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Relativistic quantum chemistry and rigorous variational analysis
SAMBHU N DATTA
Department of Chemistry, Indian Institute of Technology, Powai, Bombay 400 076, India

Abstract. A brief review of relativistic quantum chemistry is given here. Relativistic effects
and their importance in chemistry are discussed. An outline of different theoretical aspects
is presented. Aspects of variation techniques relevant to relativistic calculations are discussed
in detail. These involve the derivation of min-max theorems for Dirac, Dirac-Hartree-Foek
and Dirac-Coulomb calculations. The consequence of relativistic Hamiltonians being
unbounded are also discussed for other lines of investigation. The upper bounds derived
are physically interpreted. Sample Dirac-Hartree-Fock results for the Be atom, calculated
using both STO and GTO bases for the nonrelativistic orbitals and the upper components
of the relativistic orbitals, are given. The inadequacy of the so-called kinetically balanced
basis set is discussed and illustrated with these results. The importance of the variational
or dynamical balance and hence the merit of the LCAS-MS scheme is pointed out. The
possibility of calculating quantum etectrodynamical pair energy from relativistic
configuration interaction calculations on a two-electron atom is discussed and exemplified.
The present status of relativistic molecular calculations is briefly reviewed. Conclusions on
the aspects of variational analysis and molecular calculations are enclosed.
Keywords. Relativisticeffects;molecular calculations; bounds; rain-max theorems; quantum
electrodynamics.

1. Introduction
It is not usual to consider relativistic effects while discussing the electronic structure
and chemical bonding. In fact the earliest conclusions regarding the importance of
relativistic effects in chemistry (Bersuker et al 1972) were largely disbelieved. The
development of ab-initio relativistic calculations has made it a b u n d a n t l y clear that
without the consideration of relativity the knowledge of structure and b o n d i n g would
remain seriously incomplete.
It is a practical joke, then, that relativity does sneak into every nonrelativistic
theory of the chemical bond. It enters in the disguise of the spin angular m o m e n t u m .
This mysterious e n c r o a c h m e n t has been going on ever since the earliest formulations
were laid d o w n by Pauli and Dirac. O n l y a relativistic'theory can offer a natural
justification for the electron spin. The nonrelativistic theories accept the existence of
spin on an empirical basis. Worse still, in the nonrelativistic treatment one has to
incorporate an ad-hoc parameter, g, for the calculation of the magnetic m o m e n t
associated with the spin of the electron, and another ad-hoc parameter, 2, for
calculating the spin-orbit splitting. Dirac m a d e it clear that the right value of g arises
as the natural solution of the relativistic wave equation. Both Dirac and Pauli derived
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the right form for the spin orbit splitting. These considerations, and the reduction of
the relativistic equations to the nonrelativistic regime have led Gurtler and Hestenes
(1975) to conclude that "the Schrrdinger equation describes not a spinless particle
as universally assumed, but a particle in a spin eigenstate".
Relativistic effects are known to be so large for the elements Hf-Rn (Z = 72-86)
and for the actinides (Th-Lr) that they must be included even in empirical (or
semiempirical) calculations. The Pauli equation shows that the main relativistic effects
arise from the mass-velocity correction, Darwin interaction and spin-orbit interaction
terms in the Hamiltonian. These terms occur in order (~Z) 2 in a two-component
formalism. They are inherent in Dirac's Hamiltonian that is used for a fully relativistic
treatment (a four-component formalism), and lead to the following three recognized
effects for atoms (Pitzer 1979; Pyykk6 and Desclaux 1979):
(i) All p, d etc. orbitals split into Pl/2 and P3/z orbitals, d3/2 and d5/2 orbitals etc. The
split orbitals are characterized by total angular momentum quantum numberj where
j = l +_ 1/2. The degeneracy is (2j + 1).
(ii) All sl/2 and P~/2 orbitals and the inner Pal2 orbitals contract and are stabilized.
The outermost P3/2 orbitals may eventually expand.
(iii) Most ds and all fs orbitals undergo a serf-consistent expansion and their energies
increase.
The next order effects (a3 Z 4) arise in the form of magnetic interaction and coulomb
retardation (together, the Breit interaction). Their influence is felt less in chemistry
(and more in spectroscopy). Relativistic effects are seen to be more profound at the
molecular level. In general (i) bonds contract, (ii) bond dissociation energy increases
to a lesser extent and (iii) vibrational frequency increases only slightly due to the
relativity. However, the .most important result is that (iv) the relativistic molecular
orbitals are entirely different from the nonrelativistic ones, thus altering the discussion
of the electronic structure and chemical bonding radically (Pyykk6 and Desclaux
1979; Pyykk6 1988). That the nonrelativistic theories work so successfully for
molecules consisting of atoms of low Z is due to the fact that although the relativistic
molecular orbitals are entirely different from the nonrelativistic ones, the charge
distributions calculated from nonrelativistic and relativistic treatments are nearly the
same.

2. Theory
2.1 Hamiltonian
Dirac's equation for the relativistic electron forms the basis for relativistic quantum
chemistry. Dirac's equation is
h~,~,(O = ~(r),

(1)

h o = cap + ~mc 2 + V(r).

(2)

where
The potential faced by the electron is V(r). The Dirac equation admits negativeenergy solutions. The negative-energy sea (the infinitely large collection of continuum
states) is assumed to be completely filled in the Dirac hole theory. The absence of a
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negative-energy electron is then interpreted as the presence of a positively charged
hole. The negative-energy wave functions can be related to the positive-energy ones
through the operation of charge conjugation. Charge conjugation reverses the signs
of all momenta, energy and the eigenvalue of the z-component of the spin angular
momentum. Because of the existence of the negative-energy solutions the expectation
value (ho) is not bounded from below.
For many electrons one may write the relativistic wave equation as

n ~ W ( { r } ) = EW({r}),

(3)

where the Dirac-Coulomb Hamiltonian is given by

HDc = E hD(i) + E --'1
i

(4)

i > j rij

Relativistic covariance is not obtained with the Dirac-Coulomb equation. Brown
and Ravenhall (1951) pointed out that the use of this equation results in continuum
dissolution, that is, the interaction r~ x mixes the bound state wave function with an
infinite number of energetically degenerate continuum states. They showed that the
ambiguities disappear when the infinite sea of negative-energy electrons is accounted
for in a proper way.
The description of the Hamiltonian operators remains incomplete unless the Breit
interaction, the lowest-level quantum electrodynamical effect, is mentioned. The Breit
interaction operator,

1

B = -- ,<~j2r--~.

(~'~j + oq'~oog'~o),

(5)

arises from the exchange of virtual transverse photons between the electrons (magnetic
interaction and Coulomb retardation). The operator B will again lead to an
uncontrolled and unphysical mixing of the states. Therefore, it is traditionally
suggested that only the first-order energy correction due to B should be calculated.
2.2 Field theory
From the standpoint of pure theory, the right way of dealing with the many-electron
problem is to use a bonalide Hamiltonian in lieu of the Dirac-Coulomb Hamiltonian.
The bonatide Hamiltonian is obtained from H ~ by using positive-energy projection
operators. One must, in particular, use a projected interaction such that the so-called
Brown-Ravenhall disease (or the continuum dissolution) can be avoided. Originally
Brown and Revenhall (1951) suggested the use of operators that project an arbitrary
wave function onto the subspace of the positive-energy states representing free Dirac
electrons. The Brown-Ravenhall Hamiltonian has both the one-electron part and
the interaction projected. Mittleman (1981) has advocated the use of operators that
project on to the positive-energy Hartree-Fock orbitals. The derivation of Mittleman
depends on a variational ansatz made directly in Fock space and supplies a clear
justification to the Hartree-Fock calculations starting from HDc.
Sucher (1980) has suggested bonafide Hamiltonians with only the interaction
projected. The projection operators recomended project on to the space spanned by
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the products of the positive-energy eigenstates of a suitably chosen one-electron
Hamiltonian. The bonafide Hamiltonian is the configuration-space equivalent of the
restriction of the no-pair part of the matter Hamiltonian of quantum electrodynamics
to the N-electron sector of Fock space. The no-pair coulomb ladder Hamiltonian
was originally derived from an equal time approximation to an external-field BetheSalpeter equation. Sucher's choices for the one-electron reference Hamiltonian for
the preparation of the matter field correspond to (i) the free-particle picture, (ii)
furry-bound state interaction picture and also (iii) the Hartree-Fock picture (that he
enthusiastically dubs as the fuzzy picture due to the nuances of nonlinearity and
associated problems). Sucher has subsequently explored the inclusion of transverse
photons (in the form of a projected Breit operator and thus aiming it for calculation
to all orders in perturbation theory), the inclusion of virtual pairs, aspects of
renormalization and the relativistic configuration interaction (RCI) treatment.
2.3

Anthology

Field-theoreticians, in their wisdom, offered deliverance from the mire of what one
perceives (by following one's own nose, as observed by Sucher 1980). Theoretical
chemists for whom a traditional strategy is to discard the continuum states, had the
fortunate task of performing calculations by using the basis-set expansion procedure.
So they spotted a missing head (unboundedness of Dirac's Hamiltonian) before being
bothered with the tail (continuum dissolution). That (ha) is not bounded from below
was already known (Desclaux 1975). What theoretical chemists did was to take the
problem seriously and investigate possible ways of avoiding variational collapse or
related anathema in a calculation using basis sets. Once the potent way was devised,
everything fell into place. A '~calculating" chemist (or even a calculating physicist)
does not normally encounter continuum dissolution since by virtue of the procedure
the interaction that enters into the calculation is always projected in the proper way.
2.4

Variational instability

The possibility of variational instability eventually leading to a collapse in the
relativistic treatment o f even one electron was noted by various authors (Datta 1980;
Schwarz and Wechsel-Trakowski 1982; Kutzelnigg 1984). The importance of
maintaining the. correct lower component-upper component coupling operator was
also observed (Rosicky and Mark 1975; Drake and Goldman 1981; Ishikawa et al
1983; Datta 1984; Datta and Jagannathan 1984; Stanton and Havriliak 1984). The
correct form of the coupling operator is said to yield a kinetically balanced fourcomponent spinor. The use of a kinetically balanced basis set was stressed.
In this article we are not bothered with the so-called basis set truncation error.
The error means that in the limit c ~ go the correct nonrelativistic result is not
obtained. The error arises from the incompleteness of the basis set and is therefore
rather technical in nature. Different ways of curing the basis-set error have been
reviewed by Schwarz (1987), but we ramark in passing that any modification of the
matrix of an operator, based on the matching of expressions in a certain limit, turns
the theory and the calculation into an effective theory and an effective calculation
(like the effective potential theory and calculation). The purity of theory and
calculation can be maintained by extending the basis set in the proper way.
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Quest

One may pose the question, as Sucher did: if the Hartree-Fock wave functions XHF
calculated by using HDc is an approximate wave function, to what wave function is
it an approximation? The answer is straightforward and simple. The wave function
XHF is an approximation to the eigenfuntion of the projected Hamiltonian suggested
by Mittleman (1981) (Hamiltonian in so-called fuzzy picture).
More relevant questions are the following: (i) Is there any variation theorem
applicable to Dirac-type, Dirac-Hartree-Fock or Dirac-Coulomb calculations? This
question owes its origin to the observation that calculations with carefully chosen
functions seem to validate the existence of a variation principle. (ii) In case a variation
theorem applies, what is the precise interpretation of the optimal trial function (in
configuration space) in terms of the state vectors in Fock space? The importance of
this question is obvious, for the requirement of a physical interpretation is the norm
of physical science. But the question has additional significance. If one remembers
that the positive-energy subspaces calculated in different pictures are not exactly
identical, one would realize that the question is directly aimed at the choice of the
right "picture" - free particle, furry or fuzzy. It will also be interesting to know whether
the variational solution has the relevant quantum electrodynamical effects inherent
in it.
In the next section it is discussed that indeed a few special "rain-max" theorems
have been found to be associated with the solution of the external field DiracHartree-Fock and Dirac-Coulomb equations. What is more, the variational solution
has been seen to retain at least the lowest order quantum electrodynamical effects
arising from the matter field in Coulomb gauge.
There is a word of caution regarding the nomenclature here. Traditionally, the
minimax or max-min technique in mathematics refers to an analysis involving a
linear basis set and implies a procedure of minimization followed by a step of
maximization of the minima. In this article the analysis is carried out with only one
function and the procedure involves maximization first and minimization next. The
technique here is denoted the min-max technique and it should not be confused with
the minimax or max-min technique in conventional variational calculus. It will be
interesting to establish a relationship between the two approaches.

3. Aspects of variation
3.1

F o r m a l analysts o f Dirac equation

If the four-component Dirac equation is reduced to a two-component equation (by
Pauli elimination method), it is found that the lower component l of the (fourcomponent) eigenfunction ~b= (~) is related to the upper component u by
l = (e + mc 2 - V ) - i cr

(6)

where 8 is the eigenvalue, V is the external potential, r are the Pauli spin matrices,
m is the rest mass of the electron and c is the speed of light. The operator f~o(e),given by
f2~

= (5 + mc 2 - V ) - l c~'p,

(7)
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Figure l. Demonstration of variational collapse for the H~ molecule ion. A 2-parameter
spinor has been used. Every spinor is well-behaved - so it is the u-l coupling operator that
causes instability. The curves a-j correspond to different values of the second parameter.
(From Datta and Devaiah 1988.)

is the exact u-l coupling operator. It is possible to generate the exact u-I coupling
by numerical integration techniques. Calculations using reference functions usually
give an inexact u - l coupling, that is, the solutions obtained from such calculations
may not be orthogonal to the negative-energy eigenfunctions. Variational collapse
occurs when the negative-energy functions are sufficiently admixed to the positiveenergy solutions. In all other situations the collapse may not actually occur but the
calculated bounds may be in error. This trend is illustrated by figure 1.
For any upper-component basis set the correct u - l coupling ensures that the
variational procedure yields an upper bound. We have established a "min-max"
principle for Dirac-type calculations (Datta and Devaiah 1988; see also Datta and
Jagannathan 1984). The optimized energy is an upper bound whenever the step of
maximization is exactly performed. This can be shown as follows.
Consider a normalized trial spinor
~b= N

(u)

I '

(8)

where u is a normalized two-component function, 1 = ~u and N is the normalisation
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constant for ~b. The o p e r a t o r ~ is as such arbitrary. Let there be the slight changes
f~-o ~ + 6~ and ~ + --* fl + + 6f~ +. Considering 6 (Ho) = 0 for all arbitrary variation
6t~ +, we obtain the coupling o p e r a t o r as
fi = f~o(eo) = (so + c 2 _ Vex,)- 1c a ' p ,

(9)

where e ~ is the stationary expectation value, and the upper c o m p o n e n t function u
that satisfies the relationship
(u, [e ~ + c 2 - V] u) = c 2 (u, a . p Is ~ + c 2 - V] - 1 a.pu).

(1O)

If e~ is stationary for all arbitrary variations of u one obtains the o p t i m a l trial spinor
which is an eigenfunction (~i) of HD (with eigenvalue ei).
We have shown that for a well-behaved u p p e r c o m p o n e n t function u, (10) can have
only one real root e+
0 and that ~+
0 must be greater than c 2 + (V)u (Datta and Devaiah
1988). The p r o o f is as follows. Here one considers that the potential is attractive,
V < 0, and assumes that (V)~ > - 2c 2. Then (10) can have a real root e+o > c 2 + (V)~; in
addition, a real root s ~ < - c 2 m a y exist. It is easy to prove that for a specific u
there can be one and only one positive-energy root. O n e can also show, by reductio
ad absurdum, that for a well-behaved and normalizable t w o - c o m p o n e n t spinor u a
real negative-energy root does not exist. Let the roots e+
o and s ~ coexist and let the
to-surface be defined by s ~ + c 2 - V(r0) = 0. If a'pu is well behaved then
c 2(a'pu,[s ~_ + c 2 - V ] - I [e+0 + c 2 -- V]-la'pu)= - 1.

(11)

The integral on the left hand side of (11) does not exist since the integrand has a
singularity at r = to; the Cauchy principal value, if it exists, is in general a complex
n u m b e r with a non-vanishing imaginary part. Hence (11) does not hold good.
However, negative- and positive-energy solutions are simultaneously possible if V = 0.
One can easily show that 5+
o is a m a x i m u m :
m a x ( n o ) ~ --5+.~
fi

(12)

By making e+o stationary for all variations of u we obtain only the positive-energy
eigenfunctions of Ho. Therefore, the spinor,

n~176

,

can be linearly e x p a n d e d in the basis formed by the positive-energy eigenfunctions.
0
This implies that the g r o u n d state energy So is an absolute m i n i m u m of 5+:
m i n e ~ [u]~>e o.

(14)

U

T h a t is, a variational principle exists for spinors given by (13). T h e correct u - 1
coupling given by (9) ensures an upper bound.
Combining the two steps of variation we have written
min m a x ( H D ) ~ t> %,
u

fi

(15)
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where to is the ground state energy. This is the "min-max" theorem for the Dirac
equation. An upper bound is guaranteed whenever the maximization has been exact.
Several examples of the application of the minimax technique to relativistic
calculations on one-electron atoms have been discussed by us. Normalizable eigenfunctions corresponding to the ground states of one-electron atoms with various
angular momenta have been derived analytically (Datta and Datta 1992).
3.2 Dirac-Hartree-Fock problem
With a little more effort, the analysis above can be extended to the closed-shell
Dirac-Hartree-Fock (DHF) treatment based on the Dirac-Coulomb Hamiltonian
HDc (Datta and Devaiah 1988). To do so one may use the set of orthonormal spinors:
,

"

(16)

=

The following expectation value is calculated with the corresponding Slater
determinant:
N

N

(HDc) = ~ Ho,, + 89~.. (Jii - KU)"
i= 1

(17)

l,j

One now takes <HDc> tO be stationary for all arbitrary variations 6 ~ for all i subject
to the constraint that the orbitals remain normalized and orthogonal to each other.
After considering that a unita.ry transformation is carried out in order to diagonalize
the matrix of Lagrangian undetermined multipliers one obtains

h'(fi~ u,) + c .pu,

(18)

=

for i = 1..... N. The operator ht is given by
N

hZ= - - e2 "~ Vex, "~ 2 ( J j - s

(19)

j=l

where J a n d / ( are the direct and exchange electron repulsion operators defined by
.~(1) = N}(u,(2),[r-~ + O~(2)r-~21~j(2)]uj(2)),
/<j(l)u,(1) = Nf(uj(2), [rl~ + fi~ (2)r~-2~fi,(2)] u,(2))uj(1),
and

/(j(1)l~,(1)u,.(l) = Nf(uj(2), [r~-~ +

(2~(2)rllfl(2)]u,(2))(-lj(1)uj(1).

(20)

Equation (18) is the D H F equation corresponding to the lower component of the ith
orbital and has the solution

flout = e(ei _ h t)- 1a.pu r

(21)

The operator ~o is the Hartree-Fock equivalent of the one-electron operator 1]~ as
given by (9), and gives a dynamically balanced orbital. The apparent pseudoeigenvalue
e~[u] has to be determined from the relationship
(Ui' [~'i -- hU] ui) = C2 (Ui, a'p [~'i --

hi] - 1 a.pui)

(22)
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N

h u = c 2 + Vcxt + ~

(Jj - K j)-

(23)

j=l

Equation (22) is the Hartree-Fock equivalent of (10).
Repeating the arguments of the one-electron case one finds that for a fixed set of
upper component functions the stationary value El{u}] is a local maixmum:
max <HDc> = E[{u}].
In}

(24)

In the second step, one may work with the set,

((u')

^o
; i = l .... ,N
~ki = N~ fib ui

}

,

(25)

and extremize ( H ~ ) , (that is, E), for all arbitrary variations 8u~ to obtain

h~.u, + ca.p(fi~ ~ = e,~u,~

(26)

for i = 1..... N. Equations (26) together with equations (18) represent the complete
D H F equation for a closed-shell system:
Frc, ff ~ = e~ ~

(27)

We write the relativistic Fock operator as

Fret \ca'ph ~ J"
The orbital,

NOf u~ ),

(29)

is an eigenfunction of Fr~I with eigenvalue E~ The optimized many-electron energy,
written a s Etot, has really been obtained by making E stationary with respect to all
variations in the dynamically balanced Slater determinant r This does not tell us
whether E is maximized or minimized by varying the upper component functions.
Normally, however, the stationary point is a minimum:
Eto t -----min E[{u}] = min max (HDc).
|

|

{ta}

(30)

But Eto t > E o , where E o is the ground-state energy calculated as the expectation value
of the configuration-space Hamiltonian derived by Mittleman (1981). Therefore,
Eto t ---

min max (HDc) > E o.
|

{o}

(31)

This is the relevant "min-max" theorem (Datta and Devaiah 1988). Here, of course,
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it has been derived for the closed-shell Hartree-Fock case. The derivation in the
open-shell case will be analogous if we adhere to the open-shell Hartree-Fock
treatment formulated by Roothaan (1960) where the closed- and open-shell orbitals
are considered to be the eigenfunctions of two different Fock operators.
The nonrelativistic Hartree-Fock treatment yields the virial theorem when the
expectation value of the Hamiltonian is minimized or maximized by varying a scale
factor. In the relativistic case, the scaling of orbitals involves not only the scaling of
the upper components but also the scaling of the lower components. Rosicky and
Mark (1975) had presented the derivation of the relativistic virial theorem for one
electron. Later, we investigated conditions for the validity of the generalized relativistic
virial theorem for the electron in a central field (Datta 1984). In the present context
we have shown that the derivation of the virial theorem (in the atomic case) and the
hypervirial theorem (in the molecular case) within the frame-work of the DHF theory
requires ( H o e ) to be stationary for the variation of he scale factor in ~i for i = 1..... N.
Thus the derivation of the relativistic virial theorem for electrons can serve as an
example of the min-max technique.
Results from Dirac-Hartree-Fock calculations on Be atom are given in table 1.
Both STO calculations and the GTO calculation were carried out with the so-called

1.
D i r a c - H a r t r e e - F o c k results for Be, calculated using S T O as well as G T O bases.
Energies are in atomic units. We have used c = 137-036 in atomic units.
Table

N u m b e r of
STO's
(GTO's)
STO

N u m b e r of
two-electron
integrals

E and

Orbital
energy and

(E,el - - En~ej)

(r~,l - - e,r,l)

Virial
ratio

basis a

2

21

- 14.559388
( - 0.002649)

-4.718329
( - 0-001212)
- 0-3087447
( - 0-0001037)

- 1"0003714

6

903

- 14"575891
(-- 0-002870)

((-

- 0-9999973

21

-- 14"575891
(--0"002868)

--4"734000
(--0"001331)
- 0"3093576
( - 0"000089)

14.57591
( - 0-0029)

- 4"733498
( - 0.00082)

4"733487
0-000817)
0-3093216
0-0000526)

G TO basis b

18 + 18

Numerical

- 1"0000003

calculation c
-

- 0.309322

( - 0.000052)
' T h e upper component basis used is same as the nonrelativistic basis due to Ciementi and
Roetti (1974);
bPartridge (1987, 1989) nonrelativistic basis was used in the upper c o m p o n e n t function;
CTotal energy obtained from the numerical calculation minus the energy of magnetic
interaction (Desclaux 1973).
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kinetically balanced basis set (that is, the u - l coupling operator was taken as
(2c)-la.p in each basis spinor). The 6-STO calculation and the minimal basis GTO
calculation both give results near the Dirac-Fock limit. But the G T O calculation
gives rather large relativistic corrections to orbital energies. The other minimal basis
calculation (the calculation involving only two STO) also shows the same trend. This
point will be disccused in w4.
3.3

T h e D i r a c - C o u l o m b problem

In a phenomenological approach the relativistic dynamics of two electrons is to be
described by the Dirac-Coulomb equation. There are two difficulties associated with
a calculation based on the Dirac-Coulomb Hamiltonian HDc (Schwarz and WechselTrakawski 1982). These are: (i) the one-electron Dirac Hamiltonian is not bounded
from below, and (ii) the switching on of the electron-electron Coulomb interaction
leads to the so-called Brown-Ravenhall disease, that is, the "dissolution" of the
normalizable wave function into the continuum of degenerate states. Because of the
continuum dissolution Hoc has no normalizable eigenfunctions corresponding to
bound states (Sucher 1980). We have recently shown that a systematic variational
procedure yields a solution that can be interpreted as a configuration-space analog
of the renormalized ground state in quantum electrodynamics (Datta 1992).
The 16-component Dirac-Coulomb equation for two electrons is
(n~ -- or: "Px -- ct2"P2 -- mx "ill -- m2 "f12) ~FO = O,

(32)

where
n ~ = E o -- v,
and
v = V~xp(r~) + V~p(r 2) + rx-21.
We have written the Dirac-Coulomb Hamiltonian Hoc in the standard representation.
Next we have carried out a transformation to obtain the operator

.h D c =

(i
p+

1q-m2

v

0

0

ml
m2!xmt
V

m 1-m 2

--p-

--

(33)

where p_+ = al "p~ + O'2"P2. The Dirac-Coulomb equation is now read as
/~o

= E~O.

(34)

We have assumed that the components of a trial bound state function 9 are related by

~(rx, r2) = fi+ 4'1 (r~, r~),
tk3(rl, r2) = d)(al(rl, r2) ,

(35)

and
~b4(rl, r2) = t~_ q~3(rx, r2).
From the variation of the expectation value of/~oc, E, with respect to ~ §

6) and
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t~_ we have shown that for an appropriate trial function it is possible to obtain
Em

=

max max ( H o e ) ,
ti_ fi+

(36)

where E , is the stationary value, and furthermore,
Eraax[~bl] = max max max (HDc),

(37)

where E m - (V)| > 2m. From (37) one can eventually prove (Datta 1992). that a
minimization theorem exists for the stationary expectation value Emax,
lira Emax[tkl ]/> Eo~
~t

(38)

as long as E m - ( V)| > 2m. Here E ~ is the least value among the bound state matrix
eigenvalues. The bound state eigenvectors are obtained as the optimal trial functions
while Emx is made stationary with respect to ~b1. The proof of (38) is based on a
comparison of analogous equations.
Two explanations are given in the next few lines. Firstly, if 9 is not restricted to
the class of well-behaved and normalizable functions, a continuous spectrum of
eigenvalues will be obtained. No eigenvalue will be the least eigenvlue, that is, H ~ is
not bounded from below. Secondly, the optimized solution obtained with a well-behaved
trial function ~, when expanded into a linear superposition of the positive-energy
Dirac-Hartree-Fock (DHF) configurations, will have a residual part R. The residual
part R plays an important role in physics. We note that A = (E ~ - m i n (Hoc)x) > 0
where x is a linear combination of the positive-energy Dirac-Hartree-Fock
configurations; A is basically a self-energy contribution. In a higher level theory, viz.,
quantum electrodynamics, the matter part of the ground state function is a linear
superposition of the D H F bound state configurations plus a mixture of intermediate
states containing not only the electrons but one or more (two) virtual electron-position
pairs; A appears as the so-called pair energy which is really the level shift that arises
from the Pauli blocking of virtual electron-positron pairs (figure 2).
In fact, an upper bound is obtained even when the negative-energy and mixedenergy eigenvectors are included in the RCI calculation. By including such vectors
one does not make the calculation susceptible to the variational collapse. In fact the
associated correction (6) to the correlation energy is small but positive. The s spinor
limit of the calculated shift (rs) is of order ~4Zll/a:
6s = 19.5(~Z) 11/3 millihartree.

(39)

We have shown that it is related to the pair energy A in a simple way:
Ap,ir = (10/3) (9n/4Z)- 2/3a - 16s"

(40)

This relationship offers the interesting possibility of computing the pair energy.
For high Z values we have carried out the RCI calculations on a two-electron atom
in two ways, (i) with the positive-energy configurations, and (ii) with all (positiveenergy, negative-energy and mixed-energy) configurations built with the eigenvectors
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x (-1)

( ol
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Figure 2. Comparison of the second-order energy diagrams in the m i n - m a x technique (a)
and in quantum electrodynamics (virtual pairs) (b). For (a), a negative-energy particle line
(u, v) runs upward and a hole line (K, K') runs downward, and deexcited configurations are
admixed by the step of maximization. For (b), a positron line (u, v) runs downward and an
electron line (K,K') runs upward, and the contributions indicated by the diagrams are
Pauli-blocked.

of the relativistic Fock

matrix. The first type of calculations

are referred to as the

positive-energy CI (PE RCI) whereas we call the second type of calculation

a s all-

energy CI (AE RCI). The ground state energy calculated by these two methods hardly
d i f f e r w h e n Z is s m a l l . S o f o r h e l i u m w e h a v e c a r r i e d o u t o n l y t h e p o s i t i v e - e n e r g y
RCI calculations

( t a b l e 2). F o r l a r g e r Z v a l u e s , h o w e v e r , t h e d i f f e r e n c e i n e n e r g i e s

Table 2. Results from the RCI calculations on helium. All energy values are in atomic
units. The basis employed is Weiss-type" for the nonrelativistic calculation and for the upper
component functions in relativistic calculations. (From Datta 1992.)
Number of
STOs (N)
2"
3
4
5
6
7
8
9
13
limit

EHF
-

2"85985992
2.86164316
2.86164339
2.86167239
2-86167955
2.86167998
2.86167999
2.86167999
2.86188000
2.86168000

EDa r
-

2.85999905
2"86177617
2.86177635
2.86180593
2.86181296
2"86181334
2"86181334
2.86181334

- 2"86181334 b

Eo
-

2"87024673
2-87816075
2"87874807
2"87895526
2"87898246
2.87900538
2"87901023
2"87901758
2-87902487
2'8790286 c

Eao
-- 2.87039162
- 2.87829725
- 2.87888355
- 2.87909130
- 2.87911810
- 2.87913977
- 2-87914454
-- 2.87915175
- 2.8791646 b

iWe have adopted the following expone~/~for STOs: (N = 2) ls 1.48, ls' 3.7; (N = 3) ls 1.48,
ls' 3-7, 2s 3-7; (N = 4) ls 1.48, Is' 3.7, 2s 1.48, 2s' 3-7; (N = 5) Is 1.48; Is' 3.7, 2s 1-48, 2S' 3.7,
3s 3.7, as used by Weiss (1961) for nonrelativistic calculations. (N = 6) Is 1-48, Is' 3.7, 2s
1-48, 2s' 3.7, 3s 1.48, 3s' 3.7; (N = 7) ls 1.48, Is' 3.7, 2s 1.48, 2S' 3.7, 3s 1.48, 3s' 3.7, 4s 3.7;
(N = 8) ls 1.48, ls' 3.7, 2s 1.48, 2S' 3.7, 3s 1.48, 3s' 3.7, 4s 1.48, 4s' 3.7; (N = 9) Is 1.48, Is'
3.7, 2s 1.48, 2s' 3.7, 3s 1.48, 3s' 3.7, 4s 1.48, 4s' 3.7, 5s 3.7; (N = 13) ls 1-48, Is' 3.7, 2s 1.48,
2s' 3.7, 3s 1.48, 3s' 3.7, 4s 1.48, 4s' 3.7, 5s 1.48, 5s' 3.7, 6s 1.48, 6s' 3.7, 7s 3.7.
bBlundell et al (1989); ~Caroll et al (1979)
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3. Computed and calculated values of the energy shift 6s for two-electron
atoms with different nuclear charges. The all-energy and positive-energy RCI
computations have been carried out by employing the N = 5 Weiss-type basis for
each Z. (From Datta 1992.)
Table

EDHF

Z

(hartree)

EPE
PE )
....
(E9AE -- Ecorr
(millihartree) (millihartrer

6s from (39)
(millihartrer

For ~Z < 0.5

10
20
30
40
50
60

-93.98183575
-389.6651245
-892.0771269
-1609.894418
- 2556.273889
- 3750.004807

-- 14"715
- - 14'651
--14'888
--15'322
-- 15'952
- - 16-804

0-00129
0"0180
0.0777
0"217
0"491
0.982

0-00132
0-0168
0.0713
0-213
0-484
0-944

- 17"925
19.380
- 21"238
- 23.530

1'82

1"66

3'20
5.40
8.84

2"71
4"17
6.14

For ~Z > 0"5

70
80
90
100

-5217"256296
-6994"145666
-9130"384084
-11694'14609

computed by the two methods becmes noticeable. The energy shift (E ^ E - E PE) is
shown in table 3. The all-energy and positive-energy RCI computations have been
carried out by employing the N = 5 Weiss-type basis for each Z. The Weiss-type
spinor basis is prepared by using the basis functions due to Weiss (1961) as the upper
component functions and ( 2 c ) - ~ - p as the coupling operator in each spinor. For
~Z < 0.5 the results are in strikingly good agreement with the shift calculated from
(39). Actually the result (39) has been calculated for ~Z << 1. F o r ~ Z > 0"5 the agreement
between computed and calculated values breaks down.
3.4

Related problems

3.4a Relativistic extension o f H o h e n b e r o - K o h n theorem: M a n y authors (Rajagopal
and Callaway 1973; Rajagopal 1979; M a c D o n a l d and Vosko 1979) have extended
the H o b e n b e r g - K o h n theorem to the relativistic regime with the assumption that
the ground state energy is an absolute minimum. Since the assumption is wrong, the
associated derivations remain incomplete. F o r those who are not convinced by this
argument, different radial distribution functions - all of which yield the ground state
energy of the Dirac hydrogen atom - are available (Datta 1987). One cannot avoid
the conclusion that the relativistic extension of the H o h e n b e r g - K o h n theory must
be made in a more careful way.
The point that is crucial here is that the relativistic ~vave function must belong to
the positive-energy subspace and this requirement should lead to appropriate
constraints on the four-current (and charge) density. The equation of continuity is
not enough. The additional constraints should be compatible with the-invariance of
properties under a gauge transformation.
The problem of finding a good wave function is simplified if the upper and lower
components of each spinor are decoupled from each other. The decoupling may be
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achieved by carrying out a free-particle Foldy-Wouthuysen (1950) transformation.
The positive-energy part of the transformed Hamiltonian can be used to formulate
the relativistic Hohenberg-Kohn theorem (Datta 1987). Alternatively, by introducing
constraints which would somehow account for the steps of maximization one can state
the relativistic Hohneberg-Kohn theorem in a more precise way. N o t only would
these developments be theoretically satisfying but also they could be used to form
versions of the relativistic density functional treatment that would unambiguously
lead to the correct single particle density (which of the radial densities discussed
earlier would correspond to the hydrogen atom ground state?).
3.4b Relativistic many-body effects: Systematics for investigating relativistic
many-body effects in atoms have been laid down by Mohr (1985) and Sapirstein
(1987). Earlier, Huang and Johnson (1982) formulated the relativistic random phase
approximation (RRPA) method. The initial formulation was based on the DiracCoulomb Hamiltonian for many electron atoms. Johnson et al (1987) have improved
the treatment by making a healthy union between the approach of Sapristein and
the formulation due to Huang and Johnson (1982).
A systematic approach to the relativistic theory of electronic excitations in atoms
and molecules has also been proposed (Datta 1989). This approach depends on
perturbative solutions of the relevant equations of motions (Simons and Jorgensen
1976) and has the advantage that the results of a specific scheme (such as RRPA)
can be estimated. For low-Z system, relativistic and radiative corrections can be
calculated in Breit-Pauli approximation. In this case, solutions of the nonrelativistic
equations of motion are the zero-order solutions, and a first-order calculation may be
enough to generate the relativistic corrections accurately. For medium-Z and high-Z
systems, the no-pair Hamiltonian of Sucher (1980) can be chosen as the unperturbed
Hamiltonian, the residual interaction can be regarded as the perturbation and quantum
electrodynamical effects can be evaluated within the framework of perturbation
theory. This treatment appears to be very natural as quantum electrodynamical effects
are normally calculated by a perturbative treatment. For convenience, the "HartreeFock" Hamiltonian corresponding to the no-pair Hamiltonians of Sucher will be a
better choice for the zeroth-order operator. In that case the correlation and electrodynamical corrections will be simultaneously calculated.

4.

4.1

Discussion and conclusions

Dynamical balance

The trial functions corresponding to the maxima referred to in the previous section
are dynamically balanced. Their use leads to the so-called variation principle (which
is in reality a minimum principle).
It is often candidly thought that variational collapse is actually avoided in a
calculation because the basis set employed is "kinetically balanced", that is, l~=
9,jN~tT.puj. The so-called kinetic balance was investigated (Stanton and Havriliak
1984) primarily for the nonrelativistic limit. Their perturbation series involved
expansions in orders of c -2. In fact, Ishikawa et al (1985) went at far as to suggest
the use of the relationship l = (2c)- 1iT.pu. The suggestion of dynamical or variational

460

Sambhu N Datta

balance (Datta 1984; Datta and Jagannathan 1984; Datta and Devaiah 1988) is not
restricted to the nonrelativistic limit, but the u-l coupling operator depends upon
energy and coordinates. The "rain-max" theorems discussed in section 3 indicates
that v~iriational collapse is actually avoided because the basis set employed in a
calculation is "dynamically balanced". The dynamical balance is almost the same as
the so-called kinetic balance when ~Z << I. A problem would occur with the so-called
kinetic balance for ctZ greater than or approximately equal to 0.5, for then the form
of the lower component will differ significantly from the form of ~r.pu. Table 1 gives
a classic demonstration of this problem. The minimal basis GTO calculation gives
near-Dirac-Fock results. The total energy has not collapsed, but both ls and 2s
orbital energies have collapsed. So even for Z = 4 the expectation value of the DiracHartree-Fock Hamiltonian, Eoa F, has collapsed past the corresponding ground state
energy 2(els + e2s). The Dirac-Fock total energy Eto t changes very slightly for a small
change in the u-I coupling operators. Hence the collapse of Eto t will not be easily
observed from a calculation using approximately good basis spinors. But the collapse
of EDH~can be noticed, as in table 1. The minimal basis STO calculation gives much
higher energies and so no collapse will be seen unless the coupling operator deviates
drastically from the ideal operator. These two points, (i) the importance of dynamical
balance and (ii) the situations where collapse can be observed and how it can be
observed, are often largely misunderstood with authors discussing the results of
computations typically stating that no collapse has been evidenced in their calculation.
In most of these investigations variational collapse is not found simply because the
functions used have not been given sufficient variational freedom to exhibit collapse,
that is, the variation has been carried out in a restricted domain.
There is also the belief that functions with "electron-like" boundary conditions
lead to variational stability (Grant 1986). Schwarz (1987) has indicated that the radial
boundary conditions are more or less always satisfied by the components of basis
spinors - so the functions being simply well-behaved cannot be enough. The present
variational analysis shows that the trial spinors corresponding to the maxima are to
be rightly interpreted as the electron-like spinors. For instance, if one multiplies the
lower component of the balanced spinor by a factor sufficiently larger than unity,
one would obtain a spinor of energy less than the ground state energy and eventually
an energy less than zero. The resulting spinor, although well-behaved, should be
termed positron-like. Thus for a given upper component function u, spinors with
energy equal to or in excess of eo are electron-like when e~ is the maximum of ( H o )
as discussed in w3.1.
The three effects for atoms, which have been discussed in w1, were found from the
results of numerical D H F calculations (Desclaux 1973), numerical multi-configuration
Dirac-Fock (MCDF) calculations (Desclaux 1975) and analytical D H F calculations
pioneered by Kim (1967). A MCDF program based on the finite difference code has
also been prepared by Grant et al (1980).
The LCAS-MS scheme for molecular calculations was first suggested by Malli and
Oreg (1975), and the first nontrivial calculations in this scheme were made by Lee
and McLean (1982) using an STO basis set and by Datta and Ewig (1982) using a
GTO basis set. The LCAS-MS scheme is a beautiful scheme, for even though the
molecular electron faces the molecular potential, the basis spinors (atomic spinors)
are in effect dynamically balanced as long as the molecule is neutral or its net charge
is small.
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Status of atomic calculations

The numerical solution of a relativistic pair equation projected on to positive energy
states has been discussed by Lindroth (1988). Salomonson and Oster (1989) have
presented a scheme for numerically calculating relativistic all-order pair functions
from a discretized single-particle Dirac-Hamiltonian, the discretization being carried
out by substituting finite-difference formulas for derivatives. A relativistic coupled
cluster calculation including single and double excitations and presumably based on
the positive-energy projected Hamiltonian, that is, essentially a nonrelativistic-type
coupled cluster calculation, has also been performed for the ground state of beryllium
(Lindroth et al 1992). Similarly, using only the electron field, Dietz et al (1982) have
investigated optimized mean fields for atoms, Dietz has given a description of
relativistic correlations in atoms (Dietz 1986) and has discussed relativistic quantum
electrodynamics of atoms (Dietz 1986), and Dietz and Hess (1989) have derived singleparticle orbitals for configuration interaction from quantum electrodynamics. These
discussions and derivations bypass any possible discussion on the positron field, that
is, they take it for granted that the twin demons of variatonal collapse and continuum
dissolution have been avoided. These treatments have scholastic merit although they
do not give much information which can be regarded as fundamentally new, that is,
other than those already dug up by Sucher (1980), Mittleman (1981), Huang and
Johnson (1982), Sapirstein (1987) and their coworkers (Blundell et al 1989; Johnson
et ai 1987).
The present emphasis in atomic investigations has justifiably moved to the study
of electrodynamical effects, viz., (transverse) Breit correction, vacuum polarization
and self energy. These effects may be computed for different states of atoms and
atomic ions by using the program MCDF/BENA (Mckenzie et al 1980, 1981).
Gorceix and Indelicato (1988) have investigated the gauge dependence of the
retarded electron-electron interaction in a self-consistent-field scheme. They have
computed the complete Breit operator mean values in Lorentz gauge and compared
these values with those of the semirelativistic retarded interaction in covariant and
radian gauges for singly-excited states of high-Z helium-like ions. The self-energy
screening and the relativistic high-order retardation have been found to scale as Z a
and Z 5. For semirelativistic systems (with Z < 18) high-order retardation is negligible
compared to gauge ambiguity and hence small compared to self energy. For ions
ranging from argon to krypton these three effects are of the same order of magnitude.
For heavy ions the relativistic high-order retardation dominates over the self energy.
A detailed analysis of the different contributions to transition energies has also been
given for various ions (Gorceix et al 1987; Indelicato et al 1987).
The dominant part of vacuum polarization correction arises from the Uehling
potential (Serber 1935; Uehling 1935) that is linear in the external field and of order
~(Zct). This part involves contributions of order 0t(Z~)" where n < 3. Wichmann and
Kroll (1956) presented a nonperturbative formalism based on explicit solutions of
the external-field Dirac equation. Their treatment has been shown to yield vacuum
polarization corrections of order ~(Zct)" where n/> 3 for high-Z atoms (Soft and Mohr
1988).
Blundell (1992) has recently described a quantum electrodynamical procedure for
performing accurate calculations of the screened self energy for high-Z atoms. The
method involves a rapidly convergent partial wave expansion and has been applied
to the 2s - 2pl/2 transition of Li-like U, the 3s - 3p3/2 transition of Na-like Pt and
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the 4s - @1/2 transition of Cu-like Bi. The essential points in this treatment are as
follows: (1) The Uehling contribution can be calculated by taking the atomic
expectation value of the Uehling potential and further by introducing screening
corrections. (2) The calculation of the lowest order vacuum polarization can be
completed by adding the small Wichmann-Kroll (1956) terms through the scaling
of the hydrogenic values tabulated by Johnson and Soft (1985). (3) The bound-state
self energy can be decomposed into zero-, one- and many-potential terms. (4) Screening
corrections including the core relaxation effect should be considered while calculating
the self energy. Results computed by Blundell (1992) are in excellent agreement with
experiment.
4.3 Status of molecular calculations
Various groups (Datta and Ewig 1982; Lee and McLean 1982; Schwarz et al 1983;
Aerts and Nieuwpoort 1986; Malli and Pyper 1986; Mohanty et al 1991) have
developed computer programs for Dirac-Hartree-Fock calculations on molecules.
Relativistic integrals over Breit-Pauli operators using GTO's have been derived by
Chandra and Buenker (1983). Relativistic CI calculations have been developed by
Esser (1984). Hess (1985) and by Hess and Chandra (1987). Numerical Dirac-Fock
calculations have also been performed on small molecules (Sundholm and Pyykk6
1987). Sundholm (1988) has reported numerical Dirac-Fock-Slater calculations on
small molecules.
Of historical significance, the first few ab-initio molecular calculations were reported
by Desclaux and Pyykk6 (1974). These authors used the one-centre expansion method
for investigating the structures of one-centre hydrides with sufficient accuracy.
Relativistic pseudo- and effective-potential calculations have been initiated by a
large number of authors (Das and Wahl 1978; Hay et al 1978; Datta et al 1978;
Hafner and Schwarz 1978, 1979; Basch and Topiol 1979; Christiansen and Pitzer 1980,
Pyper 1980; Ermler et al 1981; Fuentealba et al 1983; Teichteil et al 1983; Krauss
and Stevens 1984; Schwerdtfeger 1987). Christiansen et al (1982) have proposed a
moderate scale CI within the framework of relativistic effective potentia!/procedure.
Pseudopotential calculations have certainly been the most successful relativistic
molecular investigations so far. Several hundreds of papers have been published, and
the space in this article is too little to make justice to all of them. Therefore the
author refers the reader to the recent articles by Balasubramanian and Pitzer (1987),
Schwerdtfeger (1987) and Balasubramanian (1989, 1990).
Nevertheless, pseudo- and effective potential calculations have indicated a few
specific trends of molecular properties in addition to the general trends discussed in
w1. A comparison of different pseudopotential methods has been presented by
Schwerdtfeger (1987) in terms of calculated ionization energies and electron affinities
of T1 atom and its ions. The same author has also compared computed values of
equilibrium distances, dissociation energies and force constants for ~different hydrides
of TI (TIH § T1H, TIH3). The method of semiempirical effective potentials, the highest
level of approximation, is seen to give the best results. Schwerdtfeger (1987) also finds
that spin orbit effects may be omitted from the calculation of bond distances but
they are important for calculating dissociation energies. Several systematics found
from the various pseudo- and effective-potential calculations are discussed in the
following. (1) A large spin-orbit effect leads to different energy separation and may
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even change the nature of the ground state. (2) Spin-orbit contamination of different
electronic states that do not mix in the absence of spin-orbit coupling brings about
considerable changes in dipole moments and transition moments. (3) Relativistic
mass-velocity contraction gives rise to shorter bonds and larger vibrational
frequencies; for instance, the calculated bond length and vibrational frequency are
1-70/~ and 1537cm -1 for AgH and 1.59 A, and 2029 cm -1 for AuH (Ross and Ermler
1985). (4) Relativistic contraction of the filled 4f shell stabilizes the 6s 2 shell in Pb
to a great extent leading to the so-called inert pair effect; this effect was discussed
earlier by Pyykk/5 and Desclaux (1979) and by Pyykk/5 (1988).
It would be instructive to examine the bond lengths and vibrational frequencies
calculated by effective potential and ab-initio methods. For AgH, the effective potential
treatment of Christiansen et al (1982) yields the values 1.70~ and 1537 cm-~ (Ross
and Ermler 1985). The effective core potential calculation of Krauss et al (1985) gives
slightly worse results, 1.708 ~ and 1622 cm- 1. The ab-initio D H F calculation of Lee
and McLean (1982) shows a bond length of 1.70 ~,. This example clearly demonstrates
the numerical accuracy of the effective potential calculations for ground states.
However, the accuracy of transition energies and that of transition moments remain
doubful. Relativistic ab-initio CI calculations of Hess and Chandra (1987) yield the
results 1-627 ~ and 1571 cm-~ which are in good agreement with the experimental
quantities 1.665 ~ arid 1490cm -~ (Huber and Herzberg 1979).
Quasi-relativistic semiempirical calculations have been developed by Bersuker et al
(1972, 1977), Sakaki et al (1977), Li et al (1983), Xu and Ren (1986, 1987), Boca (19.87)
and Culberson et al (1987). The associated C N D O and INDO programs take account
of spin orbit splitting and are mostly designed for an investigation of the electronic
structure of lanthanide complexes.
A program (REX) for an empirical calculation- relativistically parametrized
extended-HiJckel calculation due to Lohr and Pyykk6 (1979) - is available (Lohr et al
1980). This has been found to be extremely useful in investigating bonding in molecules
of heavy elements, total energies, energy barriers, reaction paths, spin-orbit effects
on potential energy surfaces, crystal field splittings, magnetic resonance parameter
and related properties. Again the reader is referred to the article by Pyykk/5 (1988)
for detailed references. The REX program has recently been used to find the location
of charge carriers in the normal state of YBa2Cu 3 0 7 superconductors (Datta et al
1993).
An excellent bibiography on relativistic calculations has been prepared by Pyykk6
(1986).
4.4

Conclusions

Rigorous variational bounds exist for Dirac, Dirac-Hartree-Fock and DiracCoulomb calculations using analytical functions. These bounds have been derived
and physical interpretations have been given. The next step of the variational analysis
discussed in this article will involve an accounting for radiative effects. Interactions
with virtual (transverse) photons need to be accommodated somehow in the formalism.
Another possible step would be to investigate the consequences of using the min-max
technique for a set basis spinors. In order to cure the basis-set error Wood et al
(1985) and Grant (1986) have considered a partitioning of the Dirac equation in a
matrix representation and modified the resulting matrix representation. For the
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modified representation they have derived a set of separation theorems analogous to
the separation theorems of Ritz variational analysis involving nonrelativistic basis
functions.
Relativistic quantum chemistry is still a very young science. So far relativistic
pseudo- and effective-potential calculations have been the most successful technique
in investigating relativistic effects on chemical bonds and molecular structure.
Qualitative success has been achieved by semiempirical and empirical methods.
Ab-initio investigations on heavy-atom complexes have yet to start on a full scale, but
this field has enormous possibilities as myriads of spectroscopic details are waiting
to be confirmed by theory. Exciting possibilities of explaining and predicting radiative
effects, hyperfine interactions and Lamb shifts in molecules await future work.
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