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The phase problem of x-ray crystallography
HERBERT HAUPTMAN
Medical Foundation of Buffalo, 73 High Street, Buffalo, New York 14203, USA
Abstract. Three major themes are developed:
(i) The fundamental principle of direct methods: The structure seminvariants link the
observed magnitudes IEI with the desired phases ~ of the normalized structure factors E.
Specifically, for fixed enantiomorph, the observed magnitudes IEI determine, in general,
unique values for all the structure seminvariants; the latter, in turn, as certain well defined
linear combinations of the phases, lead to unique values for the individual phases ~.
(ii) The neighbourhood principle: For fixed enantiomorph, the value of any structure
scminvariant Tis primarily determined, in favourable cases, by the values of one or more small
sets of magnitudes let, the neighbourhoods of T, and is relatively insensitive to the great bulk
of remaining magnitudes. The conditional probability distribution ofT, given the magnitudes
in any of its neighbourhoods, yields an estimate for T which is particularly good in the
favourable case that the variance of the distribution happens to be small.
(iii) The extension concept: By embedding the structure seminvariant T and its symmetry
related variants in suitable structure invariants Q, one obtains the extensions Q of the
seminvariant T. In this way the probabilistic theory of the structure semin~ariants is reduced to
that of the structure mvariants, which is well developed.
Finally, the traditional techniques of direct methods are combined with isomorphous
replacement and anomalous dispersion.
Keywords. Direct methods;invariant; seminvariant; distribution; neighbourhood; extension.

1.
1.1

Introduction

The phase problem

The intensities o f a sufficient number o f x-ray diffraction maxima determine a crystal
structure. The available intensities usually exceed the n u m b e r o f parameters needed to
describe the structure. F r o m these intensities a set o f numbers IEnl can be derived, one
corresponding to each intensity. However the elucidation o f the crystal structure
requires also a knowledge o f the complex n u m b e r s E n = [Eul exp (id?u), the normalized
structure factors, o f which only the magnitudes [En[ can be determined f r o m
experiment. Thus a "phase" ~ba, unobtainable f r o m the diffraction experiment, must be
assigned to each IEnl, and the problem o f determining the phases when only the
magnitudes lEa[ are k n o w n is called "the phase problem". O w i n g to the k n o w n
atomicity o f crystal structures and the r e d u n d a n c y o f observed magnitudes lEa[, the
phase problem is solvable in principle.

1.2 The structure invariants
The values o f the individual phases are determined by the crystal structure and the
choice o f origin. However, there always exist certain linear combinations o f the phases
whose values are determined by the structure alone and are independent o f the choice o f
origin. These linear combinations o f the phases are called the structure invariants.
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1.3 The structure seminvariants
For all space groups other than P1 the origin may not be chosen arbitrarily if one is to
exploit fully the space group symmetries. Those linear combinations of the phases
whose values are uniquely determined by the crystal structure and are independent of
the choice of permissible origin are known as the structure seminvariants. Thus the
collection of structure invariants is a subset of the collection of structure seminvariants.
In the space group P1 the two classes coincide.
1.4 The fundamental principle of direct methods
For fixed enantiomorph, the observed magnitudes IEI determine, in general, unique
values for all the structure seminvariants. The latter in turn, as certain well-defined
linear combinations of the phases, lead unambiguously to unique values for the
individual phases. Thus the structure seminvariants serve to link the known magnitudes
[E Iwith the desired phases tk (the fundamental principle of direct methods). By the term
"direct methods" is meant that class of methods which exploits relationships among the
structure factors in order to go directly from the observed magnitudes IEI to the needed
phases ~b.
1.5 The neighbourhood principle
For fixed enantiomorph, the value of any structure seminvariant T is primarily
determined, in favourable cases, by the values of one or more small sets of observed
magnitudes IEI, the neighbourhoods of T, and is relatively insensitive to the values of
the great bulk of remaining magnitudes (the neighbourhood principle). The conditional
probability distribution ofT, given the magnitudes in any of its neighbourhoods, yields
an estimate for T that is particularly good in the favourable case that the variance of the
distribution happens to be small.
1.6 The extension concept
By embedding the structure seminvariant T and its symmetry related variants in
suitable structure invariants Q one obtains the extensions Q of the seminvariant T.
Owing to the space group-dependent relationships among the phases the value ofT is
simply related to the values of its extensions. In this way the probabilistic theory of the
structure seminvariants is reduced to that of the structure invariants, which is well
developed. In particular, the neighbourhoods of T are defined in terms of the
neighbourhoods of its extensions.

1.7 Combining direct methods with isomorphous replacement and anomalous dispersion
Most "small" crystal structures, i.e. those with fewer than some 100 independent,
nonhydrogen atoms per unit cell, are rather routinely solvable nowadays by traditional
direct methods. For the solution of macromolecular structures, on the other hand, the
method of isomorphous replacement is universally used, and anomalous dispersion
often plays an important supplementary role. One naturally anticipates therefore that
integrating the traditional techniques of direct methods with isomorphous replacement
and anomalous dispersion will strengthen our ability to solve complex structures. This
goal has recently been achieved, and the initial applications strongly suggest that the
expected improvement is in fact realized.
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The phase problem

If one denotes by tkn the phase of the structure factor F u,
F . = IF.I exp (i~bn),

(1)

then the relationship between the Fn's and the electron density function p(r) is given by
F a = fp(r) exp (2niH "r)d V

(2)

V

and

1
p(r) = ~

Fnex p ( - 2:till" r)

V H

=

z r .i

in which Vrepresents the unit cell or its volume and H is a reciprocal lattice vector. Only
the magnitudes IFnl of a finite number of structure factors are obtainable from
experiment; the values of the phases ~ n, which are also needed if one is to determine p(r)
from (3), cannot be determined experimentally. It follows that the phase problem, to
determine the values of the phases ~bx of the structure factors F n when only the
magnitudes ]Fnl are given, is, in principle, unsolvable when formulated in these terms.
Next, suppose that the real crystal, with continuous electron density p(r), is replaced
by an idealized one, the unit cell of which consists of N discrete, non-vibrating, point
atoms. Then the structure factor F n is replaced by the normalized structure factor E x
and (1) to (3) are replaced by
e . = IE.I exp (i~a),
1 n
E. = --a~/z; ~=1fj exp (2niH 9r~),
(Exexp(-2niH'r)

(4)
(5)

) x --a ~1--~
/ 2 ( j ~ t f j exp [27riH" (rj - r ) ] ) x
#

=/-~--/2 if r = rj
= 0 if r ~ r j,

(6)

wherefj is the zero-angle atomic scattering factor, r~ is the position vector of the atom
labelled j, and
N

a,=

Xf~i,

n=1,2,3 .....

(7)

j=l

In the x-ray diffraction case thef~ are equal to the atomic numbers Zj and are therefore
all positive; in the neutron diffraction case some of the fj may be negative.
In practice the magnitudes IEM[ of the normalized structure factors E Mare obtainable
(at least approximately) from the observed magnitudes IFni while the phases ~bx, as
defined by (4) and (5), cannot be determined experimentally. Since one now requires only
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the 3N components of the N position vectors rj, rather than the much more
complicated electron density function p(r), it turns out that, in general, the known
magnitudes are more than sufficient. This is most readily seen by replacing (5) by

[EnI= I/~/2J ~ lf~exp(27tiS'rj)]

(8)

a system of equations in which the only unknowns are the 3N components of the
position vectors rj. Since the number of equations (8), equal to the number ofreciproeal
lattice vectors H for which the magnitudes [Ea[ arc observed, usually exceeds the
number of unknowns, 3 N, by far, the system (8) is redundant. Thus the phase problem
is, in principle, solvable when reformulated in terms of fixed, point atoms.
3.

The structure invariants

Equation (6) implies that the normalized structure factors E a determine the crystal
structure. However (5) does not imply that, conversely, the crystal structure determines
the values of the normalized structure factors E a since the position vectors r~ depend
not only on the structure but on the choice of origin as well. It turns out nevertheless
that the magnitudes [Eal of the normalized structure factors are in fact uniquely
determined by the crystal structure and are independent of the choice of orig~n but that
the values of the phases On depend also on the choice of origin. Although the values of
the individual phases depend on the structure and the choice of origin, there exist
certain linear combinations of the phases, the so-called structure invariants, whose
values are determined by the structure alone and are independent of the choice of

origin.
If the origin of coordinates is shifted to a new point having position vector r0 with
respect to the old origin, then, from the definition (equation (5)) of E H, it follows
readily that the phase ~N of the normalized structure factor E Hwith respect to the old
origin is replaced by the new phase ~ ~ with respect to the new origin given by
~

= O a - 2 ~ H "ro.

(9)

Equation (9) implies that the linear combination of three phases,

~3 = ~'.+ ~,,+ ~'L,

(10)

is a structure invariant (triplet) provided that
H+K+L

= 0;

(11)

the linear combination of four phases,

is a structure invariant (quartet) provided that
H+K+L+M
etc.

= 0;

(13)
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The structure seminvariants

For all space groups other than P1 the origin may not be chosen arbitrarily if the
simplification permitted by the space group symmetries is to be realized. For example, if
a crystal has a centre of symmetry it is natural to place the origin at such a centre while if
a two-fold screw axis, but no other symmetry element is present, the origin would
normally be situated on this symmetry axis. In such cases the permissible origins are
greatly restricted and it is therefore plausible to assume that many linear combinations
of the phases will remain unchanged in value when the origin is shifted only in the
restricted ways allowed by the space group symmetries. One is thus led to the notion of
the structure seminvariant, those linear combinations of the phases whose values are
independent of the choice of permissible origin.
4.1 The equivalence concept
For any space group the coordinates of equivalent positions depend upon the choice of
origin. Hence the functional form for the geometric structure factor also depends on the
choice of origin. Two origins will be said to be equivalent if they give rise to the same
functional form for the geometric structure factor. Alternatively, two points are
equivalent if they are geometrically situated in the same way with respect to the
symmetry elements. Thus, in the space group P1 all points are equivalent; in P r all eight
centres of symmetry are equivalent to each other, but no other point is equivalent to any
of these eight; in P21 all points on any of the four two-fold screw axes are equivalent to
each other, but no other point is equivalent to a point on a two-fold screw axis; in P4 all
points on either of the two four-fold axes are equivalent to each other, all points on
either of the two two-fold axes are equivalent to each other, but no point on a two-fold
axis is equivalent to any point on a four-fold axis. All points equivalent to a given point
are equivalent to each other and are said to form an equivalence class.
4.2 The primary origin
Refer to "International Tables of X-Ray Crystallography",Vol. 1, in order to define the
primary origin for each space group.
4.3 The permissible origins
All points equivalent to the primary origin constitute the permissible origins for each
space group.
4.4 The structure seminvariants
The structure seminvariants are those linear combination of the phases whose values
are uniquely determined by the crystal structure alone, no matter what the choice of
permissible origin. Alternatively, for a given functional form for the geometric structure
factor, the values of the structure seminvariants are determined by the structure alone.
The structure invariants and seminvariants have been tabulated for all the space
groups (Hauptman and Karle 1953, 1956, 1959; Karle and Hauptman 1961; Lessinger
and Wondratschek 1975). A few examples will illustrate the method used to identify the
structure seminvariants in the different space groups.
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Space Goup P1

Refer to "International Tables of X-Ray Crystallography", Vol. 1. to infer that there are
eight permissible origins in PI:

(000), (89

(0 89 (0089 (89189 (89 89 (0 89 (89189189

(14)

4.5a. The one-phase structure seminvariants ~bn. From (9) it follows that ~b~ = ~bn for
all permissible origins ro if and only i f H . r o is an integer, i.e. in view of (14), if and only if
the components of H are even. Hence the single phase ~bn is a structure seminvariant in
P i if and only if the three components of H are even integers.
4.5b. Yhe two-phase structure seminvariants ~bHdr ~bx. Follow the argument in w4.5.a to
infer that the linear combination of two phases ~bu+~bK in P1 is a structure
seminvariant if and only if the three components of H + K are even integers.
4.6

Space groups P2 and P21; Unique axis b.

The permissible origins are

(OyO), (Oy89 (89

(89189

05)

where y is arbitrary. Then from (9) infer that the single phase q~hkZis a structure
seminvariant if and only if h and I are both even and k = 0; the linear combination of
two phases

~)htklll dr ~)h2k212,
is a structure seminvariant if and only if hx + h2 and 11 + 12 are both even and
k 1 + k 2 = 0; etc.
4.7

Space group P4

The permissible origins are

(0 0 z), (8989z),

06)

where z is arbitrary. It follows from (9) that the single phase ~bhk~ is a structure
seminvariant if and only if h + k is even and I = 0; the linear combination of two phases

~hakll I dr ~)h2k212,
is a structure seminvariant if and only if (h 1 + k 1) + (h 2 + k 2) is even and 11 + 12 = 0; etc.
4.8

Origin and enantiomorph specification

The theory of the structure seminvariants leads in a natural way to space group
dependent recipes for origin and enantiomorph specification.
In general the theory identifies an appropriate set of phases whose values are to be
specified in order to fix the origin uniquely. For example, in space group P1 the values
of any three phases

~)htklll , ~)h2k212, ~)h~kal3 ,

(17)
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for which the determinant A satisfies
hi kl 11
A =

h 2 .k 2 12

=

+ 1,

(18)

ha k3 13
may be specified arbitrarily, thus fixing the origin uniquely. Once this is done then the
value of any other phase is uniquely determined by the structure alone. For
enantiomorph specification it is sufficient to specify arbitrarily the sign of any
enantiomorph sensitive structure invariant, i.e. one whose value is different from 0 or ft.
(See Hauptman 1972, pages 28-52, for further details.)
In the space group Pi-one again specifies arbitrarily the value (0 or n) of three phases
(17), but now the condition is that the determinant A [defined by (18)] be odd.
Similar recipes for all the space groups are now known and are to be found in the
literature cited.

5. The fundamental principle of direct methods
It is known that the values of a sufficiently extensive set of cosine seminvariants (the
cosines of the structure seminvariants) lead unambiguously to the values of the
individual phases (Hauptman 1972). Magnitudes IE! are capable of yielding estimates
of the cosine seminvariants only or, equivalently, the magnitudes of the structure
seminvariants; the signs of the structure seminvariants are ambiguous because the two
enantiomorphous structures permitted by the observed magnitudes Iel correspond to
two values of each structure seminvariant differing only in sign. However, once the
enantiomorph has been selected by specifying arbitrarily the sign of a particular
enantiomorph sensitive structure seminvariant (i.e. one different from 0 or n), then the
magnitudes [E I determine both signs and magnitudes of the structure seminvariants
consistent with the chosen enantiomorph. Thus, for fixed enantiomorph, the observed
magnitudes [E [ determine unique values for the structure seminvariants; the latter, in
turn, lead to unique values of the individual phases. In short, the structure
seminvariants serve to link the observed magnitudes IE I with the desired phases ~b(the
fundamental principle of direct methods). It is this property of the structure
seminvariants which accounts for their importance and which justifies the stress placed
on them here.

6. The Neighbourhood principle: Estimating the structure invariants
It has long been known that, for fixed enantiomorph, the value of any structure
seminvariant $ is, in general, uniquely determined by the magnitudes IEI of the
normalized structure factors. Recently it has become clear that, for fixed enantiomorph,
there corresponds to ~bone or more small sets of magnitudes IE 1,the neighbourhoods
of~k, on which, in favourable cases, the value of~b most sensitively depends; that is to say
that, in favourable cases, $ is primarily determined by the values of IE I in any of its
neighbourhoods and is relatively independent of the values of the great bulk of
remaining magnitudes. The conditional probability distribution of ~,, assuming as
known the magnitudes IE I in any of its neighbourhoods, yields an estimate for $ which
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is particularly good in the favourable case that the variance of the distribution happens
to be small [-the neighbourhood principle (Hauptman, 1975a, b)].
6.1 The three-phase structure invariant (triplet) in P1
6.1.a. The first neighbourhood of the three-phase structure invariant. If H, K, and L are
three reciprocal lattice vectors satisfying (11), then the first neighbourhood of the threephase structure invariant ~'a [-equation (10)] is defined to consist of the three
magnitudes

[En[, [EKI, IEL[.

(19)

6.lb. The probabilistic background. Suppose that a crystal structure consisting of N
atoms (not necessarily identical) per unit cell in PI is fixed. Denote reciprocal space by
Wand by Wx Wx Wthe three-fold Cartesian product consisting of all ordered triples
(H, K, L) of reciprocal lattice vectors. Assume also that RI, R 2, and R 3 are fixed positive
numbers. Suppose finally that the primitive random variable (vector) is the ordered
triple (H, K, L) of reciprocal lattice vectors which is assumed to be uniformly
distributed over the subset of Wx Wx Wdefined by
IE.[ =

IE,I =

IE,.I = R3,

(20)

and (11). Then the three-phas~ structure invariant ~3 [equation (10)], as a function of
the primitive random variable (H, K,. L), is itself a random variable.
6.1c. The condition probability distribution of the three-phase structure invariant ~/3,
assuming as known the three magnitudes in its first neighbourhood. Denote by
P1)3 = P(~P{RI, R2, R3)

(21)

the conditional probability distribution of ~b3, given (20). Then (Cochran 1955;
Hauptman 1976b)
Plls ~ ~

1

exp (A cos ~F),

(22)

where I o is the modified Bcssel function,
2(73
A = ~ RI R2 R3,

(23)

and ~ is defined by (7). Since A > 0, Pml3hasa unique maximum at ~ = 0, and it is clear
that the larger the value of A the smaller is the variance of the distribution. See figure 1,
where A = 2.316, figure 2, where A = 0-731. Hence in the favourable case that A is
large, say, for example, A > 3, the distribution leads to a reliable estimate of the
structure invariant ~a, zero in this case:
~3 "~ 0 if A is large.

(24)

Furthermore, the larger the value of A, the more likely is the probabilistic statement
(24). It is remarkable how useful this relationship has proved to be in the applications;
and yet (24) is severely limited because it is capable of yielding only the zero estimate for
~a, and only those estimates are reliable for which A is large, the favourable cases.
There is nothing in the older formulations of this relationship which suggests, for
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Figure I. The distribution P1/a, equation (22) for A = 2"316.
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Figure 2. The distribution Pa/3, equation (22) for A = @731.
example, how one may obtain a reliable estimate for ~'a in the nr
of it. A
major goal in the present formulation is to make clear how the results described here
are to be extended to structure invariants in general and to yield better estimates which
may lie anywhere in the interval ( - ~, it).
It should perhaps be mentioned in passing that another consequen~ of the
distribution (22) is the so-called tangent formula which is universally used by direct
methods practitioners:
(IEkE~_kl sin ((bk+ ~h-k) )k
tan ~bb = (iEkEh-kJC~ (~bk+ ~ - k ) ) k '
in which h is a fixed reciprocal lattice vector, the averages are taken over the same set
of vectors k in reciprocal space, usually restricted to those vectors k for which [Ekl and
]Eh_kJ are both large, and the sign of sin ~bh(cos~bk) is the same as the sign of the
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numerator (denominator) on the right hand side. The tangent formula is usually used to
refine and extend a basis set of phases, presumed to be known.
6.2 The four-phase structure invariant (quartet) in P1.
6.2a, The first nei#hbourhood of the four-phase structure invariant. If H, K, L, and M
are four reciprocal lattice vectors satisfying (13), then, in analogy with w
the first
neighbourhood of the four-phase structure invariant ~k4 [equation (12)] is defined to
consist of the four magnitudes

IE.I, lEd, led, IEMI-

(25)

6.2b. The probabilistic back#round. One employs the same probabilistic background
as in w h with the difference that now one specifies four positive numbers RI, R2, Ra,
and R 4 and assumes that the primitive random variable is the ordered quadruple
(H, K, L, M) of reciprocal lattice vectors which is uniformly distributed over the subset
of the four-fold Cartesian product Wx Wx Wx B/defined by

IE.I =

IE,I=R , lEd--

R,,

IEMI=

R4,

(26)

and (13). Then the four-phase structure invariant I]/4 [equation (12)], as a function of
the primitive random variable (H, K, L, M), is itself a random variable.
6.2c. The conditional probability distribution of the four-phase structure invariant ~b4,
assumin# as known the four ma#nitudes in its first neifhbourhood. Denote by
P.~I4= P(VIR1, R2, g3, R4),

(27)

the conditional probability distribution of ~k4, given (26). Then (Hauptman, 1975a, b),
P114~ ~

1

exp (B cos W),

(28)

where
2o-4

B= ~

RI R2R3R4,

(29)

and o-, is defined by (7). Thus P~]4is identical with Pq3, but B replaces A. Hence similar
remarks apply to P ~14"In particular, (28) always has a unique maximum at ~F = 0 so that
the most probable value of ~k4, given the four magnitudes (26) in its first neighbourhood, is zero, and the larger the value of B the more likely it is that ~b4 ~ 0. Since B
values, of order l/N, tend to be less than A values, of order 1~x/N, at least for large
values of N, the estimate (zero) of~k4 is in general less reliable than the estimate (zero) of
g~a. Hence the goal of obtaining a reliable non-zero estimate for a structure invariant is
not realized by (28). The decisive step in this direction is made next.
6.2d. The second neiffhbourhood of the four-phase structure invariant ~4. If one assumes as known not only the four magnitudes (25), but the additional three magnitudes
IE.+,l, IE,+d, IEL+.I, then, in favourable cases, one obtains a more reliable estimate
for ~b4and, furthermore, the estimate may lie anywhere in the interval 0 to n. The idea to
use these three additional magnitudes is suggested by the following heuristic argument
(Schenk and de Jong 1973; Schenk 1973, 1974; Hauptman 1976a).
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Assume first that the four magnitudes (25) are all large:

IE.I, lEd, led, IEMIare all large,
where H, K, L, M satisfy (13). If it should happen that
implies

(30)

Ie.+gl is also large then (24)

~bx+ ~bg+t~_x_g ~ 0,

(31)

and, in view of (13),
~bL+ ~bM+~bn+g ~ 0.

(32)

Then, by the addition of (31) and (32),
~ H -~- {# K"l- ~ L "~"~/)M ~,~-,0.

(33)

If ]Eg+L] is large or if IEL+.l is large then, by symmetry, the relationship (33) again
holds. If it should happen that
iEH+g[, ]Eg+L I, IEL+H] are all large,

(34)

then one would again expect (33) to hold, but now with very high probability. However,
the distribution (28) implies that the value of $4 must occasionally be in the
neighbourhood of~, even ifB is quite large. How is one to identify the small fraction of
quartets which are in fact near n? In view of the foregoing argument it is plausible to
suppose that
~ H "]- ~ K "~ ~) L -~ 1~M ~,~ ~

(35)

precisely in the case that

le.+KI, lEg+d,

IE,+~I are all small.

(36)

Although the argument presented here is heuristic only and proves nothing, it does
suggest the question: What is the conditional probability distribution of the quartet ~b4,
assuming as known the seven magnitudes le.I, led, led, IE~l, IE.+KI, leg+d, leL+.l?
In view of this discussion one defines the second neighbourhood of ~'4 to consist of
the seven magnitudes

Ie.I, led, lull, IE~,l, Ie.+d, lEg+d, IEL+.I9

(37)

6.2e. The conditional probability distribution of the four-phase structure invariant ~b4,
assuming as known the seven magnitudes in its second neighbourhood. Assume that the
seven positive numbers R1, R2, R3, R4, R12, R23, R3~ are fixed. Suppose next that the
ordered quadruple of reciprocal lattice vectors (H, K, L, M) is a random variable which
is uniformly distributed over the subset of the fourfold Cartesian product Wx Wx W
x W defined by

IE.I = RI, IEgl = R2, lEd-- Ra, IEMI-- g,;
IE.+d -- RI,, IEK+d = R2a, IEL+.I = Rax;

(38)
(39)

and (13). Then ~k4,as a function of the primitive random variable (H, K, L, M), is itselfa
random variable. Denote by
PI[7 =

P(•IR1, R2, Ra, R4, R12, R2a, Ra,)

(40)
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the conditional probability distribution of the quartet r
(38) and (39). Then (Hauptman, 1975a, b; 1976b)

given the seven magnitudes

P~lv ~" ~l exp ( - 2B' cosI~II)]o(_~_2/2RI221.2)lo(_~__2/2R23X23)
20"3
20"3

X

2(73

where
I

o2o4)RI Rz R3R4,

(42)

X12 = [R~R~ 4- R3R42 .2+ 2R1R.2RaR4 cos ~F] 1/2,

(43)

X2 3

2 234- R~R~ 4- 2RtR2R3R, cos V] ~/'2,
= [R.2R

(44)

,X-31

.2
21 +
= [R3R

R~R~+ 2Rt R2R3R4cos ~P] 1/.2,

(45)

B' = ~323(3032-

~r is defined by (7), and L is a normalizing parameter, independent of ~ , which is not
needed for the present purpose.
Figures 3-5 show the distribution (41) (solid line
) for typical values of the seven
parameters (38) and (39). For comparison the distribution (28) (broken l i n e - - - ) is also
shown. Since the magnitudes JE I have been obtained from a real structure, comparison
with the true value of the quartet is also possible. As already emphasized, the
distribution (28) always has a unique maximum at ~I' = 0. The distribution (41), on the
other hand, may have a maximum at v~ = 0, or 7r, or any value between these extremes,
as shown by figures 3-5. Roughly speaking, the maximum of (41) occurs at 0 or
according as the three parameters Rt2, R2s, Ra~ are all large or all small, respectively,
thus confirming the heuristic argument given earlier. These figures also clearly show the
improvement which may result when, in addition to the four magnitudes (38), the three
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Figure 3. The distribution (41) (
) and ( 2 8 ) ( - - - - ) for the values of the seven
parameters (38) and (39) shown. The mode of (41) is 0, of (28) always 0.
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magnitudes (39) are also assumed to be known. Finally, in the special case that
Rt2 ~ R23 ~ R31 ~ 0

(46)

the distribution (41) reduces to
1

ell~ ~, Z exp ( - 2B' cos ~F),

(47)

which has a unique maximum at ~F = 7r (fig. 5).
6.3

Spacegroup P1

In complete analogy with P1, conditional probability distributions for the triplet ~'3 in
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P1, given three magnitudes, and for the quartet $4 in P]', given four or seven
magnitudes, are readily derived. The major difference is that now the distributions to be
described are discrete, because the invariants take on only the two values 0, n. Using the
definitions and terminology of w167 and 6.2, the present account is greatly abbreviated.
6.3a. The conditional probability distribution of the triplet d/a in P1, assuming as known
the three magnitudes in itsfirst neighbourhood. Make the same hypotheses as in w
Denote by P~-(P~) the conditional probability that ~k3 = 0(n), given the three
magnitudes (20). Then (Woolfson 1954; Hauptman 1976b)
1

Pa t = ---2-Zat,
K3

(48)

Z ~ = exp ( + A/2),

(49)

K 3 = 2 cosh (A/2),

(50)

and
where A is given by (23) and upper (lower) signs in (48) and (49) go together. Equations
(48) to (50) should be compared with the P1 analogue, (22). It follows that

P~ > 89

(51)

so that the estimate ~'a = n, given only the three magnitudes (20), is impossible.
6.3b. The conditional probability distribution of the quartet ff a in P1, assuming as known
the four magnitudes in its first neighbourhood. Denote by
P,~ or P ; ,

(52)

the conditional probability that the quartet if4 be equal to 0 or n respectively, given the
four magnitudes (26). Then (Green and Hauptman 1976; Hauptman et al 1976;
Hauptman 1976b)
p~ = 1 Z•
K---~- 4,

(53)

Z ~ = exp (___B/2),

(54)

K, = Z ; + Z 4 ,

(55)

where

and B is defined by (29). The distribution (53)-(55) should be compared with the P1
analogue (28). The variance of the distribution (53) is given by
Var = 4 P ~ e ~ = (4Z~- Z2 )/(Z2 + Z~, )2.

(56)

P2 > 89

(57)

Clearly
so that (53) can give only the zero estimate for the quartet. Finally, the smaller the value
of the variance, the more reliable is the estimate, zero in this case.
6.3.c. The conditional probability distribution of the quartet ~b4 in P1, assuming as known
the seven magnitudes in its second neighbourhood. Denote by
e ~ or P ~-

(58)
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the conditional probability that the quartet ~b4 be equal to 0 or n respectively, given the
seven magnitudes (38) and (39). Then (Green and Hauptman 1976; Hauptman and
Green 1976; Hauptman 1976b; but see also Giacovazzo, 1976a for a different but
related result)
P { = 1----Z~,
K7

(59)

where
--

G3

•

X ~2 = R1R2 +--RsR4,

(61)

X ~3 = R2 R3 +_-R1R4,

(62)

X ~I = RsRI +__R2R4,

(63)

K7 = Z~ + Z ~ ,

(64)

and the variance is given by

4Z~Z(
Var = 4 P ~ P ~ = (Z~ + Z ~ ) 2"

(65)

In contrast to (53), P~" may lie anywhere in the interval 0 to 1 so that (59)-(64) may give
either the 0 or n estimate for the quartet. In complete analogy with P1, the estimate is 0
or n according as R12, R23, R31 are all large or all small respectively, the favourable
cases. In the extreme case that
R12 ~ R23 ~ Rsl ~ 0,

(66)

(60) reduces to
Z 7~ = exp ( ~ B').

(67)

Again, the smaller the value of the variance, the more reliable is the estimate, 0 or n.
6.4 The discriminant of the five-phase structure invariant (quintet)
6.4a.

The first two neighbourhoods. The linear combination of five phases
I/J5 = I~H"~ (~g "1- ~)L "{- ~M "3L~N

(68)

is a structure invariant (quintet) if
H+K+L+M+N

= 0.

(69)

In complete analogy with the earlier work on quartets, the first neighbourhood of ~bs is
defined to consist of the five magnitudes

IEHI-- R,,

IEd = R2, IEL[ = Rs, IEMI= R,,

IENI-- Rs;

(70)

and the second neighbourhood of the five magnitudes (70), the "main terms", plus the
additional ten magnitudes, the "cross-terms",
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[EH+x[-- Rt2, IEx+LI- R,3, IEx+ l = R,., IE.+NI = R . ,
IE,+,.I-- R 3, IE,,+.t-IE,+NI-(71)

IEL+MI = R34 , IEL+N[ = R35 , IEM+NI = R45 ,

i.e. 15 magnitudes [E [ in all.
6.4b. The heuristic argument. By means of plausible reasoning, in analogy with w
one is led to identify those quintets having the extreme values 0 or ~ as summarized in
table 1, the entries of which give the values, large (L) or small (S) of the 15 magnitudes,
(70) and (71), in the second neighbourhood of •5 corresponding to ~'5 = 0 or ~.
6.4c. The probabilistic theory of quintets in PI and P]- (Schenk 1975; Hauptman 1977;
Putten and Schenk 1977; Fortier and Hauptman 1977a, b; Hauptman and Fortier
1977). Using the probabilistic background described earlier and referring to the
literature one is led to define the discriminant A of the quintet ~5 as follows:
A = RIR2R3R4R 5 ~

Rt2Ra, ~

2~3

2

3

2

~

a9/2 ( 3 a 2 - - aT2a4) )'~
to R 22 + a - - ~ (15at3 - 10~2 if3 ~ + ff20"5) J

(72)

where
2
2
2
2
2
2
2
2
~ RI2Ra4
= R I22 R 32, t + R t 2 R 3 5 + R I 2 R 4 5 + R t3R2,t
15
2
2
+ R t3 R 25 +

2
R 2t 3R45
+ R 214R 223 -I- R 2t 4 R 225

2
2
2
2
2
2
2
2
+RI4R35 +RtsR23 + RtsR24+RIsR34
2
2
2
2
2
2
+R23R45 +R24R35 + R25R34,

(73)

Table 1. The probable values of the structure invariant Os = OH + OK+ 0L + 0M + 0N,
given the 15 magnitudes in its second neighbourhood, L means large, S means small.
~b5

R,

R 2 R3

R,

R5

R12

R13

R,,

Rts

R23

R24

Rz5

R3,t

R35

R,s

0

L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
L

L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
L

L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
L

L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
L

L
L
L
S
S
S
L
L
L
S
S
S
S
S
S
S

L
L
S
L
S
S
L
S
S
L
L
S
S
S
S
S

L
L
S
S
L
S
S
L
S
L
S
L
S
S
S
S

L
L
S
S
S
L
S
S
L
S
L
L
S
S
S
S

L
S
L
L
S
S
L
S
S
S
S
S
L
L
S
S

L
S
L
S
L
S
S
L
S
S
S
S
L
S
L
S

L
S
L
S
S
L
S
S
L
S
S
S
S
L
L
S

L
S
-S
L
L
S
S
S
S
L
S
S
L
S
S
L

L
S
S
L
S
L
S
S
S
S
L
S
S
L
S
L

L
S
S
S
L
L
S
S
S
S
S
L
S
S
L
L

t
~t
n
n
n
~t
n
it
n
it
n
n

L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
L
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~R212 = R x22 + R l 2a + R 2 4 + R 2 5 + R 223 + R 224 + R 225 + R 3 42
10

+R~5 +R25.

(74)

As described in the literature the discriminant A is readily computable and strongly
correlated with extreme values of the quintet in P1 and P]-in the sense that ~b5 ~ 0 or
~s ~ n according as A >3>0 orA <~0, respectively, all in accord with table 1.
6.5 The neighbourhood principle
It has been known for many years that, for a chosen enantiomorph, the values of the
structure factor magnitudes ]E I uniquely determine, in general, (i.e. provided that no
homometric solutions, other than enantiomorphs, exist) the values of the structure
invariants. Alternatively, for a fixed functional form for the geometric structure factor
and for fixed choice of enantiomorph, the magnitudes IE] uniquely determine the
values of the structure seminvariants. A number of formulas explicitly relating the
cosine invariants to the magnitudes of all (or large numbers of) structure factors E have
in fact been known for some time and these have played an important role in the
applications. However their value has been somewhat limited by the requirement that
certain kinds of rational dependence among atomic coordinates not be present, and for
very complex structures their usefulness is greatly reduced. The results described in the
preceding paragraphs however point strongly to a deeper insight. Instead of seeking to
express the structure seminvariants in terms of all observed structure factor magnitudes
IE[, or even in terms of large numbers of IEl's, as the earlier formulas did, it is now
suggested that the value of each structure seminvariant ~k is primarily determined, in
favourable cases, by the values of one or more small sets of appropriately chosen
magnitudes ]E l, the so-called neighbourhoods of ~k, and is relatively insensitive to the
vast bulk of the remaining magnitudes (the neighbourhood principle, Hauptman
1975a, b).
Thus in the favourable case that A, (23), is large the value of the three-phase structure
invariant ~'a is primarily determined by the three magnitudes (20) and the larger the
value of A the more reliable is the estimate for ~b3,zero in this case, as reference to (22)
shows. Hence the first neighbourhood of the three-phase structure invariant ~ka is
defined to consist of the three magnitudes (20).
Next, if one is given only the four magnitudes (26), then the most probable value of
the quartet ~k4is zero in view of (28), and in the favourable case that B, (29), is large the
zero estimate is good. Thus the first neighbourhood of the quartet ~b4 is defined to
consist of the four magnitudes (27).
Suppose next that the seven magnitudes (38) and (39) are given. In this case the most
probable value of the quartet ~b4is given by the maximum of the distribution (41) and
this estimate may lie anywhere in the range (0, ;~) [or, because of symmetry, in the range
( - ~ , 0)], depending on the values of the seven parameters (38) and (39). In the
favourable case that the variance of the distribution (41) is very small then the estimate
for ~k4 is particularly good. The second neighbourhood of the quartet ~b4 is therefore
defined to consist of the seven magnitudes (38) and (39).
The variance of the distribution (41) may be greater them or less than that of (28). If B,
(29), is fixed then, in the favourable cases that the three magnitudes (39) are all large or
all small the variance of (41) will be smaller than that of (28) and the estimate for ~b4
given by (41) will then be more reliable than that given by (28). Thus the gain in going
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from the first to the second neighbourhood is that the potential for obtaining a
distribution with a small variance is increased; (although it should be emphasized that
this potential is not necessarily realized in every given case); in short it becomes possible
to find a more reliable estimate for ~'4, and the estimate is no longer restricted to be zero
but may instead lie anywhere in the interval (0, n).
The formulation of the neighbourhood principle has stimulated the rapid development of the probabilistic theory of the structure invariants and seminvariants. Thus,
with the derivation of conditional probability distributions of the four-phase structure
invariants, assuming as known the magnitudes in the third and higher neighbourhoods,
the probabilistic theory of quartets is now reasonably complete, at least for the space
groups P1 and P]- (Hauptman 1977a, b, c). The theory of quintets and sextets has been
initiated (Giacovazzo 1976c; Hauptman 1977; Fortier et al 1977a, b, c; Hauptman et al
1977a, b), and a beginning has been made on the probabilistic theory of the structure
seminvariants for selected space groups (Hauptman 1979, 1980; Burla et al 1981;
Cascarano et al 1982; Busetta et al 1980; Giacovazzo 1977, 1979,1980a, b, c; Giacovazzo
et al 1979; Giacovazzo and Vickovic 1980). Not only have these developments been
heavily dependent on the neighbourhood principle but the results obtained confirm
conclusively the validity of the neighbourhood principle for the structure invariants
and structure seminvariants in general.
7.

The extension concept: Estimating the structure seminvariants

By embedding the structure seminvariant T and its symmetry related variants in
suitable structure invariants Q one obtains the extensions Q of the seminvariant T.
Owing to the space group dependent relations among the phases, T is related in a
known way to its extensions. In particular the neighbourhoods of T are defined in
terms of the neighbourhoods of its extensions. The process will be illustrated in some
detail for the three-phase structure seminvariant in Pl-which serves as the prototype for
the structure seminvariants in general, in all space groups, noncentrosymmetric as well
as centrosymmetric.
7.1

The three-phase structure seminvariant T in P1

7.1a. The three-phase structure seminvariant. The linear combination of three phases
T = qgn+ q~a+ ~bt,

(75)

is a structure seminvariant in P]- if and only if the three components of the reciprocal
lattice vector H + K + L are even. Then the components of the eight reciprocal lattice
vectors 89 + H + K + L) are all integers.
7.lb. The extensions o f T . Following Hauptman (1977b, 1978; but see also
Giacovazzo, 1977, for an equivalent procedure) one embeds the three-phase structure
seminvariant
T = ~bn+ q ~ + ~bL,

(76)

and its three symmetry related variants
T1 =

(~_H-~-~IK-~L

,

(77)
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/'2 = ~,.+ ~ _ , + ~,~,

(78)

rs = ~ . + q,~+ ~_~,

(79)

in the respective quintets
Q0 = T + ~_89
QI = Tt :t--~b-89

~b_89
~b-89

Q2 = T2 + 4~-89162 r)+ 4~-89
Qs = Ta + 4'-89

+L),

4' -~I.+~-L)"

(80)
(81)
(82)
(83)

In view of (76)--(79)and the space group-dependent relationships among the phases, it is
readily verified that (80) to (83) are five-phase structure invariants (quintets) and
T=Qo=Qa=Q2=Qs.

(84)

Thus the probabilistic theory of the three-phase structure seminvariant T is reduced to
that of the quintets, which is well developed. In particular the neighbourhoods of T are
defined in terms of the neighbourhoods of the quintet.
7.1c. Thefirst two neighbourhoods of the extensions. Clearly only four of the five "main
terms" (see w
and Schenk 1975; Hauptman 1977a) of the special quintet Qo (80) are
distinct. The first neighbourhood of Qo is accordingly defined to consist of the four
magnitudes

IE.I, IE,I, led,

(85)

Referring again to w it is readily verified that only seven of the ten "cross-terms" of
the special quintet Qo are in fact distinct. Thus the second neighbourhood of Qo is
defined to consist of the four main terms (85) and the seven cross-terms

IE.+.I, IE.+d, IE +.I; IE.+.+d,

(86)

or eleven magnitudes ]E I in all. (In contrast, the second neighbourhood of the general
quintet consists of fifteen magnitudes IE I.)
Not only does w serve to identify the first two neighbourhoods of the special
quintet Q0 but table 1 shows in a qualitative way what the relationship between Qo and
the magnitudes IE I in its second neighbourhood must be. Thus table 1 leads, by suitable
specialization, to rows 1-8 of table 2. Although table 1 has 16 rows, only eight of these
yield entries in table 2 which are internally consistent; the remaining eight rows of table
1, which would lead to contradictory entries in table 2 (arising from the fact that only
seven of the cross-terms of the special quintet Qo are distinct), are therefore omitted
from table 2. Thus the 16 rows of table 1 yield only rows 1-8 of table 2 for QoIn a similar way it may be shown that the first neighbourhood of the special quintet
Q~ consists of the four magnitudes

le.I, led, lEd, IE89

(87)
and the second neighbourhood of the four main terms (87) plus the additional seven
cross-terms

IEtc.-.+d, IEt(.+.-d;
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i.e. eleven magnitudes lEt in all. Now the 16 rows of table 1 for Q1 lead to the eight rows
9-16 of table 2. Particularly noteworthy is the fact that the second neighbourhoods of
Qo and Q1 overlap and a main term of one becomes a cross-term of the other.
Table 2 is now completed in the obvious way, rows 17-24 corresponding to Q2 and
rows 25-32 to Q3. Again the overlap of the second neighbourhoods is to be noted, and
the fact that main-terms of one quintet appear as cross-terms in others is particularly
noteworthy (because of the implication that, in order to arrive at a proper definition of
the first neighbourhood ofT, it is necessary to implicate the second neighbourhoods of
its extensions).
Certain rows of table 2 are mutually contradictory and others are mutually
reinforcing. By combining those rows of table 2 which are mutually reinforcing, (e.g.
rows 2 and 10 of table 2give row 2 of table 3) one obtains, in view of (84), table 3 which
leads directly to the first neighbourhood of the structure seminvariant T, as shown next.
7.1.d. The first neiohbourhood ofT. The first seven entries (under magnitudes IEI) in
rows 2, 8, 11, and 20 of table 3 are identical, thus leading to row 2 of table 4. In a similar
way all rows of table 4 are obtained. If one makes the definitions
h=I(H+K+L),
h 2 = 89

hz= 89

- K + L), h 3 ~ 89

+ K - L),

(89)

Table 4 shows that, on the assumption that all three magnitudes
lEa[ = Rx, lEg[ = R2, lEg[

---- R 3 ,

(90)

are large, then T ~ 0 if all four magnitudes
IEh[ = r, tEh, i = rl, IEh,[ = r2, IEh31 = r3

r

are large; but if precisely two of the four magnitudes (91) are large and the remaining
two are small, thenT ~ 7~.Thus the first neighbourhood of Tis defined to consist of the
seven magnitudes (90) and (91), i.e., as it turns out, the set-theoretic union of the first
neighbourhoods of all of its extensions. For the three-phase structure seminvariant in
P]- the "favourable cases" of the neighbourhood principle are defined by the entries of
table 4, viz. the three magnitudes (90) are large and either all four magnitudes (91) are
large, in which case T ~ 0, or precisely two of the magnitudes (91) are large and the
remaining two are small, in which case T ,~ ~.
7. le. The conditional probability distribution P +-of the three-phase structure serainvariant T, given the seven magnitudes in its-first neighbourhood. Suppose that a crystal
structure in P]-is fixed and that the seven non-negative numbers R1, R 2, R3; r, ra, r2, r 3
are also specified. Denote reciprocal space by W and by Wx Wx W the three-fold
Cartesian product which consists of all ordered triples (H, K, L) of reciprocal vectors.
Suppose finally that (H, K, L) is the primitive random variable which is assumed to be
uniformly distributed over the subset of Wx Wx W defined by (90), (91), and the
condition that the components o f H + K + L be even. Then the structure seminvariant T
[equation (75)], as a function of the primitive random variable (H, K, L), is itself a
random variable. Denote by P+ or P - the conditional probability, given the seven
magnitudes (90)and (91), that Tbe 0 or re, respectively, or, equivalently, that cosT = + 1
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Table 4. TheprobablevalueofthestructureseminvariantT, given the seven magnitudes in its
first neighbourhood; L means large; S means small; obtained by combining reinforcing rows
from the first seven columns (under magnitudes ]E I) of table 3.

Derived from
rows of
table3

T

-~
H

K

L

1

1

0

L

L

L

L

L

L

L

2
3
4
5
6
7

2,8,11,20
3,9,15,21
4,10,19,22
5,12,18,23
6,13,16,24
7,14,17,25

rt
n
n
n
n
n

L
L
L
L
L
L

L
L
L
L
L
L

L
L
L
L
L
L

L
L
L
S
S
S

L
S
S
L
L
S

S
L
S
S
L
L

S
S
L
L
S
L

Row

Magnitudes I EI
89

89

"~
89

89

or - 1 , respectively. The formula for P• the major result of this section, is simply
(Hauptman 1980)
P•177
K

'

K=Z ++Z-,

Z • = e x p ( + V)

~

(92)
exp (W•

(93)

qt,r/2,~/a = +1

F

1
3
2
2
V = / 2-~2/2
(60-3 - 6a20-30-4 + 0-20-5) (r +

r~ + r~ + r 2 )

I

O~2/2 (20" 3 -- 30"20"30"4 + 0"20"5)

W•

RIR2R3,

(94)

F

= (tllrrl +tl2tl3r2r3)[_+_~Rl +(q2rr2+qarhr3rl)[+~R2-

(20"~- 0-20-4)R3R1

0-a
+ (tlarra+ r/lr/2rlr2) [ __-a-~R3
- 0"-~21(20"2 _0"2tr4)R,R2 ]

(95)

where the summands of (93) consist of the eight exponentials obtained by permitting
each of~h , 172,r/3 to take on the values + 1 or - 1 independently in (95); otherwise upper
(lower) signs in (92)-(95) go together.
7.1t". The discriminant of T. Just as the discriminant of the quintet, a polynomial in the
15 magnitudes of the second neighbourhood, serves to identify and estimate those
quintets having the extreme value 0 or re, so here there exists a polynomial in the seven
magnitudes constituting the first neighbourhood ofT, the discriminant, extreme values
of which serve to estimate reliably the value ofT. The discriminant A of the three-phase
structure seminvariant in P]-is defined by
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f~3_

~ V J (r2r2r2 d_ 2 2 2
2 2 2
2 2 2
A = [tr9/2
r r 2 r a + r rar 1 +rlr2r3)
-

1

+

r2

3

3

-

r,

+

+

+

tr9/2 (2tr3a - 3 t r 2 t r a a , + t r 2 a , )

+ fir 2§

(r +

+

R , R 2 R 3.

+ r3rl)

+

(96)

The applications also show that extreme values of the discriminant A are well correlated
with the values of Tin the sense that T ~ 0 or rt according as A ~> 0 or A ,~ 0 respectively.
Thus, as has been observed many times previously (e.g. Fortier and Hauptman 1977c)
the discriminant proves to be a useful and readily computable indicator of the value of
the seminvariant.
Inspection of (96) shows that, on the assumption that the three magnitudes (90) are
large, A >> 0 if all four magnitudes (91) are large; but A ,~ 0 if precisely two magnitudes
(91) are large and the remaining two are small. In short T ~ 0 or n in the respective
cases, and the qualitative prediction of table 4 is in fact borne out. Inspection of the
distribution, (92)--(95), leads to the same conclusion, but in a less transparent way.
Finally, it is not difficult to show that if one of the magnitudes (91) is outside the
observed range, then it is to be replaced by unity, the average value of IEI2, in (96) or
(92)-(95) (see, for example, Giacovazzo 1975; Heinerman et al 1977).
7.1g. Concluding remarks. In the present section the conditional probability distribution of the three-phase structure seminvariant T, given the seven magnitudes in its
first neighbourhood, has been found for space group Pi. The distribution yields a
reliable estimate (0 or n) for Tin the favourable case that the variance of the distribution
happens to be small. Because the structure seminvariants are available in much larger
numbers than the structure invariants, it is anticipated that the results described here
will find important application in the determination of real structures, and some initial
calculations confirm this expectation.
Of particular importance is the analysis leading to the definition of the first
neighbourhood given in w167 to 7.1d. This work has been written in such a way as to
permit easy generalization to the higher order structure seminvariants, and the final
results for the four- and five-phase structure seminvariants in P1 have been derived. It is
expected also that the work described here will serve as a useful guideline for the
derivation of analogous distributions in other space groups, noncentrosymmetric as
well as centrosymmetric.

8. Direct methods and isomorphous replacement
8.1

Introduction

Direct methods are routinely used nowadays for the solution of small molecular
structures, i.e. those containing fewer than some 100 independent non-hydrogen atoms
per unit cell. For the solution of macromolecular structures on the other hand, the
method ofisomorphous replacement is universally used. One naturally anticipates that
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the ability to combine the two techniques would yield methods more powerful than
either. This fusion of the two techniques is described here, and the initial applications
(Hauptman 1982a; Hauptman et al 1982) strongly suggest that the anticipated gain in
power is in fact realized.
8.2 The normalized structure factors
Iffj and g~ denote atomic structure factors for a corresponding pair of isomorphous
structures in P1, then the respective normalized structure factors E n and G n are defined
by
EH= Enexp(it~H ) = ~
~ fj exp (2niH.rj),
0~20 j = l
1

G . = IG.I exp (i~H) = ~

02

(97)

N

2 gJ exp (2hill.U),

(98)

j=l

where
N
ctm. = E fTg~,
j=l

(99)

some of thef/s (or g/s) may be zero (or negative in the neutron diffraction case) and U is
the position vector of the atom labelledj. This formulation includes not only the case of
two strictly isomorphous structures but also, for example, the special case that the f
structure is a native protein and the g structure a heavy-atom isomorphous derivative,
as well as the case that one or both sets of data are obtained by neutron diffraction. The
fj and gj are zero-angle atomic scattering factors and are therefore equal to the atomic
numbers Zj in the x-ray diffraction case but may be negative in the neutron diffraction
case.
8.3 The structure invariants
If H, K, and L are reciprocal lattice vectors satisfying
H+K+L

= 0

(103)

then, in sharp contrast to the non-isomorphous case, there exist eight different kinds of
three-phase structure invariants:

(101)

~0 = ~ ' . + ' k ~ + ~L,
~1 = ~ ' . + 4 ' ~ + 0 L , ~i = ~ . + 0 ~ + ~ L ,

~'; = ~ . + ~'~+ ~'L,

002)
(103)
(104)

8.4 The first neighbourhood of each of the three-phase structure invariants (101)-(104)
Again in contrast to w
the first neighbourhood of each of the three-phase structure
invariants (101)-(104) is now defined to consist of the six magnitudes

IE.I, IEd, IELI,

[G.I, lGd, IGLI.

(105)
(1o6)
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Thus estimates, for example, of even the"pure" structure invariants (o [equation (101)]
are made to depend on the values of six magnitudes, (105) and (106), rather than on the
three magnitudes (105) alone, as in the non-isomorphous case.
8.5 The conditional probability distribution of the three-phase structure invariant
It is assumed that an isomorphous pair of structures in P 1 with atomic position vectors
rl, r2 . . . . r s is fixed and that the six non-negative numbers R1, R2, R3, $1, $2, $3 are
specified. Denote reciprocal space by Wand by Wx Wx W the three-fold cartesian
product consisting of all ordered triples (H, K, L) of reciprocal vectors. Suppose that the
primitive random variable is the triple (H, K, L) which is assumed to be uniformly
distributed over the subset of Wx Wx Wdefined by (100) and

IE.I

= R1,

led

= g2,

IG.I = sl, IG l =

led

= gs;

(107)

IGd = s3,

r

where the normalized structure factors E and G are defined in (97)-(99). Then the eight
three-phase structure invariants, (o, (1, ( ' 1 - . . , (a [equations (101)-(104)], as
functions of the primitive random variable (H, K, L), are themselves random variables.
The conditional probability distribution of ~o, for example, assuming as known the six
magnitudes IE.I, levi, IELI, IG.I, IG t, IG~l [equations (107)and (108)] is given by
(Hauptman 1982a)

Po(~oIRl, R2, R 3, Sl,

1

$2, $3) ~ ~-0-oexp (Ao cos f~o),

(109)

where
K o = 2hi o (Ao),

(110)

and Ao in turn is explicitly expressible in terms of the atomic scattering factorsfj, g~,
j = 1, 2. . . . , N, and the six magnitudes tEn], IEKt, IELI, IG.I, ta, t, Iatl [equations (107)
and (108)]. Similar formulas hold for Pl(f~l tR1, R2, R3, SI, $2, $3), the conditional
probability distribution of ~1, assuming as known the six magnitudes IE.I, lEd, IE d,
IG.I, IGd, IGd [equations (107)and (108)], etc. (109)is seen to be identical in form to
(22). However the parameter Ao of (109), in sharp contrast to the parameter A of (22),
may be positive or negative. Thus (109) has a single maximum in the interval (0, 2rt) and
this maximum occurs at 0 or rc according to Ao > 0 or Ao < 0. Again, the larger the
value of laol the smaller is the variance of the distribution. Thus, when IAo I is large one
obtains the reliable estimate
~o "~ 0 or ~o ~ n

(111)

according as
A o ~> 0 or A o ,~0,

(112)

respectively. Just as (24) has proved to be of great importance in the development of the
traditional techniques of direct methods, it is natural to assume that the estimates (111),
and the like estimates for the remaining invariants (101)-(104), will play a similar role in
the development of techniques combining the traditional direct methods and
isomorphous replacement. In particular, one anticipates the existence of a generalized
tangent formula which takes into account the estimates (111).
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Direct methods and anomalous dispersion

9.1

Introduction

It has been known for a long time (Peerdeman and Bijvoet 1956; Ramachandran and
Raman 1956; Okaya and Pepinsky 1956) that the presence of one or more anomalous
scatterers facilitates the solution of the phase problem; and some recent work (Kroon et
a11977; Henerman et a11978) employing Bijvoet inequalities and the double Patterson
function, leads in a similar way to estimates of the sines of the three-phase structure
invariants. This work strongly suggests that the ability to integrate the techniques of
direct methods, in particular the recent advances in the mathematical formalism, with
anomalous dispersion would lead to improved methods for phase determination. The
fusion of these techniques is described here and the anticipated improvement is in fact
realized (Hauptman 1982b). Not only do the new formulas lead to improved estimates
of the structure invariants but, more important still, because the distributions derived
here are unimodal in the whole interval (0, 2rt), the two-fold ambiguity inherent in all
the earlier work is removed. It is believed that this resolution of the two-fold ambiguity
results from the ability now to make use of the six individual magnitudes in the first
neighbourhood of the structure invariant and the avoidance of explicit dependence on
the Bijvoet differences; the explicit use of the Bijvoet differences, as is done in all
previous work, leads apparently to a loss of information resulting in a two-fold
ambiguity in estimates of the structure invariants. Since, in the presence of anomalous
scatterers, the observed intensities are known to determine a unique enantiomorph, and
therefore unique values for all the structure invariants, formulas of the kind described
here should not be unexpected; nevertheless not even their existence appears to have
been anticipated.
9.2 The normalized structure factors
In the presence of anomalous scatterers the normalized structure factor
E H = IEal exp (i~bH),

(113)

is defined by
1

N

E~l = ~tnl/----~ j~lfja exp (2niH. rj)

=

1

(114)

N

j__E1 lYj.I exp I-i(JjH + 2rcH. rj)],

(115)

where
fjH = IfjH I exp (ifija),

(116)

is the (in general complex) atomic scattering factor (a function of IHI as well as of j) of
the atom labeled j, rj is its position vector, N is the number of atoms in the unit cell, and
N

= E Ifj.I

(117)

j=l

For a normal scatterer, dfj, = 0; for an atom which scatters anomalously, fijn ~ 0.
Owing to the presence of the anomalous scatterers the atomic scattering factors fin, as
functions of sin 0/2, do not have the same shape for different atoms, even ap-
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proximately. Hence the dependence of the fill on t HI cannot be ignored, in contrast to
the usual practice when anomalous scatterers are not present. For this reason the
subscript H is not suppressed in the symbols fin and ctn [equation (117)].
9.3

The structure invariants

It will be assumed throughout that H, K, L are fixed reciprocal-lattice vectors satisfying
H+K+L

= 0.

(118)

Owing to the breakdown of Friedel's law there are now eight distinct three-phase
structure invariants:
(0 = ~bn+ ~b~+ q~L,

(119)

(1 = - ~brt + ~bK + q~e,

(120)

(2 = qSn - q~X + ~bL,

(121)

(s = thn + ~K -4uC,

(122)

(~ = ffrl + q ~ + q~,

(123)

(r = -q~n + q ~ + 4rCL,

(124)

~-~= th-~n- q~K+ ~L,

(125)

(~ = q~n + q ~ - ~bt.

(126)

9.4 The first neighbourhood of each of the three-phase structure invariants (119)-(126)
In analogy with w
the first neighbourhood of each of the three-phase structure
invariants (119)-(126) is defined to consist of the six magnitudes

IE.I, IE l, lULl,

(127t

[En[, lFart, levi,

(128)

which, because of the breakdown of Friedel's Law, are not, in general, equal in pairs.
9.5 The conditional probability distribution of the three-phase structure invariant,
assuming as known the six magnitudes in its first neiyhbourhood.
Fix the reciprocal-lattice vectors H, K, and L, subject to (118). Suppose that the six nonnegative numbers R1, R2, R3, R> R r, and R~ are also specified. Define the N-fold
Cartesian product, V, to consist of all ordered N-tuples (rl, r2 . . . . . rN), where r~, r>
9
rs are atomic position vectors. Supposethat the primitive random variable is the
N-tuple (rx, r2 . . . . . rN) which is assumed to be uniformly distributed over the subset
of V defined by

Ie.I = g , , IEKI-- R2, leLI-- g3,
le.I-- 8> IF I = R:, IE l---

(129)

(130t

where the normalized structure factors E are defined by (114). Then the eight structure
invariants
(s, (7, J = 0, 1, 2, 3,

(131)
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(119)-(126), as functions of the primitive random variables (rl, r2 . . . . .
themselves random variables. Denote by

Ps(f~) = P~(f~iIRI, R2, R3, Ra-, R r, R3),
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rN), are
(132)

the conditional probability distribution of the three-phase structure invariant (s, J = 0,
1, 2, 3, 0, 1, 2, 3, given the six magnitudes (129) and (130) in its first neighbourhood.
Then the major result is that the distributions Ps(f~s) have the pure exponential form
(Hauptman 1982b):
Ps(f~j) = ~1e x p { Ascos(f~s-coj)}, j = 0, 1, 2, 3, 0, 1, 2, 3,

(133)

where the parameters K s, At and cos are expressible in terms of the complex scattering
factorsfjn,f~Kj ,fit, presumed to be known, and the observed magnitudes lEa, E~, E LI,
Erl, F~., lEt (. No prior knowledge of the positions of the anomalous scatterers is
needed, nor is it required that the anomalous scatterers be identical. Since the Ks's and
As's are positive, the maximum of (133) occurs at f~j = cos. Hence when the variance of
the distribution is small, i.e. when A s is large, one obtains the reliable estimate
(s -- cos, J = 0, 1, 2, 3, 0, 1, 2, 3

(134)

for the structure invariant ~, [ (119)-(126)]. Once again a generalized tangent formula,
based on the estimates (134) for the invariants (s, is readily formulated and is expected
to yield estimates for the individual phases in the case that anomalous scatterers are
present.
10.

Concluding remarks

The basic principles of the direct methods of x-ray crystallography have been described.
The fundamental role of the structure seminvariants, that they serve to link the
observed magnitudes with the desired phases of the structure factors, has been
emphasized. The neighbourhood principle, which affirms the intimate relationship
which exists between a structure seminvariant T and one or more small sets of
magnitudes IEI, the neighbourhoods of T, has been formulated. Reduction of the
probabilistic theory of the structure seminvariants T to that of the structure invariants
has been accomplished by embedding T and related seminvariants in suitable structure
invariants, the extensions of T. Estimates of the structure invariants and seminvariants
Tare obtained by means of appropriate conditional probability distributions, assuming
as known the magnitudes IE I in the neighbourhoods of T. Finally, the traditional
techniques of direct methods have been combined with isomorphous replacement and
anomalous dispersion, thus opening up the possibility that the existing machinery of
direct methods may be carried over without essential change to facilitate the solution of
macromolecular structures via isomorphous replacement and anomalous dispersion.
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