρ , z , ϕ(0 ≤ ρ ≤ ∞;
−∞ ≤ z̃ ≤ + ∞; 0 ≤ ϕ ≤ 2π). The origin is at the midpoint of Req = 1⋅4 a.u. For numerical calculations, a
finite computation grid was chosen, viz. –25⋅1250 ≤
z ≤ +25⋅1250, 0 ≤ x ≤ 5⋅025 a.u., where x2 = ρ , due
to azimuthal symmetry, ϕ is involved only when integration over the whole three-dimensional space is
required. The mesh sizes in space and time are
Δx = Δ z = 0⋅1005 a.u., Δt = 0⋅071643 and 0⋅03582 a.u.
for lasers of wavelengths 1064 and 532 nm respectively.
Thus, one optical cycle is completed in 2048 time
steps. For solving (1), a finite-difference scheme was
applied followed by Peaceman–Rachford splitting
and a modified Thomas algorithm. A mask function
was employed to take care of reflections from the
grid boundaries. The computational details are given
ref. 31. A more sophisticated algorithm for solving
(1) in both imaginary time and real time has been
developed very recently.36 Note that the present
method goes beyond the linear response formalism
and in principle calculates the TD electron density to
all orders of change.
The laser electric field is applied along the z -axis
and is given by

E(t) = E0 f (t)sin(ωLt),

(2)

where the peak field E0 = (8πI/c)1/2, c is the speed of
light, I is the intensity of the laser field, ωL is the laser
frequency and f (t) is a dimensionless linear ramp
function which reaches its peak value of unity at the
end of five optical cycles. The computations cover
28 and 56 optical cycles for the 1064 and 542 nm lasers
respectively, with ωL = 0⋅042823 and 0⋅085646 a.u.
for these two lasers. Thus, the total laser-molecule
interaction time considered is 4134⋅1276 a.u. (1 a.u.
of time = 0⋅0241889 fs = 24⋅1889 as), i.e. 100 fs.
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For launching the computations at t = 0, the input is
the ground-state density of H2 molecule. This is computed from (1) through evolution in imaginary time,
similar to the diffusion quantum Monte Carlo
method. This technique yields a quite accurate, beyond Hartree–Fock, molecular electron density with
the ground-state energy of −1⋅17212 a.u., compared to
the exact non-relativistic energy of −1⋅17447 a.u.31

Figure 1. Contours of the time-dependent electron density (a.u.) in the ρ z -plane for λL = 532 nm, I = 1 ×
1014 W cm–2, at (a) t = 0 (reproduced by permission from
ref. 31), (b) t = 0⋅358 a.u. (8⋅66 as) and (c) t = 1173⋅802 a.u.
(16 optical cycles, zero field; one optical cycle covers
t = 73⋅3626 a.u.). In figures 1–3, the density values for
the innermost and outermost contours are 0⋅22 and
0⋅008 a.u.

3.
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Results and discussion

Below, we present results for different laser wavelengths and intensities for the TD electron density,
ground-state survival probability and dipole moment
as well as HHG spectra.
Figure 1 depicts the TD electron density for λL =
532 nm and I = 1 × 1014 Wcm–2 at three different
times, including the initial, t = 0 (figure 1a). The initial
density is symmetric about the origin. Since the laser
field is aligned along the z -axis, beginning from the
positive side, a pronounced up-down asymmetry in
the density occurs along the z -axis, even during the
ramp, creating a TD dipole moment. When the laser
field proceeds towards its peak value (+E0), the density asymmetry develops upwards along the positive
z -axis. When the field proceeds towards its minimum
value (−E0), the density asymmetry develops in the
downward direction along the negative z -axis. Both
these effects are caused by the attractive potential
from the up-and-down swinging laser field. Since
the present formalism is capable of detecting attosecond changes in the electron density, the density
contours, especially the inner ones, at t = 0⋅358 a.u.
(~9 as) are slightly different from those at t = 0 (figure
1b). At t = 1173⋅802 a.u. (figure 1c), sixteen optical
cycles have elapsed and, since the laser field is now
zero, the up-down symmetry of the density is again
restored. This also serves as a numerical check on
our computations. Figure 1c also shows ionization
from both a reduction in the inner contours and a
spread in density. Although nuclear motion is not
taken into account in this work, Figure 1c shows
clear evidence of bond softening since density in the
binding region37 is reduced. Continuing and stronger

Figure 2. Contours of the time-dependent electron density (a.u.) in the ρ z -plane for λL = 532 nm, I = 1 ×
1015 W cm–2, t = 4089⋅965 a.u. (the trough of the last optical
cycle). Compare with figure 1.
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evidence of both ionization and bond softening can
be seen in figure 2 which depicts fewer density contours at t = 4089⋅965 a.u. (the trough of the last optical
cycle), λL = 532 nm and I = 1 × 1015 W cm–2. The
depletion of electron density around both protons is
a precursor to Coulomb explosion.
Figure 3 visually compares the increase in the rate
of ionization of the molecule with an increase in the
laser intensity, for λL = 1064 nm, at t = 3998⋅262 a.u.,
i.e. after the 27th optical cycle. At I = 1 ×

1014 Wcm–2 (figure 3a), the number of density contours has decreased compared to the density at t = 0
(figure 1a), indicating ionization. In contrast, the
rate of ionization up to this time is greater for
I = 3 × 1014 Wcm–2 (figure 3b). Since the positive
charge on the molecule’s ionic core is now greater
compared to figure 3a, the density contracts towards
the nuclei. This situation is further enhanced at
I = 1 × 1015 Wcm–2 (figure 3c) where the rate of
ionization up to this time is still greater, as indicated
by the smaller number of density contours and further contraction of the density towards the nuclei.
The density asymmetry along the positive z -axis occurs since the laser electric field is now positive and
the corresponding potential is attractive (see above).
Thus, figures 1–3 together communicate a picture of
ionization, bond softening and Coulomb explosion.
Figure 4 depicts the ground-state survival probability, Pgs(t) for two laser wavelengths and four different laser intensities. Pgs(t) is given by

Pgs(t) = |〈ψ(r, t)|ψ(r, 0)〉|2,

(3)

and is normalized to unity at t = 0. It is obvious that
due to excitation and ionization, Pgs(t) would rapidly
decrease from unity. Figure 4 shows the oscillatory
changes in Pgs(t), in phase with oscillations in the laser
field, the pattern of oscillations depending on both
laser frequency and intensity. Further decreases in
Pgs(t) result from ionization occurring after the ramp
is reached. Note that the oscillation pattern for
λL = 532 nm and I = 2 × 1014 Wcm–2 (figure 4a) is
similar to that for λL = 1064 nm but at a higher intensity, viz. 3 × 1014 Wcm–2 (figure 4d). Figures
4(b–e) show that for λL = 1064 nm, the magnitude of
the decrease in Pgs(t) increases with an increase in
laser intensity. This implies that excitation to higher
states occurs faster with increased laser intensity.
Furthermore, a comparison of the rates of ionization
with those of the changes in Pgs(t) shows that excitation precedes the onset of ionization. However, at
later times, both excitation and ionization proceed
together.
At this stage, one recalls that the laser field is
linearly polarized along the internuclear axis, i.e. the
z -direction. The TD induced dipole moment is
therefore given by
Figure 3. Contours of the time-dependent electron density
(a.u.) in the ρ z -plane for λL = 1064 nm, t = 3998⋅262 a.u.
(27⋅25 optical cycles; one optical cycle covers t =
146⋅7252 a.u.), for (a) I = 1 × 1014 Wcm–2, (b) I = 3 ×
1014 Wcm–2, and (c) I = 1 × 1015 Wcm–2. See figure 1.

 ) z ρ dρ dzdϕ .
μ z (t ) = ∫ ρ ( ρ , zt

(4)

Figures 5(a, b) show that μ z (t ) also oscillates in
phase with the laser field and, as time progresses,
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Figure 4. Ground-state survival probability, Pgs(t) for (a) λL = 532 nm, I = 2 ×
1014 Wcm–2; (b) λL = 1064 nm, I = 1 × 1014 Wcm–2; (c) λL = 1064 nm, I = 2 × 1014 Wcm–2; (d)
λL = 1064 nm, I = 3 × 1014 Wcm–2; and (e) λL = 1064 nm, I = 1 × 1015 Wcm–2.

the amplitude of oscillation decreases since electron
density is progressively lost due to ionization. This
damping is more pronounced for I = 1 × 1015 Wcm–2
(figure 5c). Note that an increase in polarity of the
molecule facilitates excitation and ionization and

therefore both bond softening and Coulomb explosion.
Finally, figure 6 depicts the HHG spectra for the
532 nm and 1064 nm lasers31 at I = 1 × 1015 Wcm–2.
This shows the usual pattern of HHG, viz. a rapid

340

Amita Wadehra and B M Deb

Figure 6. A comparison of the HHG spectra at
I = 3 × 1014 Wcm–2 for (a) λL = 532 nm, and (b) λL =
1064 nm (reproduced by permission (ref. 31)).

4.

Figure 5. Time-dependent dipole moment (a.u.), μ z (t )
for (a) λL = 532 nm, I = 2 × 1014 Wcm–2; (b) λL = 1064 nm,
I = 1 × 1014 Wcm–2; (c) λL = 1064 nm, I = 1 × 1015 Wcm–2.

fall for the first few harmonics followed by a plateau
which terminates in a sharp cut-off. As expected,
only odd harmonics appear due to the initial centrosymmetry of the molecule; it has, however, been observed and explained that this symmetry selection
rule can be violated at higher laser frequencies
and/or intensities where even harmonics can also
appear near the end of the plateau.19 The number of
harmonics for λL = 1064 nm is nearly double the
number of harmonics for λL = 532 nm, indicating that
the energy output remains about the same at the same
laser intensity. Such high harmonics provide an excellent and efficient way of producing soft X-ray
and XUV lasers as well as attosecond pulses.19,23

Conclusion

By numerically solving the GNLSE, (1), for the interaction between an H2 molecule at Req and intense
laser fields of different frequencies and intensities,
additional information (see ref. 31) is provided here
on several consequences of this interaction. Since
only one equation is solved, including both exchange
and correlation functionals, irrespective of how
many electrons are present in the system, the present
theoretical approach appears to have considerable
potential in dealing with larger atoms/molecules interacting with intense laser fields.
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