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Proton and hydrogen transfer reactions in solution ~
P P SCHMIDT
Department of Chemistry, Oakland University, Rochester, Michigan 48063, USA
Abstract. Proton transfer is involved in many chemical reactions, including reactions of

electrochemical interest. In this paper, an analysis is presented in which individual bond
potential energy functions which operate between the migrating proton (or hydrogen
atom) and the remainder of the molecular framework are used in the account of the rate of
transfer. This work builds upon and extends an analysis which was introduced to account
for the inversion of ammonia in terms of individual, discrete intramolecular atomic
interactions. The role of the environment in the transfer is discussed in terms of
Metropolis/Monte Carlo methods. Algorithms for the determination of the transition state
are considered: in particular, saddle point methods. Techniques for handling the
determination of the saddle point when the migrating species is represented as a quantum
mechanical wave-packet are discussed in addition to the more familiar methods based on
the direct differentiation of the potential energy function for the reactive system.
Keywords. Proton transfer; individual bond potential energy functions; intramolecular
atomic interactions; Metropolis/Monte Carlo methods; saddle point methods.

1.

Introduction

T h e role of the p r o t o n in electrochemistry is nearly as celebrated as that of the
electron (Bell 1959, 1975). It has certainly p r o v e d to be as w o r t h y a subject of
study, and indeed, a w o r t h y adversary, eluding m a n y efforts to characterize it
u n a m b i g u o u s l y and to understand its reactions; the age-old e x a m p l e of the
h y d r o g e n evolution reaction springs readily to m i n d ( C o n w a y 1965; F r u m k i n 1961,
1963; Krishtalik 1970). In view o f the simplicity o f the atomic electronic structure,
and in view of the smallness of mass, o n e does not easily relinquish the notion that
there ought to be s o m e relatively straightforward, clear physical interpretation of
the various processes which involve this particle. M o r e o v e r , the b e h a v i o u r of the
p r o t o n is certain to manifest the q u a n t u m mechanical limit. T h e r e f o r e , it should be
possible to formulate a t h e o r y which spans all limits. It is clear that the simple
p r o t o n and the h y d r o g e n a t o m still have m a n y secrets.
In this paper, an analysis of the p r o t o n / h y d r o g e n transfer is e x p l o r e d in which
discrete b o n d potential e n e r g y functions are used to build the interaction between
the migrating species and its e n v i r o n m e n t . T h e use of a relatively new, but
straightforward s y m m e t r y - a d a p t e d f o r m o f the T a y l o r series allows o n e to expand
the interactions b e t w e e n h y d r o g e n and its surroundings (McKinley and Schmidt
1982, 1984). It is possible to carry out calculations of the tunnel-coefficients which
can be associated with the transfer. Finally, one can include the interaction
between the migrating p r o t o n and the e n v i r o n m e n t in such a m a n n e r as to be able
in principle to m a k e accurate predictions o f the activation e n e r g y for the process.
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The following topics are considered. To begin, the transition state theory of the
reaction is discussed. The characterization of the solute and solvent and their
contributions to the expression for the rate constant is examined. The application
of Metropolis/Monte Carlo methods (Metropolis et al 1953) to the evaluation of the
specific expression for the rate constant in the transition state theory is described.
The diabatic and adiabatic limits for individual configurations of the ensemble of
states are established. Techniques for determining the transition state are described
and tests for adiabaticity, or the lack of it, are established. Particular attention is
paid to the problem of determining the transition state when the migrating species
exhibits behaviour which can only be described by the use of quantum mechanical
methods. The role of local molecular vibrations is examined and included in the
Monte Carlo average through the use of techniques for evaluating Franck-Condon
integrals which were considered by Siebrand (1967, 1971) and Fischer (1970).
Finally, the separate analyses are incorporated into a computational theory of the
transition state.

2. Background
Proton transfer has been studied almost exclusively with the use model potential
energy functions which represent the system as a pair of square or harmonic
oscillator wells in a one-dimensional representation. The analyses based on the use
of these potentials can emphasize the tunnel transfer, which certainly is important
(Bell 1975). Nevertheless, activation and transfer of the proton across the barrier,
in the manner of the Born-Oppenheimer and Condon approximations, is possible
(Marcus 1968; Babamov and Marcus 1981; Babamov et al 1983; Dogonadze et al
1967, 1968; Levich et al 1970). Both adiabatic and diabatic transfers are possible
(Bell 1975). For transfers in the diabatic limit, there has been considerable effort on
the part of the Russian school (Dogonadze et al 1967, 1968; Levich et al 1970) to
combine electronic overlap/exchange factors with the transfer of the proton (or
hydrogenic species). It cannot be said at this point that one view (diabatic) or
another (adiabatic, with predominant atom transfer character) commands an
exclusive or even major representation of the mechanism of transfer. Until
recently, a paucity of methods to handle the collection of discrete interactions
which operate within the reactive system forced one to rely heavily on arbitrary
model potential energy functions for the collective effects of the environment, the
dielectric continuum (see, in particular, the work of the Russian school;
Dogonadze et al 1967, 1968; Levich et al 1970 and later contributions). Moreover,
the possibility of diabatic transfer without the specific and necessary use of the
electronic terms of the Hamiltonian operator of the system has only been addressed
to any extent by Marcus and his colleagues (Marcus 1968; Babamov and Marcus
1981; Babamov et al 1983). Although much progress has been made in the
characterization o f the forms and strengths of interactions which ought to apply,
many conclusions rest upon an amount of heuristic justification without the benefit
of solid results to back them up. This is especially true of the diabatic mechanisms
which rely to some degree upon electronic overlap to account for the transfer.
Finally, an absence of any truly useful form of handling the pair-potentials which
actually apply forces one to fall back upon the use of simple normal mode
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formalism in order to attempt to convolute the intramolecular vibrations into the
analysis. In view of these limitations, therefore, it is not at all surprising that there
are many inconclusive results.
My colleagues and I (Schmidt et al 1980; McKinley and Schmidt 1982, 1984)
recently introduced a symmetry-adapted form of the Taylor series which makes it
possible to consider molecular vibrations in terms of the individual contributions of
atomic motions to high orders in the expansion. The expansion has been used in a
quantum mechanical study of the inversion of the ammonia molecule (Schmidt and
Chang 1986). The results which were obtained with the use of Morse potentials for
the N-H bonds agreed well with experiment; one- and two-centre forms of
expansion were used, and in both cases the agreement was equally good. The
two-centre form of treatment is particularly well-suited to the investigation of the
tunnel-factors for the proton/hydrogen transfer reaction. Nevertheless, both the
one- and two-centre analyses find use here as well. In addition, it is possible to
bring a natural and simple account of the environment into the analysis. This form
of handling the potential energy functions has been applied to the problem of the
vibrations of lithium in solution (Chang et al 1985, 1986).
The type of transformation to be modelled is illustrated reasonably well by the
keto-enol transformation:
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For an isolated molecule, it is possible to carry out a variety of quantum chemical
computations in order to determine the potential energy surface for the
intramolecular atomic deformations. The assumption is made that there is a set of
atom-pair, bond potential energy functions which accounts for interactions of the
migrating species (proton or hydrogen atom) in the initial, transition, and final
states.
The process of determining the rate constant for the transformation is the
following. First, the system, in the gas, liquid or solid phases, is equilibrated with its
surroundings by the use of Metropolis/Monte Carlo techniques. Optimum
(energy-minimum) configurations are determined for the separate initial and final
states. Along a straight-line trajectory which connects these initial and final
configurations, one begins to search for a saddle-point which is the transition state.
As is discussed later, the configurations of the transition state are then tested to see
if they have been attained via an adiabatic transition or not. If the test is negative,
then it is necessary to determine the nearest optimum (energy-minimum) precursor
state from which tunnelling can take place. The tunnel-factors are determined and
the contributions to the overall rate constant are established.
The activation energy is determined as the difference between the average value
of the energy of the transition state less the average value of the energy of the initial
state. An average value of the pre-exponential frequency/tunnel factor is also
determined. The overall value of the rate constant is the assembly of these averages
in the sense of the Arrhenius rate constant.
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The transition state theory and Metropolis sampling

It has been argued elsewhere (Schmidt 1984a,b, 1985, 1986) that it is possible to
calculate rate constants which are associated with atom, ion, and molecular group
transfer reactions with the use of the Metropolis/Monte Carlo methods (Metropolis
et al 1953). Configurations of limited numbers of solute and solvent are allowed to
adjust according to the values assigned to coordinates via a pseudo-random number
generation routine. The total energy of each randomly generated configuration is
determined. Each newly generated energy is compared, in turn, with the energy of
the preceding acceptable configuration. If the new energy is less than the old, the
energy and associated configuration are retained and the values of any variables
associated with the configuration so generated are included in the average. If the
energy is greater than the preceding energy, then a Boltzmann factor in the
difference is determined. If this factor is a number which is larger than another
independently generated random number, the configuration and associated energy
are retained. If the test fails, then the preceding configuration is retained and the
values of all variables which are associated with it are included again in the
averages. In this manner, a Markoff chain is built. The configurations of the limited
system-which is constructed in such a way as to minimize the effects of
boundaries - model elements of the ensemble of states which build a canonical
ensemble.
The Metropolis/Monte Carlo method of calculating the statistical mechanical
average is an optimization routine which seeks a minimum by seeking a minimum
energy. The transition state of a reaction is defined to be a saddle-point (McIver and
Komornicki 1972; Poppinger 1975; Bell et al 1981, 1984; Simons et al 1983;
Banerjee et al 1985). Thus, there appears an immediate difficulty in applying the
Monte Carlo method to the determination of the rate constant: the determination
of the rate constant requires, as is shown shortly, the calculation of average
quantities which are associated with the non-stationary transition state. It is
necessary, therefore, to look for new methods which allow one to retain
configurations which represent the transition state so that averages of the values of
variables appropriate to this state can be assembled. This problem has been
discussed in several exploratory efforts (Schmidt 1984a,b, 1985, 1986). It is pursued
further in this paper; in particular, saddle-point optimizations which are under
development to determine the transition state of an atom transfer reaction within
the framework of some of the familiar quantum chemical routines (cf Bell et al
1981; Bell and Crighton 1984; Simons et al 1983; Banerjee et al 1984) will be
considered. However, in the interest of maintaining a cortain amount of initial
simplicity, lest the analysis should lead us early into obscuring the physical
interpretation, a simple approach, suggested in part by the work of Sinclair and
Fletcher (1974), is specifically considered.
The key to unlocking part of the mystery of the transition state is the
Born-Oppenheimer approximation which is applied here to the separation of the
environment from the solute. In terms of strengths of interactions, the BornOppenheimer approximation is clearly an adequate means of separating subsystems. Indeed, if there are locally strong interactions between solute and solvent (or
other species in the environment), the definition of solute is merely expanded to
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include all electronic, atomic and molecular species which enjoy a close and strong
association (Schmidt 1984a).
The Metropolis/Monte Carlo method generates individual elements ol the ~ct ol
configurations which, on average, eventually make up the ensemble. The following
observation has been made concerning the attainment of the reactive transition
state in any individual configuration of the ensemble (Schmidt 1985, 1986).
The transition state is defined to be a saddle-point in the energy-coordinate space
of the whole system. The transition state is normally identified for systems of
atomic species by requiring that the eigenvalues of the matrix of second derivatives
of the energy with respect to the coordinates have one and only one element which
is negative definite. All remaining eigenvalues must be positive definite. If there
are particles, protons or electrons, for example, which behave as quantum
mechanical particles in the transition state, it is not possible simply to apply the
same types of search methods to determine the saddle-point/transition state.
Particularly for the electron, there is no interior hard core which leads to the usual
forms of repulsions common in most atomic species; such atomic species can
usually be modelled reasonably well by Lennard-Jones or Morse potential
functions. For these quantum mechanical particles, therefore, it is necessary to
investigate other means of determining the location of the transition state. The
energy criterion still applies. However, for the distribution of matter - electronic
or a t o m i c - it is the location of the centre-of-mass which migrates and it is the
location of the centre-of-mass which occupies a position in the transition state. The
representation of the transfer-species as a wave packet is satisfactory in this
instance. This point is taken up again shortly.
At this point, two possibilities arise in with reference to the eigenvector which is
associated with the one and only one negative definite eigenvalue of the matrix of
force constants (Schmidt 1984a,b, 1985, 1986). The first possibility is that the
system, although globally unstable, is locally mechanically stable in the motions of
the transfer-species when that species is located in the configuration of the
transition state. Global instability in this instance must therefore be associated with
an unstable configuration of the environment. In particular, because the
transfer-species occupies a mechanically stable position locally, it is inferred that
the migrating species has been carried along from the initial to the transition state
via the fluctuation of the environment. This situation has been called an adiabatic
transfer. It is possible to derive an expression for the rate constant under the
assumption that each transfer in the ensemble of transition state configurations
occurs by means of an adiabatic mechanism.
On the other hand, it is possible that the eigenvector which is associated with the
single negative definite eigenvalue describes a principal axis motion for the transfer
species which is intrinsically unstable locally. The configuration of the environment
can therefore amount to a mechanically equilibrated response to this locally
unstable configuration. However, because the transfer-species cannot occupy a
position of local mechanical equilibrium in the transition state, it must transfer
from some transient and locally stationary precursor state near to the transition
state via a tunnel mechanism to a final transient and locally stationary postcursor
state which resembles more the thermodynamic final state than the initial state.
Given that it is possible to establish the configurations of the pre and postcursor
states, which is indeed possible, it is then necessary to determine the value of the
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tunnel-transfer rate constant. At this point, one notes that it is also possible to
establish a value of the rate constant for the case that every transfer occurs via a
diabatic tunnel-transfer.
Each configuration of the transition state, which is generated by some suitable
means consistent with the Metropolis/Monte Carlo methods of sampling, is
attained either by an adiabatic transfer or requires a tunnel-transfer through the
residual barrier in order to complete the transfer to the final state. There are, it is
clear, only two choices possible for any individual configuration. As is noted
shortly, much of the form of the rate constant in the adiabatic and diabatic limits is
the same. The two limiting forms differ mainly in the pre-exponential factor which
accounts for the tunnelling, or lack of it. Thus, with specific reference to Monte
Carlo methods of simulation, it is possible to consider the average value of the
pre-exponential quantity as a sum of tunnel-transfer probabilities (Schmidt 1986): if
the transfer occur via an adiabatic path in an individual configuration, the
tunnel-factor is unity; if the transfer occurs via a diabatic tunnel-transfer, then the
tunnel-factor is the quantity which is calculated in the appropriate manner. As a
result, it is possible to simulate a transfer which, in principle, accurately reflects the
degree of adiabaticity of the transfer.
An ensemble of transfers which take place in the adiabatic limit yields an
expression for the rate constant which is the following (Schmidt 1985, 1986):
1
k,, - - (2,rrm l/e)

IA 11~
exp {-/3( V+ - Vo ) }.

[A+[ 3u2
n--1

(1)

In this expression, V + is the complete system potential energy function which has
been evaluated with the set of optimal coordinates of the transition state. The
quantity V0 is the potential energy of the system in its initial state. The determinant
of the force constant matrix is given by IA I; in the transition state, for which the
eigenvalue associated with the principal transfer axis is negative, the determinant of
the force constant matrix is formed by deleting the normal mode which is associated
with the negative eigenvalue: viz. IA + [3n-1. The mass which is associated with the
transfer-species is m. Finally, /3 = 1/kBT where kB is the Boltzmann constant.
For a system in which all of the transfers take place via adiabatic path, tunnelling
must be accounted for. A relatively simple form of tunnel-transfer, only along the
transfer-axis, yields the following form of rate constant (Schmidt 1984a,b, 1985)
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The IAI-quantities are (assumed to be) the same as before and the potential
energies are found in the same manner as for the adiabatic transfer. The quantity
Liv,j-n is the matrix element which couples the initial and final states. The general
form of this expression has been discussed previously, and will be taken up again
later in this paper. The quantity IAF[ is the absolute value of the difference of
slopes of the intersecting, parabolic mappings of the potential energy functions for
the initial and final states. The origin of this term also has been considered before
(Schmidt 1984a, b, 1985, 1986).
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In view of the similarities in the two expressions, it is possible to write a
combined expression which is of specific use with Monte Carlo simulations:
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The average value of the tunnel-factor, (r), is defined as
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, diabatic transfer limit.

It can be seen that, within the limits of validity of the assumption of similarity
between diabatic and adiabatic transfers, a particular transfer can be simulated via
a Monte Carlo calculation to yield an accurate value of the transfer tunnel-factor.
Thus, it is possible to realize limits of transfer which do not necessarily fall only into
the adiabatic or diabatic limits.
The following issues remain to be resolved: (1) the means of generating the
transition state; (2) the test for mechanical stability of the transfer species in the
transition state; and, (3) the evaluation of the tunnel-factors.

4. Mechanics of the transition state
As it is usually carried out, a Monte Carlo calculation is an energy-minimum
optimization. The problem of determining the transition state by means of any kind
of saddle-point calculation is not trivial. There are, of course, well-established
means for determining saddle points. In particular, the best-known require the
search for configurations which assure one and only one negative eigenvalue of the
determinant of the force constants for the system. Methods based on this
requirement are not particularly fast, especially when used within very large
quantum chemical programmes (Bell and Crighton 1984). The task of applying the
notion to the Metropolis/Monte Carlo scheme of sampling becomes almost
daunting. Nevertheless, there are features of some of the more efficient routines
which seem to apply to the Monte Carlo method of optimization; in particular, the
method of Banerjee et al (1985) and Simons et al (1983) seems to be well suited.
This method is discussed here.
To begin, it is necessary to specify the mechanics of the system more precisely.
Because of the instability of the transition state in the diabatic limit, it cannot be
specified completely without taking quantum mechanical effects into consideration.

240
4.1

P P Schmidt
Definition of solute and environment- the Born-Oppenheimer separation

The distinction between solute and solvent is not a firm one. There is no necessarily
sharp boundary between the two entities. If, for example, there are strong local
interactions between the actual reactive species and the solvent, then it is possible,
as stated above, to consider the aggregate to be the reactive solute. There generally
occurs a region about a reactive system at which the solvent-solvent interactions
take on the predominant character they have in the absence of solute (Schmidt
1984a). This region, therefore, separates the effective, operational solute from the
remainder of the system, the solvent.
The complete Hamiltonian operator for the system (the collection of reactive
solute and surrounding solvent) consists of a sum of terms,
H = T+ V,

(6)

in which T represents the collections of kinetic energy operators and V the complete
sum of pairwise interactions. It is possible, of course, to separate from the sum
those terms which belong specifically to the reactive transfer species within the
solute. Define the Hamiltonian operator for the transfer-species as

n t = Tt + V,.

(7)

The difference
nenv = n - n t ,

(8)

represents the 'environmental' Hamiltonian operator. This quantity, in fact,
contains all interactions with the surroundings - intramolecular vibrations as well
as weaker solvent/transfer-species interactions.
The 'channel' decomposition of the transfer Hamiltonian, Hi, is carded out as
follows. With reference to initial and final states, which are labelled 'a' and 'b', let

Ht= Ha+Vt-Va
= Hb+Vt--Vb,

(9)

Ha(b) = Tt + Vacb),

(9')

and
in which Ha and Hb are model Hamiltonian operators which describe, to a reason
able approximation, the behaviour of the transfer species in the neighbourhood of
the stationary state configurations 'a' and 'b'. If there exist basis sets of functions
which are solutions to the local, soluble eigenvalue problems
H a 4)a = Eadt)a ,

Hofbo = ebfbO,

(10)

then it is possible to construct state functions as linear combinations of these
functions:
'ff~= ~iXi~i

.

(11)

This state function is a solution to the general problem
H~=

EXIt.

(12)
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The expansion coefficients X~ become the intramolecular/environmental vibrational wavefunctions in the usual form of the Born-Oppenheimer-Holstein
(Holstein 1959) (abbreviated as 13oi-t in the following paragraphs) analysis.
By means of the use of the B O H form of adiabatic separation, one finds that the
matrix elements Liv.j~ are given by
tiy,J6 = Z

S -iy
1 , ke V Jke , j~ ,

(13)

k,f;

in which Sglj~ is an element of the inverse of the overlap matrix, and (Schmidt
1984a,b, 1985, 1986)
(14)
in which Vj is the model system potential energy function [cf. (10), j = a, b]. In
addition, there are elements which involve the kinetic energy operators; as it is not
yet clear how important these quantities are, attention focuses only on the matrix
elements of the potential energy operator.
The central, and most important, issue at this point has to do with the role of this
analysis in the determination of the transition state.
If the transition state is adiabatically attained, then, by implication, the transfer
species adiabatically follows the fluctuations of the environment which bring about
the transformation. The strong adiabatic limit of the BOH form of separation
applies in this case. The interactions are strong, and, more important, there is no
tunnelling involved. Therefore, the activation energy can be determined as
the difference in the energy of the optimized initial and transition states. The
pre-exponential factor depends simply upon the ratio of the square roots of the
determinants of the matrices of the force constants, as indicated by (1).
The BOH analysis yields terms which act as perturbative couplings and they can
account for the reactive transition of the system in the diabatic limit. Transfers of
this type take place via a tunnel mechanism. It is still the case, however, that there
are precursor and postcursor states in which the transfer-species executes stable
mechanical motions. The system, as a whole, however, does not need to be in a
state of thermodynamic equilibrium while the pre and postcursor states are
occupied. It is important to note that the Condon approximation is satisfied in the
process of transfer by a tunnel step. This means simply that the environment is
coupled to the reactive subsystem weakly enough to allow the vibrational overlap
factors to separate exactly in the same manner as occurs for the electron transfer
system. On the other hand, it is likely that important quantum mechanical effects
operate within the local solute intramolecular modes; these effects need to be
considered in the process of activation. This is an issue which is not pursued further
here, although it must eventually be reckoned with (Marcus 1984).
4.2

Quantum mechanical interactions in the transition state

As long as the electron is not involved, as a first approximation for the transfer in
the diabatic limit one can determine a transition state in the classical mechanical
limit. However, in the diabatic limit, the transfer species itself cannot occupy the
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transition state in a configuration which is mechanically stable. Therefore, the
particle must occupy some nearby precursor state within which the particle is
locally and mechanically stable. From this configuration, the particle tunnels to the
final postcursor state. Nevertheless, the transition state is still defined with the
particle located in a genuine saddle-point of the combined classical solvent and
quantal solute (transfer-species) system. It is necessary, therefore, to specify a
saddle-point calculation which also takes into account the delocalized nature of the
transfer-species in the transition state. This requirement forces one to bring the
quantum mechanical character of the description of the system into a cons1~ent
form of saddle-point optimization involving the remaining particles which act in the
classical limit.
Before it is possible to consider a general method of finding the saddle-point
which represents the transition state, it is necessary to consider the quantum
mechanical limit for the motion of the light protonic or hydrogenic species. This
analysis also provides the necessary formulae to evaluate the matrix elements which
are associated with the tunnel-transition in the diabatic limit.
The process which is considered is that of the migration of a proton or hydrogen
atom from one site to another within a larger molecular aggregate. Although it is
not strictly accurate to do so, for the purpose of simplifying the analysis to the point
where reasonable, practical calculations can be carried out, the environment is
regarded as fixed during the actual quantal limit transfer of the proton from one site
to another - provided the transfer takes place as a tunnel-transition. It is therefore
possible to consider the analysis of the motion of the proton in one dimension. The
single dimension is that dimension which connects the initial and final potential
energy wells within which the proton can exist. In order to carry out the analysis, it
is necessary to be able to manipulate the interatomic, intermolecular potential
energy functions which describe the interaction between the migrating protonic
species and the environment.
As was indicated in the last section, the Hamiltonian operator for the transfer
process is given by (7). The potential energy Vt in (7) is expressed as a sum of terms
which account for the interaction between the proton, labelled 'p', and the
remaining species 'i' in solution:

Vt = ~V(rp - r, ).
i

(15)

The problem now is to translate this into an expression which reflects the projection
of the interaction along the transfer-axis, hereafter called the z-axis. In the
following, it is assumed that all interactions are scalar.
Given a scalar potential energy which is expressed functionally as
V(r) = Y0o (?)[ (4zr)l/2Vo (r) ]

(16)

in which Yt, m (l') is the spherical harmonic function and ~ is the unit vector in
r-space, it is possible to express an expansion in a symmetry-adapted Taylor series
as by McKinley and Schmidt (1982),

G ( r + R ) = (4Ir) 3/2 Z
.=o

(rn/n!) t~m Ant
,

2l+1

Yr,,, (~)Ylm (R)In,(R).

(17)
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The coefficient An, t is
n!(21+ 1)

Ant = (n-l)!!(n+l-1)!! ,n >--l and n - l = even,
n<l

=0,

and n - l =

(18)

odd

and In, l(R ) is
(-1)n+g/(

In, t(R)

~

d

k-R~

)l 1 ( d ]n-I
-R kd--R] RVo(R).

(19)

The projection of any source onto the z-axis reduces (17) to (Schmidt and Chang
1986):

V(z) = Z znc.(n),

n~O

(20)

where the expansion coefficient Cn(R) is

cn(g)

= ~

1 ~.
• An,Pl(COSOR,)I,a(Ri),
/=0 i

(21)

in which Pl(cos 0) is the Legendre polynomial and 0 is the angle between R and the
z-axis.
The form of (20) for the one-dimensional potential energy operator projected
along the z-axis is used in the quantum mechanical analysis of the motion of the
migrating proton or hydrogen atom.
The specific form of the kinetic energy operator is
h2
-

Tr =

d2

--

(22)

2m dz 2"

The expansion, (21), can be used both for the one- and two-centre analyses. The
basis functions for the expansion of the state function are the solutions to the
one-dimensional harmonic oscillator problem:

1
~bn(Z) = (2n(~.n,)l/2
) 112exp (-- 1/20r2 Z2 )Hn(~z),

(23)

in which Hn(x) is the Hermite polynomial. In terms of the functions (23), the state
function is

* = ZCi~i,
i

(24)
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and the total energy is

E = X GG(ilHI2).

(25)

i,j

The matrix elements of the momentum operator are well known, and are given by

(ilp 2 [i) = 1/2(2/+ 1),

(26)

(ilp21i+ 2) = - 1/2(i + 1) (i + 2).

(27)

The matrix elements of the coordinate operator can be found from the recursion
relation for the oscillator functions (Schmidt and Chang 1986):
1

(klq"lm) = ~ 2 [(m + 1)l/2(k[qn-llm + 1)+ (m)l/Z(klq n - l l m -

1)]. (28)

The application of Ehrenfest's theorem shows that there is an optimum point of
expansion for the single centre analyses, and at that point the energy will satisfy
similar requirements to those for the transition state involving a classical particle.
This process is illustrated with the use of a model system for which symmetry
dictates where the optimum should be. An analysis - in the absence of the use of
any arguments of s y m m e t r y - confirms the result.
The model system consists of a ring of massive species through which the
hydrogen atom (or proton) can pass either via an adiabatic or diabatic, tunnel path
(cf. figure 1). The hydrogen atom interacts with the environmental masses - in this
illustration- through identical Morse potentials:
V M ( r ) = D e a(r~

(e a(r~

- 2),

(29)

for which

Int(R) = Dear~176

k , - i (2aR) - (n - l)kt(2aR) )

- 2(aR k,-1 (aR) - (n - l)kt(aR))],

initial

state

_J
zH

~

(30)

Final

~

state

l

(

transfer

axis)

Figure 1. The arrangement of heavy masses in a 'ring' configuration through which the
single, mobile proton (or hydrogen atom) migrates. In the classical limit, if the 'radius of
the ring' is less than a critical value, axial motion of the proton at the centre of the ring is
unstable (McKinley and Schmidt 1982).
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and k, (x) is the modified spherical Bessel function of the third kind (Arfken 1970).
The optimum point of expansion is the centre of the ring. Figure 2 shows a series
of plots of the energy of the quantum mechanical component of the interaction
energy; i.e., (W01V - V01XF0)using the Taylor series expansion, and *0 is the ground
state function. The individual plots are associated with differing values of the 'ring
radius'. The centre of the wavepacket is expanded at points along the C3-axis which
passes through the centre of the ring. Thus, each point on a particular curve is an
energy which is associated with the ground state wavepacket which has been
expanded at a point on the C3 transfer-axis. As noted for classical systems
(McKinley and Schmidt 1982), when the radius of the ring is less than a critical
value (a value dictated by the choice of pair-potential used), the centre of the ring is
mechanically unstable. The figures illustrate that the same holds for the quantum
mechanical wavepacket. Figures 3, 4 and 5 illustrate the behaviour of the
expectation values of the operators x and x 2, and the v a r i a n c e ( 0 I x 2 1 0 ) - (0[xI0)2; x
and x z are the first two operators which emerge in the Taylor series expansion. It
appears that for a quantum mechanical wavepacket, it is possible to find a locally
stable configuration for values of the radius of the ring which would yield
instabilities in the classical limit. In figure 5, the remarkably sharp, narrow peaks
for the variance about the point of expansion in the centre of the ring suggests that
this quantity might be useful in the determination of the transition state of a
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Figure 2. A plot of the quantum mechanical component of the energy of the proton in its
ground state as a function of the location of the point of expansion of the wavepacket
along the C3-axis which passes through the centre of the ring. The first member of the
family of curves is associated with the smallest value of the ring-radius, 0.95 A with
increments of 0.01 A.
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Figure 3. This figure is a plot of the ground state expectation value of the operator X,
(X) = (0IX[0), where x is the displacement away from the point of expansion along the
C3-axis which passes through the centre of the ring. Note the strong discontinuity at the
origin at the centre of the ring. The strongest discontinuity holds for the wavepacket in the
presence of the ring with the smallest 'radius'. In this calculation, the centre of the
wavepacket was moved along the C3-axis as in the case of the evaluation of the energy.
The plots are for increments of the ring-radius in units of 0.01 A from 0.95 A.
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Figure 4. This figure illustrates the plots of the ground state expectation value of the
operator X 2, (X 2) = (0IX210) in terms of the wavepacket as the centre of the wavepacket
is moved along the C3-axis. The plots are for increments of the ring-radius in units of
0.01 A from 0.95 A.
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Figure 5. This figure combinesthe last two as the variance of the expectation value in the
ground state: var = <0{xzl0> - <01xI0> z. The plots are for increments of the ring-radius in
units of 0.01 A from 0.95 A.

reaction which involves a quantum mechanical particle, viz., the electron or
proton.
The conclusion is simply that it is possible to handle a quantum mechanical
matter density in the same manner as is done in the classical limit. The quantal-limit
matter distribution is simply moved to its optimum location by moving the location
of the centre of the wavepacket. This is accomplished with the use of Ehrenfest's
theorem which states that d(V>/dx = (I[dV/dxlI) for a particular given state II>.
4.3

Matrix elements of the perturbation driving the transfer

The matrix elements L/~,)~ are now evaluated in a two-centre representation. The
terms arise in a m a n n e r which is similar to that of the electron transfer theory
(Kestner et al 1974, Schmidt 1984a). The development in the succeeding
paragraphs follows in part that of Schmidt (1984a) for the atom transfer problem
and Schmidt and Chang (1986) for the inversion of ammonia.
The two-centre analysis of the transfer uses initial and final state configurations
in which the proton is located first in one part of the system and then in another. An
accessible transition state exists on a potential barrier which separates the initial
and final states. It is useful initially to consider a straight-line trajectory for the
migration. Straightline trajectories may occur in some instances because proton
transfer is sensitive to the size of the overlap factors. If the distance is too great
(even 1 A is a large distance), the tunnel-transfer will be nearly vanishing simply
because the overlap integrals nearly vanish. On the other hand, it is also likely to be
the case in many instances that the vector from the initial state to the transition
state is non-collinear with the vector from the transition state to the final state.
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Methods for handling the matrix elements for piecewise linear representations of
curvilinear trajectories will also be discussed. The techniques for evaluating the
integrals are similar to those used in molecular electronic quantum mechanics
(Harris 1963; Shavitt 1963).
The analysis for the straightline trajectory is the following. Assume a transfer of
the proton from an initial ground vibrational state to a final ground vibrational
state. This assumption complies with the Born-Oppenheimer separation and
implies that the separation of local vibrational states from the collective states of
the environment can be made. In essence, this has been proved to be the case for
the inversion of ammonia; that is, the tunnelling associated with the inversion
doubling of the u2 normal mode is assumed to be separate from the remaining
normal modes (Schmidt and Chang 1986).
The ground state functions have the form:
ff~O(Xa ) = 4(0d"11")1/2e x p ( -

1/2~.X2).

(23a)

Given an environment which is dissimilar on either side of the location of the
transition state, the ground state functions in the initial and final states must be
distinguished from one another: choose

~o(Xb )

=

4(~/7F)1/2 exp ('-- 1/213X2 ),

(23b)

for the ground state function in the final state. The matrix element which is most
important in the evaluation of the perturbation driving the tunnel-transition is
(alV[b). Unlike its counterpart in the simple elecron transfer theory, this quantity
does not specifically involve the attraction between the migrating species and a
potential energy operator whose focus of attraction (or repulsion) is the centre to
which the species migrates. In this example of the hydrogen/proton transfer,
the transfer matrix element is evaluated for the complete effect of the system on the
migrating species. Thus, while in the transition state, the migrating species feels the
attraction to the final state to which it is moving and the initial state from which it
came. It is clear, therefore, that if the attraction to the initial state is greater than
the attraction to the final state while the transfer-species is in the transition state,
then the probablility for a successful transfer will be small, as it should be.
The point of expansion for the hybrid mass density c~(a)qb(b) is the point which is
located at the origin of the x-axis. This point does not necessarily correspond to the
location of the saddle point of the transition state on the x-axis. If xp is measured
from the coordinate origin, then the displacements of the transfer species with
respect to its two stationary state positions are
Xa = X p + l a

Xb = Xp--lb

(31)

and la, lb give the locations of the initial and final states along the x-axis. The point
of expansion is found in the usual manner for Gaussian functions (Shavitt 1963) to
be

dx = (ala - [3lb )/(a + [3).

(32)

Thus, as usual, the overlap integral is

-2(009) 1/2'1/2
S12=[~----~~-J
exp[

1 a__flR2 ]
2 a+[3]'

(33)
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where R = la + lb is the distance between the locations of the initial and final states.
The matrix element of the potential energy operator is
(al VI[3) = ~ P. (R)(alx" 113)9

(34)

n

Here Pn is the quantity Cn from (21) evaluated with reference to d~ as the origin on
the x-axis. The matrix element (a]xnIb) now is found to be

(alxn[[3) = (a[3--~)le2Q2~ I ~-o~dy(y-d)n exp(-1/2(a + [3)y2)
1 (aft) '/z
3~/r2- (Or "[- [3) 1/2

e -a2

Z ~)(-d) n-m

(35)

m=0

x { 1 - ( - 1 ) rn} ( m - l ) ! ! -

( Ol -[- [3)m/2'

in which (~) is the binomial coefficient and

Q = aflRZ/(o~ + [3).

(36)
J
The remaining quantity in Liv,j~ is Vi~,j~. As the basis functions are simple
oscillator functions, it is possible simply to use the harmonic oscillator potential
1/2mtoZxz to get

~/2mw2(a[x 2 [/3) - m~ (aft)l/2
e-Q2{1 + oda/(a + fl) }.
(Ogq- fl)3/4

(37)

At this point, it is worth noting that the potential energy function, Vt, in (7) is
simply the complete potential expanded about one centre, the centre of influence
of the transfer-species. The environmental Hamiltonian involves the same terms
which are manipulated differently.
The general transfer does not necessarily occur along a straightline trajectory
from initial through transition to final states. As a consequence, it is necessary
either to make use of curvilinear coordinatbs or to use some other means of
handling this non-direct migration. There are means available and they have
evolved in the electronic LCAO-MO methods.
The saddle-point which defines the transition state can be seen to involve at least
two intersecting planes: in one plane along the path which passes through the
location of the transition state, the energy reaches a maximum value; in the other
plane along the path which passes through the transition state, the energy is a
minimum. The plane which contains the minimum (the plane of the Cantle and
Pommel), defines a natural division between the initial and final states. Refer to the
two states as 'left' and 'right' respectively- 'initial' and 'final' are not material at
this point. The following discussion applies only to the ground states of the left and
right sides. The analysis is generalized easily to handle excited states.
Two levels of calculation are now carried out. At the lower level, one constructs
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basis states for the left and right hand sides of the problem, These functions
describe the state of the migratory species- proton or h y d r o g e n - in their
respective equilibrium states. At the next level of treatment, the two states are
combined as basis states in the tunnel transfer. The basis states for the left and right
hand sides are combined in the matrix elements of the transfer.
In order to account for the possibility that the transfer to and from the dividing
plane for the transition state is oblique, it is necessary to consider a point of
expansion in the plane. Thus, define the following four basis functions: ~bL1, ~bm,
~bR1, ~bR2. These functions, moreover, are locally orthonormal and assumed to be
orthonormal across the L - R space (Oppenheimer 1928; Duke 1965). Let ~bm be
(38)

qbLa = Uo(X,),

where Uo(Xa) is given by (23a), for example. A similar definition applies to ~bm.
The use of Gram-Schmidt orthogonalization (Morse and Feshbach 1953) gives for
~bL2
1
(~L2 -- (1 -- K'2
O a t l~1/2 { U o ( X t ) -- SatUO(Xa)}"

(39)

Now, let the left and right hand basis functions be given by
alZL -=- a l l (~L1 + aL2di)L2 ,

(40)

~Pn = a m ~)R1 q" aR2~)R2 .

In the usual manner, the variational calculation yields the energy eigenvalues
8L

-----1/2 ( H l l + H22) -t- 1/2 ( ( H l l - H22) 2 + 4H122)'/2.

(41)

Let c~ and c ~2 be the coefficients which are associated with the lowest energy
eigenvalue. The left .hand basis function for the combined left-right system is
xt' ~ = C~ tbL1+ c~ ~bm. Now, construct orthonormal basis functions for the two
sides. Write
x o = q,o,

(42)

and
xo _

1

(1 -S2R) ~a

{ q,o _ SLR ~0}.

(43)

The overlap SLR is given by

c~ c%
S L R ~. C .L I C0 0R 1 S 1 3 q _

_

(1 - S 2 3 ) 1/2

0
0
CL2CR1

4 - (1 - S 22)1/2

"1-

{512 -- 523513 }

(523 - SXE$13)

CL: Cm
[(1-$22) ( 1 - $ 2 3 ) 1 1 ` 2

(1 -- S 22 - S 23 -{--512 523 S 13 ).

(44)
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At this point, the final variational calculation for the system yields energy
eigenvalues of the form
E = 1//2(HLL "1-HRR) -I- 1//2( (HLL -- HR R )2 _1..4H ~.R)1/2-

(45)

In terms of the non-orthonormal basis set, the matrix elements expand as

(C~ z

HLL = ( C ~

(1 - S ] t )

( Hu + SaaHaa - 2SatHat ),

(46)

with a similar term for HRR. The cross term HLR is

o

nt"R--

1

o

(1_$2R)1/2

o

o

CL1CR2

CL, CR, H.b-4 (l_St2b)l/2

(nat-Stbaab)

o
o
CInCh1

C oLEC oRz
-t
(Hbt-- SatHab) -t
{(1 -S~t)
2
(1 _ c~za t lwe
(1--S2b)} 1/2
( H t t - satnat - StbHbt q- SatSbtHab ) -- I~OLSLR ).

(47)

In terms of the L/R basis set which is constructed above, the matrix elements of
the perturbation which drives the tunnel-transfer Liv,jn are now expressed as (13)
with Vj =- V - V j . The potential energy function Vj consists of the interactions
between the transfer species and the surroundings expanded about an origin of
coordinates which is located at the stationary point j; the point j lies either to the
right or left of the location of the transition state. The potential energy function V is
the complete potential function. In view of the manner in which the basis functions
are constructed and optimized, Vj is the potential energy function of the initial
state. Thus, the difference is the interaction between the transfer-species and its
well in the final stationary state.
The specific forms of the matrix elements in terms of the non-orthonormal
expansion set are the following. The generic form is
(48)

V o,s,o = <so[vqs'o>,

in which S and S' stand for 'side' with reference to the transition state. In particular,
V~o, LO is

(c~
<x~176

=

+

2

(1 -S]t)

(V~,~o+ S]t V~,,,o- 2S,,t V~o, to), (49)
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with a similar term for VRO,
J RO. The mixed matrix element V[O, RO is

<x;'~lWlx~>

1
f
- ( 1 - - S 2 R ) '`2 l C ~ 1 7 6

1"-,0 f,O
w~-'LI~'~RI
(1--$2b) 1/2

.
V{""b~

[.o
c L2
O ".~
RI
(V[,o, aj - S,h W,,o. bo) -~ -(1 --- ~'2at ]]1/2 (Vg(L tO- Sat V] o, bO)

0

0

C L2 C R2

(VA,, ~ - S~, V~o, ~, -- Sbt Vbo,
J to

( ( 1 - Sa2,) ( 1 - - S2b)) 1/2

(c%) ~
+ SatSbtVJao, bO) -- SLR ((C~

(vk~,+s

aO-l--(1 - s Z t )

~~, V ,,o.
, ~o - 2S~, V ~o. ~, )

)}9

(50)

In each of these general matrix elements there are several matrix elements which
are evaluated in terms of the non-orthonormal basis functions uo(r(a, b, t)). At this
point, the behaviour of these matrix elements and an assessment of their
contribution to the perturbation driving the tunnel-transfer can be illustrated with
the use of a relatively simple analysis, The non-orthonormal basis set consists of
three zeroth-order functions of the form (23a) centred respectively at a, t, and b.
In view of the process by which the left/right basis set was constructed, and in
view of the nature of the expansion of the complete potential energy function,
matrix elements of the form (uo(a)lV-ValUo(a)) = 0. On the other hand, matrix
elements of the form (uo(a)lV- Vb]Uo(a))are non-vanishing. In particular, for this
matrix element one finds

Vgo, bO = (Uo(b)lVblUo(b))-- (uo(b)lValuo(b)),

(51)

where the point of expansion for V is the same as the coordinate origin for the
product of functions uo(b). This integral is

(uo(bllVbluo(b)) = Z

U

Z

C2n(RIb)

n=O 1=2

(2n -- 1)!!
2na n
,

(52)

and C2n(Rtb) is a function of the distance Rib between the location b and the species
(solvent or solute atom) I. The second integral in (51), however, is

(uo(b)lVa]uo(b))

= Z
n=0

Cn(Rta)
1=2

s=0
even

(~) ( _ L ) n _ s ( s - l ) ! !
2as/2
,

(53)

in which L is the distance between a and b. In the case of integrals of the form
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(Uo(t)lVfluo(t)) where j = a, b and uo(t) is the basis function for the transfer-species
centred at the location of the transition state, one finds

(uo(t)rv, ruo(t)) = Z

co(R,,)

n=0

1=2

s=0
even

(~) ( _ / ) n - , ( s - l ) ! !
(2oe)s/2 '

(54)

and l is the distance froda the location of the transition state to a or b. The
expansion of the potential v in the general integral (Uo(t) lVluo(t)) is carried out in
the coordinates of Uo(t). Hence the integral has the same form as (52). The
quantities Czn(R) are evaluated in terms of the distance Rlt between the species I
and the transfer-species located in the transition state.
Finally, the mixed terms (uo(a)lWluo(b)) and (uo(a)lW[Uo(t)), etc. are found.
First, for the a-b mixed term, one finds

(uo(a)lV- V,[uo(b)) = (uo(a)lVIuo(b))- (uo(a)]Vjluo(b)).

(55)

Expand V at the optimal point for the product of Gaussians: uo(a)uo(b). Hence,
o~

(uo(a)lVtuo(b)) = e-q~ Z

N

~.

n=0 I=2

C2n(Rlp)

( 2 n - 1)!!
(56)

(2t~)n

The second integral expands as

(uo(a)Wjluo(b)) =

e -q~ ~,
.=o

~. C2n(Rlp)
1=2

(n) (_A)n-s t(S--1)!!
s=o

(57)

(2~) "2'

even

where A here is the distance between j and the point of expansion P.
It is clear that points of expansion of both the wavefunction and the potential
have an influence on the size of the integrals involved in the transfer of the proton
(or hydrogen) from the initial to the final state. It is equally clear that the overall
size of the matrix elements depends, in large part, on the amount of matter density
which resides near to the transition state when the system is in its initial or final
states. The use of only one zeroth-order, s-type basis functions is certainly a gross
oversimplification of the interactions which are likely to exist. This simplification
has been chosen only for purposes of illustration. It is obvious that an enlargement
of the basis set of function {ui(j)} is possible. Thus, for example, it is possible to mix
various p- and d-characteristics (l = 1, 2) into the analysis in order to account for
the fact that in an asymmetric environment, the local stationary states of the
proton/hydrogen must possess a strong angular component of the displacement
with respect to any arbitrary axis through the system.
It is worth noting, at this point, that the analysis just developed is wholly
consistent with the initial description of the Born-Oppenheimer-Holstein separation as embodied in (6) through (14). That initial description referred to initial and
final sites a and b. The immediate results above rephrase the analysis in terms of
labels L and R, and moreover, there is an addition of a basis function centred at the
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transition state. If one sets the coefficients CL2 and CR2 equal to zero, it is
immediately clear that the simpler direct analysis is automatically contained in the
more general description just outlined.
As is the case for the electronic energy states of a molecule, here as well, one
finds that the actual system in an asymmetric environment yields strongly
angle-dependent overlap quantities. Thus, transfer to and from the transition state
may be great or vanishing as the size of these overlap quantities are large or small.
Note that in the expressions for the matrix elements of the perturbation which
drives the transfer, terms which account for the direct transfer from a to b as well as
terms which account for the transfer from a to t (the transition state) to b also
appear. Thus, in effect, the formalism allows for the transfer of a proton via the
transition state as well as a tunnel-transfer directly from a to b through a wider part
of the barrier which separates initial and final states. This transfer formalism does
not depend, however, upon the additional use of any higher orders of perturbation
theory.
4.4

Frank-Condon factors associated with proton~hydrogen transfers

In this section, we consider the matter of the contribution of vibrational overlap in
the environment as the transfer of a proton takes place.
In addition to the determination of the energy of activation as the difference
between the energy of the transition state and the energy of the initial state, it is
necessary for transfers which take place in the diabatic limit to consider the slight
vibrational reorientation which must accompany the migratin~g species as it moves
from its initial to the final state. Metropolis/Monte Carlo analyses generate
individual configurations of the ensemble of states of the system, and one must
analyse each configuration to determine the transfer probability for that configuration alone. As a result, the determination of the Franck-Condon factors within a
configuration must be done in the zero-temperature limit. An approximate analysis
can be carried out in a straightforward manner and is summarized briefly here.
The transition probability for a transfer which takes place within a particular
configuration of the ensemble is
27/"

= --h s IH IZ (Ee-E )

(58)

in which the summation over final states must be carried out because of the
accessibility, in principle, of each to the initial state, even at zero temperature. In
this expression, H jr is the matrix element of the perturbation which drives the
tunnel-transfer. With the use of the integral representation of the delta function,
(58) can be recast as

wif = ~

dt [Hjf[ 2 exp[-i(Ei-Ef)t/h I.

(59)

At this point, the usual simplification common to radiationless transition theory is
made that the Condon approximation applies. Write Vif for the specific part of the
matrix element which couples the initial and final local protonic states. Separated
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from Hif are the vibrational wavefunctions. Equation (59) can now be written as

2"/1" IV[2 foo

Wif = ~

dt

(ilexp(iHft/h) exp(-iHitlh)[i),

(60)

in which the completeness of final states has been used to eliminate the summation
over f.
Assume that the remaining vibrational distortions of the environment which
accompany the migration of the proton from the precursor state to the final state
through the transition state are small. As a consequence there is a considerable
simplification. In particular, the environmental Hamiitonian is assumed to retain
the same fundamental normal mode frequencies for any state of the mobile species
(the proton) in its reactive configuration.
The assumption that there is little change in the character of the environmental
vibrations as the proton makes the short-distance transit from initial to final state
allows one to write

Hf = Hi(q-qo),

(61)

which relates the final to the initial environmental Hamiltonian. Assume the
harmonic limit applies. Then the vibrational matrix elements within the transition
probability change to

(ilexp(iHrt/h )exp(- iHit/h )li = (ilexp(- iqop(O)/h)exp(iqop(t)/hli), (62)
with p(t) = p(0) cos tot-mtoq(O) sin tot. Further simplification of this expression
uses the Baker-Hausdorff expression (Louisell 1964)
exp(A + B) =

exp(A)exp(B)exp(1/2,A,B)

(63)

to get

exp(iqop(t)/h) = exp(iqop(O)costot/h)
x exp(-ia2qoq(O)sintot)exp( - ia2q 2sintot costot), (64)
with a defined as

a 2 = mto/h.
The evaluation of

(65)

(ilF(t)]i) with the ground state vibrational wavefunction is

(i[F(t)[i) =- (i[exp(-iqp(O)/h) exp(iqp(t)/h[i)
= exp ( - (aZq (]/2) (1 - exp ( - itot) ).

(66)

This exponential function can be expanded with the result that
00

(ilF(t)li) = e x p ( - 1/2a2q~) ~:o --n!l (a2q~/2) " exp(-inwt).

(67)

When this is replaced in the expression for the transition probability and the
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integration over time carried out, a sequence of delta functions in the energy
emerges:

wif =

27r

-s

IVI2 exp(-1/zaZq 2)

oo

1

~ - - (aZq2/2)" 3(Eo+nh.,).
=o n!
U=

(68)

Note that E0 = -nhto. Thus, one sees, at zero temperature, there must be
vibrational relaxation which accompanies the transfer of the proton. This is
reasonable as one assumes that the transfer takes place at zero temperature and
there can be no further thermal activation. Nevertheless, the configuration of the
ensemble within which the transfer takes place can represent a higher energy state
of the system. Thus, relaxation into the vibrational manifold is expected.
The analysis which has been carried out above involved only one vibrational
mode. It is extended easily to more than one mode. The argument of the delta
function is modified by the inclusion of a sum of frequencies Einihtoi. The
coefficients which multiply the delta functions in (68) are changed into products.
The exponents ni for (a2q 2i/2)ni must, in sum, satisfy the energy equilibration set by
the delta function.

5.

The Monte Carlo simulation of the proton transfer

As previously noted, the Monte Carlo method of evaluation of the statistical
mechanical averages is an energy minimization algorithm. Previous attempts to
model atom transfer reactions within the limits of the Monte Carlo method have
used constraints on the system in order to force the sampling to seek configurations
of the transition state.
Metropolis/Monte Carlo methods achieve successful agreement with experiment
in part through the use of averages which involve large numbers of representative
ensemble elements. It is obvious that the generation of large numbers of these
elements for a complicated system is computationally expensive. As a consequence
of this expense, one looks for simpler, but still accurate, methods. The exploration
of the application of Metropolis sampling to the determination of the transition
state is still in its infancy. In the following paragraphs, I discuss a method which
appears to work, although, admittedly it has only been applied to a twodimensional system. Time has not yet permitted the extensive testing and
exploration of accuracy which the method deserves.
Chemical intuition is both a blessing and a trap. The'use of intuition to try to
construct efficient algorithms for the determination of the transition state can lead
to agonizingly time-consuming exercises with the computer. Nevertheless, even in
apparent failure there can be a small, hard-won but nourishing fruit which is
harvested as a result of the labour. Consider the construction of the initial and final
states of the reaction.
The system which has been examined is simple. It consists of a bent ABA
molecule immersed in a small collection of spherical solvent. The entire calculation
is carried out in two-dimensions.
The reactive transition is simply the inversion of ABA in the solvent. The

Proton and hydrogen transfer reactions in solution

257

inversion in the gas phase clearly involves the linear transition state. The transition
state for ABA in a solvent can be near-linear, but the presence of the solvent can
allow other, slightly bent configurations to contribute to the ensemble of transition
states.
The initial and final states for ABA, or any reactive solute, are locally stable,
thermodynamically equilibrated states. Therefore, each state, initial or final, can
be sought independently with an energy minimization routine. Even for the simple
ABA molecule, however, one finds very soon that the independent minimization of
the initial and final states makes it difficult-to-impossible to determine the
transition state for these uncorrelated elements of the ensemble. As a result, it is
necessary to carry out a coupled minimization of the initial and final states for the
transfer in order to be able to determine the transition states. The following
sequence seems reasonable.
First, carry out an independent, uncoupled, or uncorrelated, optimization to
determine the absolute thermodynamic energy of the initial and final states. One
finds when such calculations are carried out that the path which might link the
initial to the final state involves considerable translational and rotational
reorientation before the actual transfer can take place. One assumes that this
reorganization is part of the work which is necessary to bring the system to a
reactive configuration. This part of the process is always assumed to be attained by
a sequence of adiabatic steps.
Next, carry out a parallel optimization of the initial and final states in which these
states are correlated. The question is how to introduce the correlation. It seems
reasonable to assume that the 'principle of least-nuclear motion', originally
formulated by Rice and Teller (1938) later by Ehrenson (1974), applies. This
notion asserts simply that the reactions which involve the least atomic and
electronic rearrangement will be favoured. This was accomplished by calculating
the square of the displacement of the final to the initial state location for each
particle as it was selected for optimization in the Metropolis sampling routine. In
the ABA simulation, the unbiased sum of squares was used in the expression for
the energy of a particular configuration. However, in a more realistic representation, mass-weighted coordinates and force constants could be used as weight factors
in a manner which has been discussed by Ehrenson (1974). Such a weighting is
clearly needed, as some parts of the system can be 'stiffer' than others.
The equilibration of the constrained initial and final states proceeded to yield
energies which were not very far removed from the energies found in unconstrained
minimization. The elements of the ensemble of states which are generated from the
system which is equilibrated in this manner can be used as initial states in the
determination of the transition states. The technique which was used here follows
the suggestion for determining the saddle-point given by Banerjee et at (1985) with
a trial starting estimate as suggested originally by Sinclair and Fletcher (1974).
The initial states as generated by the Metropolis sampling are used directly in the
determination of the transition probability. It is certain that in the generation of
Metropolis samples, a certain number of elements, if not all, will not yield a zero
gradient norm:
F = grg = 0,

(69)

in which g is the gradient for the system and gr is its transpose. The assumption is
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made, however, that a given configuration, representative of an arbitrary element
of the ensemble, is not far removed from mechanical and thermodynamic
equilibrium. In the process of establishing the actual expression for the transition
probability in the definition of the rate constant
k =

i o dvdrJciP(r,v)

(70)

0

(v = dr/d 0, one begins with
P(r,v) = exp [ - flH]/fdvdr e x p [ - fill],

(71)

in which H is the classical Hamilton function: H = T + V, and T is the kinetic
energy. The complete configurational integral is defined as
f d r e x p ( - flV).

(72)

Given the fact that a small non-equilibrium configuration can also contribute to the
integral, one considers the expansion,
V(r) = V(ro) + grr + 1/2rrAr,

(73)

in which the coefficients are evaluated in terms of the instantaneous location of
each of the species. Because of the non-vanishing of the linear term in (73), the
actual energy is displaced permanently from the true equilibrium energy V0. It is
still possible to carry out the indicated integrations and the results are only slightly
altered from those obtained from an expansion about the equilibrium configuration
(gTg = 0) (Aitken 1956):
f d r e x p [ - grr - 1/2rrAr] = (27r)'a2[A [-1/2 exp(1/2grAg),

(74)

and now the energy,
V(r0) - 1/2gTAg,

(75)

represents the energy of a particular configuration. It seems reasonable to expect
that, on average,
(gTAg) = 0,

(76)

that is, the average force should vanish. Thus, even though the Metropolis
simulation may generate individual non-equilibrium configurations, the sum over
large numbers of these configurations should yield energies which accurately reflect
true equilibrium quantities.
There is a practical consideration which lies behind the above analysis. If it were
not possible to use near-equilibrium configurations, optimization to local minima
would be required. This is an expensive process computationally, and if required,
would greatly increase the time needed to simulate a reaction.
The determination of the transition state begins with the use of a suggestion
made by Sinclair and Fletcher (1974). The location of the transition state is initially
estimated with the use of the initial and final states of an individual configuration of
the ensemble. The vector clf = c f - c i , which directly links the initial and final
states, is used as the initial direction for the search for the saddle point. Because
both the inilial and final states are energy minima, Sinclair and Fletcher (1974)
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argue that along the line cif there must be a maximum. The line for the search is
x = ci + as, where s = cr --< a -< 1).
After the initial search for the transition state has been made, the refinement of
the search to establish the saddle point can proceed with the use of a variety of
methods. It is important to note that as of this writing, there is no best method. The
problem of saddle-point optimization is under active investigation in particular with
reference to the determination of transition state configurations via quantum
chemical calculations. The major obstacle to surmount for any algorithm is the
length of time it takes to reach an optimum configuration. The question of whether
an optimum is global versus local is less of an issue, as it is possible to constrain the
optimization to search regions of a mechanical system where one 'knows' by
iatuition that there should be a reasonable transition state. At this point, it is
necessary to admit that the model calculations which I have carried out to simulate
the proton transfer, as an illustration of this discussion, have not proceeded as far
as I should have liked. The problem is time. For example, although the algorithm
definitely determines the saddle-point for the transfer, for any particular related
pair of initial and final states, the optimization to the transition state (with the use
of the Honeywell Level 68 computer) takes approximately 66 seconds. To obtain a
reasonable sample of approximately 50,000 configurations would take 40 days on
our machine. There is an unambiguous need to 'trim' the system, to focus the
optimization on a subsystem of the whole system, and thereby accelerate
convergence to an optimum for each configuration of the Metropolis sample. In the
remaining paragraphs of this paper, therefore, I shall simply discuss the saddle
point optimization which I have employed, warning the reader fairly - I believe that improvements are needed and indeed under development.
In order to refine the search for the optimum, I initially chose to use the
conjugate gradient method proposed by Sinclair and Fletcher (1974). This method
has been refined by Bell et al (1981) and by Bell and Crighton (1984) by combining
the conjugate gradient search with Newton-Raphson types of optimization. I
believe that this method offers real possibilities for rapid optimization, but I found
that there were difficulties in coding the algorithm in a way which ensured
convergence to energy minima in directions conjugate to the direction along which
one finds the energy maximum of the saddle point. These initial attempts made use
of the simpler approach of Sinclair and Fletcher (1974) only to avoid the added
burden of coding the Newton-Raphson steps.
The method I eventually found to work with certainty was the direct
Newton-Raphson method. The calculation employed analytical gradients and
Hessian matrices (matrices of the force constants). As noted by Banerjee et al
(1985), if H is the Hessian matrix and g the gradient vector, the stationary condition
yields
Hx + g = 0.

(77)

If H is diagonalized by a unitary matrix U, then (with diagonal elements hi)
h = U+HU

(78)

and
q = U+x

G = U+g.

(79)
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As a result, with q the vector of principal modes, optimization takes the form of N
simple equations
qi =

-- ai/hi.

(80)

Stationary points have Gi = 0. Thus, the qi can be used as steps in the direction of
the optimum along each axis. If h / < 0, the search will find a maximum, and if
hi > 0 the search will find a minimum.
The determination of the transition state involved, therefore, the following steps
after the initial estimate of its location. The analytical gradient vector and Hessian
matrix were determined with reference to these cartesian coordinates. The Hessian
matrix was then diagonalized and the resulting eigenvectors (one column for each
eigenvalue) were used as the unitary matrix to transform the coordinate vector of
the transition state and the associated gradient to the principal axis representation.
Equations (80) were solved, and the q; were used together with a scale factor, to
estimate shifts in the direction of the optimum. Convergence to the transition state
was determined when the ratio of the energy difference to previous energy was less
than a preset tolerance (0.01, or 1%).

6.

Discussion

There are several observations which can be made even with only the preliminary
results which have been obtained with the use of the optimization outlined above.
Part of these observations come from the earlier work which used a simpler, but far
less accurate, form of estimating the transition state.
Two calculations were carried out. In the first calculation, the transition state for
the ABA inversion in vacuum was determined. Symmetry dictates that it should be
linear in the transition state, and indeed it is found to be so. This calculation served
as a check on the routine. In addition, however, because the calculations alone
required very little t i m e - there was no solvent optimization involved, it was
possible to explore the stability of the transition state in order to see if the transfer
could take place via an adiabatic path or not. The test for adiabaticity is very simple
when one uses Newton-Raphson methods of optimization. The determination of
the Hessian matrix is already an accomplished step in the routine. Therefore, it
remains necessary only to diagonalize the force constants for the migrating species
in the field of the remaining species. The results, listed in table 1, include the
eigenvalues which are associated with the principal axes for the motion of the
transfer-species in the transition state. If one of the eigenvalues is negative, then
the transition state cannot be reached via an adiabatic path, as asserted in the
preceding discussion.
One would think that for the simple bent ABA system, there ought to be an
accessible adiabatic transition state when the A - A interaction is allowed to vanish.
This was not found. There is an explanation for the result. For such a system, there
cannot be a transition state. The transformation along a path of lowest overall
energy is isoenergetic. That is, a constant bond-length, bond-binding transformation, which inverts the molecule, does so without change in energy. The algorithm,
however, searches for a saddle-point at a pre-determined distance between the
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initial and final states with the A - A distance frozen at its initial state length. Thus,
in fact, a search is carried out along translational axes and a false transition state is
found. It is clear that in cases such as this, the walking algorithm of Simons et al
(1983) and Banerjee et al (1985) should be used in order to avoid the unphysical
focus on a local optimum (here, a saddle-point). The correct result should
automatically be an isoenergetic transformation.
On the other hand, when the A - A interaction is nonvanishing, a true transition
state is found which reflects the balance in forces between the A - A attraction and
the A-B repulsions in the transition state.
The introduction of a solvent complicates the analysis simply by increasing the
number of interactions which must be considered. However, for this simple system,
the result in solution is not that very different from that of the vacuum calculation.
The presence of solvent can force the transition state to be slightly off-centre from
that predicted for the vacuum. However, the adiabaticity of the transition will be
essentially that which is found in the vacuum.
Table 2 presents the results of one saddle-point determination which was carried
out on one pair of initial and final state configurations. The initial and final state
configurations were generated from a system in which the bent ABA molecule in its
initial and final states was equilibrated with 24 additional molecules of disk-like
solvent in a two-dimensional system. The method of minimum images was used to
reduce or eliminate boundary effects. Table 2, lists the eigenvector analysis of the
transfer species in the transition state. The first eigenvalue is negative; it is
associated with an eigenvector for the displacement of the transfer species, the
proton, along the Ca-transfer axis. The second eigenvalue is positive definite; thus,
transverse motions of the proton in the transition state are stable. The conclusion of
this part of the analysis is that this particular configuration is not stable. Thus, if the
transfer is to take place, it must do so by means of a tunnel-transfer. This type of
calculation can be carried out with the use of the methods which have already been
summarized above. A simple form of analysis has been presented before (Schmidt
1985, 1986).
Before concluding this discussion, it is necessary to note one point which has
been set aside until now. To be specific, the question of the combined electron and
proton/hydrogen transfer has not yet been addressed. This is an issue which has
been examined in some detail by Levich et al (1970). Their approach to the
hydrogen evolution reaction in particular has been to employ a 'double adiabatic
hypothesis' to separate, first, the elect ronic degrees of freedom from those of the
proton and the environment and then to consider the separation of the proton from
the environment. The transfer in the diabatic limit, as evaluated with the use of the
quantum mechanical expression for the first order time:dependent perturbation,
then involves interactions of the various subsystems. At least part of the notion
which is involved assumes that there is in effect a simultaneous electron and atom
transfer. There is unfortunately no strong evidence which supports or denies this
position (Conway 1982). It is nevertheless a possible mechanism.
The issue with reference to the approach taken in this paper is simply how one
incorporates electron-transfer into the atom-transfer. The answer is that the seed of
a theory is sown in the suggestion that one follow the migration of a quantal
species - atom or electron - by following the centre-of-gravity of the wavepacket.
It is relatively easy to see that were one to focus attention on the electron as the
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Table 2. An examination of the transition state of A-A-B in solution.
This calculation determined the transition state for one configuration of the coupled initial and final
states in a Metropolis/Monte Carlo simulation in which the bent ABA molecule was equilibrated in its
initial and final states with 24 disk-like molecules of solvent in a two-dimensional array. The minimum
image approximation was used to eliminate boundary effects. The system was equilibrated at 300 K and
50,000 additional cycles were executed before the sample configuration was isolated. The parameters
within the molecule are those of table 1, with E0(A-A) = 0.9x 10-12 erg.
Starting energies for this simulation:
-7.97813
-8.09295
Initial estimate of transition state energy:
-7-9453
Stability analysis of the transition state eigenvalues
-4.7681
284.3724
eigenvectors
1-0000
0.0002
-0.0002
1.0000
E(trans)=

-7.9453

Coordinates of the transition state:
Solute, ABA
x(B)
0-00000

y(B)
0-00000

x(A1)
0-08367

y
7.23441
-1.73176
4.67485
-5.27276
-4-06618
4-75163
-5.25535
2.39117

x
-7.39451
-7.24766
-3-15053
-0.31894
2.57178
2-95082
6-06341
5.50340

y(A 1)
1.38099

x(A2)
-0-01873

y(A2)
-1-38088

x
-5.98359
-4-67376
-3.39582
-3.22267
2.52242
2.89630
4-64411
3-83310

y
1.57997
4.60817
-1.37241
7.08074
6.61329
0.74764
5-09055
-4.85590

Solvent species
x
-5.99013
-6.36082
-1.78148
-4.23240
-1-93476
0-70885
1.05938
5.48582

y
4.23746
-5.16724
1.52756
7.33602
-2.46083
3.22716
7.27071
-2-19837

m i g r a t i n g species, t h e d e t e r m i n a t i o n o f t h e t r a n s i t i o n s t a t e w o u l d i n v o l v e t h a t
species. T h e test for t h e a d i a b a t i c i t y o f a t t a i n m e n t o f the t r a n s i t i o n s t a t e for t h e
e l e c t r o n n e e d s to b e p e r f e c t e d ; it is c l e a r l y insufficient to t r e a t t h e e l e c t r o n in its
i n t e r a c t i o n with its s u r r o u n d i n g s in t h e s a m e m a n n e r as has b e e n d o n e h e r e for t h e
a t o m . In a n y e v e n t , t h e s e a r c h for a n d t h e r e a l i z a t i o n o f the t r a n s i t i o n s t a t e involves
n o t o n l y t h e e l e c t r o n b u t also t h e d i s p l a c e m e n t o f all the p a r t i c l e s o f t h e s y s t e m .
T h u s , a u t o m a t i c a l l y , in t e r m s o f t h e s i m u l a t i o n , o n e finds t h a t it is p o s s i b l e - in
a p p r o p r i a t e s i t u a t i o n s - to find t h e s i m u l t a n e o u s e l e c t r o n a n d a t o m t r a n s f e r which
o n e w o u l d e x p e c t p e r h a p s for the h y d r o g e n e v o l u t i o n r e a c t i o n . T h i s f a s c i n a t i n g
p o s s i b i l i t y n e e d s to b e d e v e l o p e d , in m y o p i n i o n . T h e r e a l i z a t i o n o f t h e t r a n s i t i o n
state and the modelling of the transition state through computer simulation ought,
in t h e e n d , to i m p r o v e o u r u n d e r s t a n d i n g o f m a n y c h e m i c a l r e a c t i o n s .
In s u m m a r y , t h e t r a n s i t i o n state t h e o r y for t h e p r o t o n / h y d r o g e n t r a n s f e r r e a c t i o n
has b e e n cast into a f o r m which a d m i t s e v a l u a t i o n b y m e a n s o f t h e M e t r o p o l i s /
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Monte Carlo method. The principal results are (1) the construction of an algorithm
which connects the initial and final state configurations in individually generated
Metropolis samples, and (2), a demonstration that it is possible to find a transition
state for the initial/final state pair by means of the use of a relatively simple
Newton-Raphson optimization. Incidental issues which have received attention
are, one, the matter of the determination of the transition state when a particle
obeys the quantum mechanical limit - i.e., experiences a considerable uncertainty
spread. The quantum mechanically diffuse particle is 'moved' by moving the
centre-of-gravity of the wavepacket. Two, oblique tunnel-transfers have been
handled with the use of basis sets located at the initial, transition, and final states.
And, finally, the additional environmental reorganization necessary to accompany
a tunnel-transfer has been evaluated in terms of a zero-temperature evaluation of
the quantum mechanical transition probability.
The results, in sum, seem to point the way to a computational theory of the
transition state. A considerable amount of work remains to be done. The discussion
contained in this paper merely offers an initial suggestion. Nevertheless, it is a
suggestion which seems to me to be reasonable.
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