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We present a physics-based polymer model that can investigate 3D organization of chromatin accounting for DNA elasticity,
DNA-bending due to nucleosomes, and 1D organization of nucleosomes along DNA. We ﬁnd that the packing density of
chromatin oscillates between densities corresponding to highly folded and extended conﬁgurations as we change the
nucleosome organization (length of linker DNA). We compute the looping probability of chromatin and show that the
presence of nucleosomes increases the looping probability of the chain compared to that of a bare DNA. We also show that
looping probability has a large variability depending on the nature of nucleosome organization and density of linker histones.
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1. Introduction
Chromatin is a long polymer made of a string of
nucleosomes –DNA-histone complexes –that can be
further folded into a hierarchy of compacted structures.
Some of the highly compacted regions of chromatin are
inaccessible to other proteins/ enzymes and hence
genes in that regions cannot be transcribed – such
regions are known as heterochromatin (Huisinga et al.
2006; Wang et al. 2016). Regions of chromatin that are
in the decondensed state – known as euchromatin –
resemble an extended ﬁber like a string made of many
beads (Dekker 2008a). At this level of packing hierarchy, the chromatin is thought to be transcriptionally
active. While some set of genes are either transcriptionally active or repressed all the time, some other set
of genes may need to switch between transcriptionally
active and repressed states. In this process of gene
regulation, chromatin needs to be folded, often into
loops, and sometimes into highly packed states.

This article is part of the Topical Collection: Chromatin
Biology and Epigenetics.

Recent ‘chromatin conformation capture’ experiments (e.g., 3C and Hi-C) have provided us a lot of
information about the organization of chromatin in
cells. The experiments provide contact probabilities of
genomic sites that lie kilobase pair (kbp) to megabase
pair (mbp) apart (Dekker et al. 2002; Lieberman-Aiden
et al. 2009; Hsieh et al. 2015). These data have
revealed that chromatin is composed of organizing
modules such as topologically associated domains
(TADs) and chromatin loops (Nora et al. 2012). In the
length scale of a mbp, the interaction frequency as a
function of genomic distance has been found to show a
power-law behavior. Polymer theory has been used to
understand the 3D organization of the chromatin in the
nucleus and also to explain the scaling behavior of the
polymer with respect to its size (Le et al. 2013; Haddad
et al. 2017; Bascom and Schlick 2017).
However, very little is known about the 3D organization of chromatin in the length scale of a gene (of the
order of kbp). Recent studies using Micro-C techniques, which can capture interaction at a resolution of
* 100 bp have shown that yeast chromatin also has an
organization module similar to TADs as described in
humans (Hsieh et al. 2015). They are known as chro-
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mosomal interaction domains (CIDs) and are smaller in
size than TADs (Sexton et al. 2012; Le et al. 2013;
Hsieh et al. 2015). Interestingly, experimental data
show that CIDs are separated by regions of depleted
nucleosome called ‘boundaries’ (Hsieh et al. 2015).
How nucleosomes are arranged in CIDs is presently not
clear. We also do not know the nature of arrangement
of nucleosomes and linker DNA within these CIDs.
The looping of chromatin ﬁber is known to play a
crucial role in gene activity. Here, we deﬁne ‘looping’
as any physical contact between any two points of the
chromatin ﬁber. Physical proximity of distal regulatory
elements via chromatin looping has been shown to help
timely regulation of certain genes (Dekker 2008b). For
example, enhancer–promoter interactions are found to
induce gene transcription in higher eukaryotes. In the
yeast S. cerevisiae, the typical length scale of genes is
& 1–5 kbp. Recent studies have shown that yeast
genes form loops where the transcription start sites
(TSS) and transcription terminal sites (TTS) are juxtaposed (O’Sullivan et al. 2004; Ansari and Hampsey
2005). One of the functional aspects of gene looping
may be that the same protein complex can mediate
multiple tasks in multiple rounds. Gene looping has
been also shown to be associated with transcriptional
memory (Brickner 2010).
How do chromatin ﬁbers get self-organized in 3D and
what could be the factors that inﬂuence this? The ﬁrst
factor is of course the polymer nature of DNA; DNA is
a semi-ﬂexible polymer, which is considered stiff in the
length scale below 150 bp (the persistence length of
DNA, Lp ), and could thermally bend when the length is
much larger than Lp (Yamakawa 1997). The second
factor is the positioning of nucleosomes – when DNA
wraps around histones, it is known that the linker DNA
segments at the entry and exit sites of a nucleosome
make a speciﬁc angle – it is as if the histone octamer end
up bending the local linker DNA to arrange it in a
speciﬁc manner in 3D (Bednar et al. 1998; Schiessel
et al. 2001; Bednar et al. 2017). To understand the 3D
organization of chromatin, it is also important to know
how densely nucleosomes are arranged in a given gene
region and how uniformly/ heterogeneously they are
distributed. Experiments in the past few years have
taught us a lot of about nucleosome positioning along a
genomic DNA. For example, it is known that near TSS
there is a speciﬁc positioning of nucleosomes, known as
the statistical positioning (Kornberg and Stryer 1988;
Mavrich et al. 2008; Vaillant et al. 2010).
Even though we know that all of these factors could
be crucial, exactly what are the roles of these factors

and how they affect the packaging and loop formation
of chromatin are important questions. We have a theory
of loop formation of bare DNA; however, we still do
not have a theory of loop formation of chromatin–histone-bound DNA (Shimada and Yamakawa 1984;
Rippe et al. 1995; Mulligan et al. 2015). In this work,
we aim to study loop formation and folding of chromatin accounting for the semi-ﬂexible nature of DNA
and local DNA-bending due to histone proteins. Using
ideas from statistical physics and a polymer model for
chromatin, we can answer many interesting questions:
What is the probability of two regions of chromatin
coming in contact, given a speciﬁc nucleosome organization? Do histones increase or decrease loop formation probability? How do linker DNA lengths and
distributions contribute to chromatin packaging?
Below, we present a model for histone-bound DNA
polymer and use it to answer these questions.

2. Model and method
2.1 Freely rotating chain model of chromatin
To investigate how nucleosome positioning and semiﬂexible nature of DNA would inﬂuence statistics of
chromatin conﬁgurations, we constructed a model for
chromatin by extending the well-known freely rotating
chain (FRC) model (Yamakawa 1997; Bajpai et al.
2017) for polymers (ﬁgure 1 and supplementary ﬁgure 1). In the standard FRC model, a polymer is constructed, using a Monte Carlo method, by connecting a
set of 3D vectors having some speciﬁed angles between
them, representing a 3D snapshot of the polymer in
equilibrium. Here, to model chromatin, we consider
two kinds of vectors (we will also call them ‘beads’,
interchangeably, to relate it to the bead-spring models
of chromatin) – DNA vectors (d) and nucleosome
vectors (n). The bare DNA (linker DNA) is constructed
simply by connecting the d vectors (beads) with a
speciﬁed angle between the beads (hd ), which is
determined by the bending elasticity of the DNA ﬁlament according to the FRC model (Yamakawa 1997;
Bajpai et al. 2017). As per the rules of the FRC model,
the d vectors are free to rotate about the adjacent
vectors keeping hd ﬁxed and can have any azimuthal
angle (ud ) chosen randomly (ﬁgure 1A). This is
essentially a Monte Carlo method where the angle hd ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d=Lp constrains the polymer to have a ﬁxed persistence length (Lp), while the randomly chosen azimuthal angle contributes to the entropy (Yamakawa
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Figure 1. An FRC model of a chromatin ﬁber. (A) A chain of left-handed nucleosomes showing entry-exit DNA vectors
(dent , dexit ) and the nucleosome vector (n) (The vectors are also sometimes called ‘bead’ in this manuscript). The angle
between two adjacent DNA vectors is denoted by hd. The azimuthal angle is denoted by ud. (B) Top view of a nucleosome
where a is the angle between d and n when projected onto the plane. (C, D) Side views perpendicular to the dyad axis where
g is the angle between d and the dyad axis. C and D are in the absence and presence of linker histones, respectively. The
shaded regions in B, C, and D indicate the permissible values of a and g during unconstrained FRC simulations (i.e., when
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b [ 40bp). (E) FRC angle depends on the length of linker DNA. For b [ b2, hd ¼ 2d=Lp (See section 2), for example
when b ¼ 40 bp, hd ¼ 21:1 ; for b\b1, hd ¼ 0 ; and for b1 \b\b2, hd assumes a linearly increasing function. We set
b1 ¼ 30 bp, b0 ¼ 35 bp, and b2 ¼ 40 bp. (F) The orientation of nearest-neighbor nucleosomes (i and i þ 1) along the chain
is deﬁned by Du, an angle formed between the nucleosome axes passing through their centers. The ði þ 1Þth nucleosome is
rotated with respect to ith nucleosome by Du preserving the right-handedness of the DNA helix.

1997). The bead (vector) size of DNA d is the sublength obtained after dividing any linker DNA
b [ 10 bp into largest equal parts and each part not
greater than 10 bp. For example, if b ¼ 17 bp, we have
two DNA vectors (beads) of length d ¼ 8:5  0:34 nm
each (we will express lengths in nm or bp interchangeably, noting 1bp ¼ 0:34 nm). Whereas, if the
linker DNA is b  10 bp, then d is simply given by
d ¼ b  0:34 nm. A nucleosome is considered as a
rigid cylinder and n is the diagonal of a rectangular

plane passing through the DNA entry and exit points
(ﬁgure 1A). In other words, we have two DNA (d)
vectors connected through a nucleosome (n) vector,
where the DNA vectors represent the segments of DNA
that is entering and exiting the nucleosome. We consider the height and the radius of the nucleosome to be
5 nm each. For 1.7 turns of DNA wrapping (& 147 bp)
around the nucleosome, the bead size of the nucleosome is found out to be n ¼ 9:51 nm. The angle
between the projections of the entering/ exiting DNA

14

Page 4 of 14

Hungyo Kharerin et al.

vector d and the nucleosome vector n onto the nucleosomal plane is taken as a (ﬁgure 1B). The angle
between the projected entering/ exiting vector d onto
the dyad plane perpendicular to the nucleosomal plane
and the dyad-axis is taken as g (ﬁgures 1C and D).
Depending on the size of the linker DNA, we make
the following assumptions: (1) For linker DNA
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b  40 bp, hd ¼ 2d=Lp where Lp ¼ 50 nm is the
persistence length of the DNA (Yamakawa 1997)
(ﬁgure 1E). For b\40 bp, hd is given by a simple
linear function (ﬁgure 1E; also see table 1). (2) The
effect of binding of linker histone proteins (H1), within
this model, is to restrict the entry/ exit angles (see
details below). In our model, linker histones can bind
to nucleosomes only when both the entry and exit
linkers are b  40 bp. When linker histone is not bound
to nucleosome and the linkers are b  40 bp, a and g
can take values in the range 95  126 and 0  30 ,
respectively, with uniform probability (Bednar et al.
2017). (3) In the presence of linker histones, we set
a ¼ 126 and g can take any random value between
10 and 10 (Bednar et al. 2017). When the linker is
30\b\40 bp, a and g depend on b linearly, like ﬁgure 1E. For b\30 bp, we set a ¼ 126 and g ¼ 5 as
the unconstrained default entry/ exit angles. The details
of the angles are given in table 1.
2.2 Nucleosome-nucleosome orientation angle
Since, the orientation of a nucleosome (relative to its
neighboring nucleosome) depends on the DNA helical
twist and distance from the neighboring nucleosome,
we deﬁne a parameter called Du, which essentially
accounts for the nucleosome orientation. The placing of
the ði þ 1Þth nucleosome with respect to the Du
nucleosome along the DNA ﬁber depends on Du
(ﬁgure 1F), where Du is the angle between the adjacent nucleosomes and it depends on the linker length b.

If b is an integral multiple of 10 bp, we set Du ¼ 0.
Otherwise, we divide b by 10 and the remainder ‘x’ is
used to calculate Du; using the relation
Du ¼ ð360=10Þ  x . We assume that the DNA
helicity is right-handed. Thus, a base pair displacement
rotates the nucleosome by 36.
2.3 Nearest-neighbor steric correction
For short linker DNA (b\40 bp) with certain entryexit angles (e.g., a ¼ 126 and g ¼ 5 ), the nearest
neighbor (NN) nucleosomes along the DNA can penetrate each other depending on the value of Du. In our
simulations, we reject all those conﬁgurations where
the NN nucleosomes are overlapping with each other.
In order to minimize the computational cost, we have
considered only the NN nucleosome pairs for steric
calculation – i.e., we neglect overlapping of faraway
nucleosomes. We call this nearest-neighbor steric correction (NSC) and is used to construct the chromatin
ﬁber. Calculation of NSC is relaxed for linker DNA
b  35 bp. For short linker, due to nucleosome proximity, we can assume the linker DNA to be straight.
However, beyond this value, it starts to bend with a
conical angle of hd (ﬁgure 1E).
Using the FRC model described above, we create an
ensemble of chromatin conﬁgurations, once we specify
the number of nucleosomes, linker lengths and other
necessary parameters. We characterize the chromatin
by computing several statistical quantities as given
below.
Packing density: We calculate the packing density, q,
of a long chromatin ﬁber with uniformly distributed
linker DNA. It is deﬁned as
q¼

N
2  RgN

ð1Þ

Table 1. Summary of angle parameters
No H1
b\30

30  b\40

hd

0

a
g

Angle (degree)

H1
b\30

30  b\40

1:9268  ðb  29Þ

b  40
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d=Lp

0

1:9268  ðb  29Þ

b  40
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2d=Lp

126

½95; 95 þ 2:8189  ðb  29Þ

½95; 126

126

½95; 95 þ 2:8189  ðb  29Þ

126

5

½5; 5 þ 2:2729  ðb  29Þ

½0; 30

5

½5; 5 þ 2:2729  ðb  29Þ

½10; 10

The angles (a and g) are obtained from (Bednar et al. 2017). The DNA bending angle hd is obtained using the bending stiffness of
the DNA by treating it as a semiﬂexible polymer. Depending on the length of linker DNA, we assume hd can take three different sets
of values as shown in the table.
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where RgN is the radius of gyration of the polymer, and
N is the number of contiguous nucleosomes in the ﬁber
used in the calculation of RgN . The quantity q is calculated as a function of linker length.
J-factor calculation: To quantify the propensity of
chromatin loop formation, we measure a commonly
used quantity called J-factor J. It is the probability of
any two points on the polymer to come in contact with
each other. It can be calculated as follows. First, we
deﬁne Pð~
rÞ; which is the probability density of end to
end distance, ~,
r for a given polymer of contour length,
~ ¼ 1. Considering
rÞdr
L; satisfying the relation r Pð~
spherical symmetry, it can be shown that
r Pðr Þ4pr2 dr ¼ 1. By deﬁning a new quantity
SðrÞ ¼ 4pr2 PðrÞ, we can deﬁne the looping factor
J ðr; LÞ (Douarche and Cocco 2005) as
r r0 Sðr0 ; LÞdr 0
J ðr; LÞ ¼
4
3
3 pr

ð2Þ

Here r is the reaction radius, which in the current work
is chosen as r ¼ 3  3:4 ¼ 10:2 nm, which is about the
size of a nucleosome. In the model, any two ends of the
chromatin chain that come within the sphere of radius r
are considered to be in contact and is counted as a loop.
Accordingly, J is reported in molar (M) units and is
used to compare with the experimental data (Hsieh
et al. 2015).

3. Results
In this study, two types of nucleosome organization
along the linear DNA are investigated –nucleosome
positioning with uniform linker DNA (constant distance between any two neighboring nucleosomes) and
with non-uniform linker DNA (linker could be of any
random length and heterogeneous).
3.1 Short and uniform linker DNA is associated
with regular ﬁbers
First, how linker DNA length and steric constraints
inﬂuence packaging of chromatin within our model is
discussed here, systematically. To do this, we will
ignore the role of linker histones in chromatin compaction, which we will be presenting in the subsection
3 of the results. Here, we present three cases; (case-I):
chromatin ﬁbers generated after accounting for volume
exclusion (steric hindrance) between all beads, and the
linker DNA is considered straight (hd ¼ 0, rigid),
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(case-II) chromatin ﬁbers having only nearest-neighbour steric correction (NSC), and semi-ﬂexible
(hd [ 0) linker DNA, and (case-III) chromatin ﬁbers
without any steric correction, and linker DNA is semiﬂexible (hd [ 0). The results corresponding to these
cases are shown in ﬁgure 2.
Figure 2A shows the packing density of the chromatin ﬁbers as a function of linker DNA. The packing
density is deﬁned as the inverse of twice the radius of
gyration per 12 nucleosomes (where N ¼ 12 in equation 1; section 2). Interestingly, in all the ﬁber types,
the packing density of the chromatin varies with the
linker length in an oscillatory manner –they have peaks
and troughs. Similar oscillatory observation using
Monte Carlo simulations has also been reported elsewhere (Clauvelin et al. 2015). The location of the
peaks and troughs are indicated and labeled from (1) to
(10). We also note that the positions of peaks and
troughs (high and low packing densities) for all the
three cases (cases I, II and III) are nearly coinciding for
small linker lengths. However, beyond the linker length
of 30 bp, the packing densities of the ﬁber with NSC
(case-II) and the ﬁber without any steric correction
(case-III) are the same, whereas, the packing density of
the ﬁber with all-bead steric correction (case-I) does
not coincide well with the other two case ﬁbers.
Comparing ﬁgure 2A with ﬁgures 2B, C, and D, it can
be learned that the peaks represent relatively elongated
chromatin, while the troughs represent highly folded
chromatin. The oscillation in packaging essentially
comes from the inherent rotational setting of the helical
DNA, which decides the orientation of nucleosomes.
We found that high packing is obtained for linkers with
an integral multiple of 10 bp with an offset of 2 bp,
while, low packing is associated with linker length
having an integral multiple of 10 bp with an offset of
7 bp. Depending on the a and g, and on the linker
length (b [ 30 bp), the elongated NSC ﬁbers (case-II)
may no longer be highly rigid but may bend overall
(ﬁgures 2B, C, and D). We have also checked that
scaling the packing density by the number of nucleosomes per unit length does not affect the nature of
oscillation (supplementary ﬁgure 2).
The size of linker DNA seems to dictate the ﬁber
packing. However, the preferred sizes of linker DNA
are different in different organisms. It is reported that
for yeast the quantization takes the form of 10n ? 5 bp
where n is an integer (Wang et al. 2008). Interestingly,
our result shows that chromatin with linker length
b ¼ 10n ? 7 bp has the least compaction, while,
chromatin with b ¼ 10n ? 2 bp has the highest compaction. Even though the compact structures generated
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Figure 2. Packing density of chromatin with uniform nucleosome spacing. (A) The packing density as a function of linker
DNA. The red curve is obtained when all the beads (nucleosome and DNA) are non-overlapping and with straight linkers
(i.e., rigid non-bendable linker DNA, hd ¼ 0). Here, the value of entry-exit angle pair (a, g) is ﬁxed for a given ﬁber. The blue
curve is obtained using nearest-neighbor steric correction (NSC) and with semi-ﬂexible (hd [ 0) linkers (as per ﬁgure 1E,
table 1). Here, the entry–exit angles may vary along the chain to satisfy the steric correction. The dash-dotted grey curve is
obtained without any steric correction and with semi-ﬂexible linkers (ﬁgure 1E). (B–D) Representative structures
corresponding to the peaks and troughs (labeled from 1–10) of (A). (B) Structures with all-bead steric correction and the
associated linker lengths, b ¼ 1, 6, 11, 17, 21, 28, 32, 39, 45, 50 bp. (C) Structures with NSC and the associated linker
lengths, b ¼ 2, 6, 11, 17, 22, 28, 31, 37, 43, 48 bp. (D) Structures with no steric correction and the associated linker lengths,
b ¼ 0, 6, 11, 17, 22, 28, 31, 37, 43, 48 bp. The odd- and even-numbered nucleosomes are colored in orange and blue,
respectively, and the DNA segment in grey.

by the NSC (case-II structures (3), (5), (7), and (9) in
ﬁgure 2C) have some degree of nucleosome penetration, as expected, our results suggest that the model for
chromatin ﬁber construction using NSC is comparable
to the structures with all-bead steric exclusion – they
have similar packing density and appear sufﬁcient to
produce relevant structures. In the subsequent simulations and calculations, we have used only NSC (case II)
to generate all possible chromatin structures for any
given distribution of linker DNA.

3.2 Role of nucleosome repeat length in chromatin
looping
Nucleosome repeat length (NRL) is the average length of
DNA between the centers of neighboring nucleosomes.
It is deﬁned as NRL ¼ ðb þ 147Þ bp - linker
DNA ? nucleosomal DNA. It has been reported that

NRL has a distribution, and there is no unique NRL,
either across organisms or across a single genome
(Valouev et al. 2011; Teif et al. 2012). To study the
effects of NRL on chromatin looping, we calculated Jfactor–looping probability–as a function of the total
DNA length in the chromatin ﬁber for different NRLs.
Looping probability (J-factor) of bare DNA has been
well studied (see black curve ﬁgure 3A). The semiﬂexible nature of DNA has ensured that the J-factor has a
non-monotonic behavior as a function of length. For
small lengths (L\Lp ), DNA is rigid, and hence, the
looping probability is low as it costs a lot of energy to
bend DNA. At very large length scales (L  Lp ), DNA is
ﬂexible, and it can take many different conﬁgurations in
3D. Hence, the looped conﬁgurations are less probable as
the length of the DNA is very long: J-factor is known to
decrease as a power-law with an exponent of 3=2. At
intermediate lengths, the J-factor of DNA has a peak
(Shimada and Yamakawa 1984; Yamakawa 1997).

Nucleosome positioning in 3D chromatin organization
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Figure 3. Chromatin ﬁber with uniform linker length. (A) Looping probability (J-factor) as a function of genomic distance
is calculated for various nucleosome repeat length (NRL). The experimental data (grey) is adapted from Hsieh et al. (2015)
for yeast cells. The J-factor for naked DNA is given by the black curve. The black dashed line shows the linear ﬁt for the
DNA curve. (B) Radius of gyration as a function of genomic distance. Examples of 3D chromatin structures for different
NRL are presented in the bottom panel. The odd- and even-numbered nucleosomes are colored in orange and blue,
respectively, and the DNA segment in grey.

If we add nucleosomes on to the DNA, how does the
looping probability of the resulting chromatin ﬁbers
change? How does it depend on the total DNA length,
density of nucleosomes (NRL) and other factors that
are crucial for chromatin organization? We tested this
systematically and the results are presented in the ﬁgure 3A along with the J-factor of bare DNA. For very
small genome lengths (L\200bpÞ, the looping is less
probable. At a genomic length of
240–320 bp, we
observe high values of J-factor for NRL having linker
length 40–54 bp. This suggests that the ith and the
ði þ 2Þth nucleosomes are in high contact as the
ði þ 1Þth nucleosome brings the ﬂanking nucleosomes
closer. In 3D, these nucleosomes can be seen organized
in a zig-zag fashion. However, the contact probability
between ith and jth nucleosomes, where j [ ði þ 2Þ,
decreases faster for b ¼ 40, 45, 47 or 50 bp, than for
b ¼ 42 or 54 bp, as j increases. Incidentally, a chromatin ﬁber with any of the linker length b ¼ 40, 45, 47
or 50 bp has low packing density (ﬁgure 2). Whereas,
chromatin with b ¼ 42 or 54 bp is associated with high
packaging density (ﬁgure 2). Moreover, at large

genomic distance, when b ¼ 42 or 54 bp, the J-factor
decreases as a power-law with an exponent of 3=2.
Interestingly, large NRL does not enhance chromatin
looping. For example, for b ¼ 150 bp, the J-factor is
low and with genomic length L [ 600 bp, the looping
probability decreases as a power-law with an exponent of 3=2. Interestingly, for the same length of
DNA, for most linker lengths, the presence of
nucleosomes makes it more probable to loop; this is
because the nucleosomes bend DNA favoring loop
formation.
The radius of gyration (Rg) for ﬁbers with high
looping probability shows low values of Rg (ﬁgure 3B). This indicates that chromatin with linker
lengths b ¼ 42 or 54 bp is tightly packed and may be
repressive to gene transcription. However, ﬁbers with
linker b ¼ 47 bp or with large linker, b ¼ 150 bp, has
large values of Rg. This implies that chromatin with
linker b ¼ 10n ? 7 bp or with large linker
(b [ 100 bp) are less tightly packed, which may easily
be accessed by transcription factors and RNA
polymerase.
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3.3 Linker histone proteins and looping
probability
Linker histone proteins are known to involve in the
stabilization and packaging of higher-order structures
(Maresca et al. 2005; Tremethick 2007). Here, we
study how linker histones H1 can affect chromatin
compaction. We assume H1 concentration as the
probability of binding an H1 protein to a nucleosome
and can take any value between 0 and 1. For example,
a value of H1 = 0.5 would mean a nucleosome has a
50% chance of being bound by an H1 protein.As discussed in the Model and method section, in our model,
wherever a linker histone H1 is present, the corresponding nucleosome has constrained a and g values.
We observe that the effect of linker histones on

chromatin folding is dependent on NRL (ﬁgure 4). We
found that for a linker length b ¼ 42 bp, the looping
probability is minimally affected by the presence of
linker histones (ﬁgure 4A). That is, regardless of the
presence (H1 [ 0) or absence (H1 = 0) of linker histones, the J-factor curves remain nearly the same,
suggesting a redundant role of H1 proteins for certain
values of NRL. On the other hand, the effect of H1
becomes dramatic for linker length b ¼ 47 bp (ﬁgure 4B). As the H1 concentration increases, the looping
efﬁciency also increases. For a very high H1 concentration, the contact probability of chromatin with
b ¼ 47 bp almost coincides with the contact probability of chromatin with b ¼ 42 bp and with no H1.
Interestingly, in the case of b ¼ 42 bp, the linker histones have little effect on the structure, whereas, in the

Figure 4. Effects of linker histone on chromatin ﬁber of uniform linker length. (A, B) J-factor of chromatin ﬁbers
(b ¼ 42 bp (A) and b ¼ 47 bp (B)) as a function of genomic distance for various linker histone H1 concentration (see main
text for deﬁnition). The experimental data (Hsieh et al. 2015) is shown in grey; naked DNA in black; and the linear ﬁt for the
DNA in black dashed line. (C) Packing density as a function of H1 concentration. Shown in the bottom panel are the 3D
structures of chromatin for different combinations of linker length and H1 concentration. The linker histones are not shown in
the pictures; the odd- and even-numbered nucleosomes in orange and blue, respectively, and the DNA segment in grey.

Nucleosome positioning in 3D chromatin organization

case of b ¼ 47 bp, the extended structure is compacted
in the presence of linker histones (ﬁgure 4, bottom
panel). This result is also conﬁrmed by the calculation
of packing density as a function H1 (ﬁgure 4C). For
b ¼ 42 bp, the packing density does not change.
Whereas, in the case of b ¼ 47 bp, the packing
monotonously increases as a function of H1 concentration. Interestingly, when H1 is introduced to chromatins with longer linker length (b ¼ 85, 90 and
150 bp), it does not enhance the compaction of the
ﬁber. Thus, H1 is likely to affect chromatin ﬁber with
shorter linker DNA of length b ¼ 10n ? 7 1 bp
(b\80 bp) and likely to have negligible effect on
chromatin with longer linker DNA of length irrespective of either b ¼ 10n ? 2 bp or b ¼ 10n ? 7 1 bp
(b\80 bp).

3.4 Looping of chromatin having statistical
positioning of nucleosomes
In this section, we study the effect of non-uniform
nucleosome positioning on chromatin looping in the
absence of linker histones. It is known that often
nucleosomes have a very speciﬁc positioning. A well-
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studied nucleosome organization is the so-called statistical positioning of nucleosomes, which happens,
typically, in the presence of a ‘barrier’ (Kornberg and
Stryer 1988; Mavrich et al. 2008; Vaillant et al.
2010). We also study how the presence of a physical
barrier affects the structure of an adjacent chromatin
ﬁber. A barrier is typically any strongly bound nonhistone factors (e.g., transcriptional machinery complex) that occlude nucleosomes from their binding
locations; a highly nucleosome-disfavoring sequence
may also act as a barrier. The nature of linker length
distribution and the nucleosome occupancy used in
our model are shown in ﬁgures 5A and B, respectively. We have considered linker lengths with exponential distribution as well as with a multi-modal
distribution where the probability of certain quantized
linker lengths peak.
The looping probability, J, is computed in the presence (absence) of statistically positioned nucleosomes
due to a hard barrier (ﬁgures 6A and B). We observe
that when the linker DNA is without quantization, the
looping probability is higher than the experimentally
observed curve (grey) at a larger genomic length scale.
It decays as J ðsÞ s3=2 for s [ 500 bp and where s is
the genomic distance between the looping sites (red

Figure 5. A model for linker DNA distribution and nucleosome organization with a barrier. (A) The length of linker DNA is
exponentially distributed with mean 20 bp with (green and blue) or without (red) quantization. The quantized linker length is
given by b ¼ 10  ð2 lnðrandÞÞ þ 5 þ r where rand is a uniform random number and r is a Gaussian standard deviation.
Linker quantization with r ¼ 1 bp and 2 bp are shown in green and blue, respectively. (B) Nucleosomes are arranged with
exponentially distributed linkers as prescribed in the ﬁgure A with (‘be’, red) or without (‘be nobar’, blue) a barrier at the
starting position of the chromatin ﬁber. In the top panel, with barrier (black box), nucleosome (cyan boxes) positioning is
depicted. The ﬁrst four nucleosomes are strongly positioned, whereas distant nucleosomes are weakly positioned as typically
seen in statistical positioning.
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Figure 6. Chromatin ﬁber with non-uniform linker length. (A, B) J-factor with (A) and without (B) a barrier as a function of
genomic distance. The experimental data (Hsieh et al. 2015) is shown in grey; bare DNA in black; and the linear ﬁt for the
DNA in black dashed line. (C) Radius of gyration as a function of genomic distance. Different colors are as indicated in the
top panel representing various distribution of linker lengths given by be ¼ 20 lnðrandÞ; beq0 ¼ 10 
ð2 lnðrandÞÞ þ 5 0; beq1 ¼ 10  ð2 lnðrandÞÞ þ 5 1; and beq2 ¼ 10  ð2 lnðrandÞÞ þ 5 2 are with barrier; and
‘be nobar’, ‘beq0 nobar’, ‘beq1 nobar’, and ‘beq2 nobar’ are with no barrier. Here, ‘rand’ is a uniformly distributed random
number between 0 and 1 (ﬁgure 5A). In the bottom panel, chromatin conformations with different linker distributions are
shown with the odd- and even-numbered nucleosomes in orange and blue, respectively, and the DNA segment in grey.

curves in ﬁgures 6A and B, respectively). However,
with quantization, i.e., linker DNA is 10n ? 5 r, for a
standard deviation of r ¼ 2, the simulation data nearly
coincides with the experimental data. Interestingly, as
r ! 0, J decreases drastically for genomic length
s [ 300 bp. This indicates that the structure of chromatin with linker b ¼ 10n ? 5 bp is extended and hard
to form loops (structures ‘beq0’ and ‘beq1’ in the
bottom panel of ﬁgure 6). Comparing ﬁgures 6A and
B, the effect of the barrier is to enhance peaks or bumps
near the barrier coinciding with experimental peaks.
The radius of gyration (Rg) suggests that the global
chromatin structures are similar, irrespective of whether
a barrier is present or not (ﬁgure 6C). We can also see
that the Rg values for the exponentially distributed
linker DNA with a quantization of 10n ? 5 2 bp and

without quantization are low and they rise gradually.
Interestingly, both types of nucleosome organization
have similar chromatin structures (compare structures
‘beq2’ and ‘be’ in bottom panel of ﬁgure 6). We can
see clusters of four-mer to ﬁve-mer nucleosomes as
predicted by Hsieh et al. (2015) in their recent work.
We also found that the looping ability of ﬁbers with
exponentially distributed larger linkers is lower than
with shorter linkers (supplementary ﬁgure 3). Thus,
our result suggests that nucleosomes in yeast may not
be organized with strictly quantized linker DNA as
previously suggested (Wang et al. 2008). Our result
may also suggest that statistical positioning of nucleosomes around a hard barrier can generate a chromatin
structure similar to the structure suggested by the
experimental data.

Nucleosome positioning in 3D chromatin organization

4. Discussion and conclusions
In this work, we study how nucleosome organization
can affect the chromatin packaging and loop formation
using a physical polymer model accounting for elasticity of DNA and DNA-bending due to nucleosomes.
We used the FRC model, which considers a polymer as
a series of vectors, constrained at certain angles as per
the elastic properties of the ﬁlament. We showed that
the looping probability of a chromatin cannot be represented by looping theory of a simple semi-ﬂexible
polymer – the precise nucleosome organization and
DNA-bending due to nucleosomes matter. We
demonstrated that our minimalistic model can construct
different types of chromatin ﬁbers – with different
packing density – where some are similar to the previously reported data, both regular (Schalch et al. 2005;
Robinson et al. 2006; Koslover et al. 2010) as well as
irregular (Horowitz et al. 1994; Grigoryev et al. 2009)
structural ﬁbers. We built various chromatin ﬁber
conﬁgurations using different plausible distributions of
linker DNA length. Earlier studies suggest that TSS
and TTS form contacts more often than the intervening
chromatin between these regions. However, recent
experiments using Micro-C suggest a different picture.
Their data suggest that ith nucleosome is in contact
with ði þ 1Þth, ði þ 2Þth, and ði þ 3Þth nucleosomes
with high probability. Our results also suggest that
nucleosomes tend to club together in 4’s or 5’s interrupted by a long linker DNA of rare occurrence.
We systematically study the role of uniform linker
length (or equivalently NRL) in chromatin conformation. NRL can have two major effects on the orientation of adjacent nucleosomes. For short NRL, the
orientational information between neighboring nucleosomes are coupled, whereas, in the case of long NRL,
this information is nearly lost (or weakly coupled) due
to the random bending of the DNA. We found that
different NRLs are associated with varying chromatin
ﬁber compaction. Similar conclusion has also been
reported elsewhere (Routh et al. 2008). Dependence of
ﬁber packing density on NRL has been shown to be
oscillatory –increases and decreases with a spatial frequency (Kepper et al. 2008). We also obtained spatial
oscillatory behavior of packing density depending on
linker length (varying in the range 0  b  90 bp). The
oscillation has either a period of 10n ? 7 bp with low
packing, or a period of 10n ? 2 bp with high packing.
For a straight linker, while the low packing comprises
of extended zig-zag structures, the high packing comprises of highly stacked structures and interdigited
nucleosome ﬁbers (ﬁgure 2B). Interestingly, the
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periodicity is maintained only for NRL with linker
length b\50 bp. Beyond this value of NRL, the
periodicity increases, and at the same time, the packing
decreases. This range of NRL also coincides with the
most abundantly found NRLs of 188–196 bp in nature
(Widom 1992).
There could be an interesting relationship between
NRL and the need of linker histone binding. Recent
studies suggest that linker DNA is quantized in the
form of 10n ? 5 bp (Widom 1992; Wang et al. 2008).
We found that chromatin with a linker length of
10n ? 5 bp or 10n ? 7 bp is associated with nonlooping extended ﬁbers. To increase the looping, we
observed that the action of linker histones, e.g., H1, is
required. We found that the looping probability
monotonically increases with H1 concentration (ﬁgure 4B). However, in the case of NRL with
b ¼ 10n ? 2 bp or longer NRL (b [ 80 bp), the
addition of H1 does not seem to improve chromatin
compaction (ﬁgure 4A). The reason may be because
the NRL of b ¼ 10n ? 2 bp rotates the adjacent
nucleosome and the angle g does not seem to enhance
further packing. For large NRL (b [ 60 bp), the linker
is less straight and starts to bend randomly, which
reduces the effect of H1. Recent studies have suggested
that the linker histone is found in lower concentration
or associates less with chromatin in simple organisms
such as yeasts (Freidkin and Katcoff 2001) but is found
in abundance in higher eukaryotes. In order to establish
an effective association between linker histones and
nucleosomes, the chromatin ﬁber must consist of
linkers of b  40 bp. This may explain why yeasts have
shorter NRL of b 20 bp. This may also partly
explain the possible role of linker histones in establishing NRL.
Many factors may contribute to linker DNA formation such as nucleosome–nucleosome interactions
along the DNA, DNA sequences that do not favor
nucleosome formation, non-histone proteins, which are
constantly competing with nucleosomes for DNA
space (Beshnova et al. 2014). Genome-wide nucleosome occupancy proﬁle near TSS shows uniformly
spaced peaks for nucleosome occupancy up to
1
kilobase-pair of genomic distance (Lee et al. 2007;
Jiang and Pugh 2009). What determines the spacing or
the NRL is still under debate. It has been suggested that
ATP-dependent remodelers can override the sequence
effects and help maintain uniform spacing of nucleosomes (Yang et al. 2006; Racki et al. 2009; Zhang
et al. 2011). However, one of the popular determinants
of NRL is the barrier-induced statistical positioning. It
causes nucleosomes to periodically arrange around a

14

Page 12 of 14

Hungyo Kharerin et al.

barrier independent of sequence information. It is
reported that in highly transcribing genes, the nucleosomes are strongly positioned (Mavrich et al. 2008). It
is also reported that opposite-facing nucleosome array
is associated with high rate of transcription (Fitz et al.
2016). However, this ﬁnding seems counterintuitive to
our results. In our work, we observed that oppositefacing nucleosomes tend to have high packing density.
This might hinder accessing and sliding of RNA
polymerase (RNAP) on the DNA. On the other hand,
same-facing nucleosomes tend to adopt rarely looping
open conformation, which would allow RNAP to get
easy access to DNA. Nonetheless, our study showed
that both the linkers b ¼ 45 bp and b ¼ 50 bp, which
were used in the study by Fitz et al. (2016), are associated with open conformation with b ¼ 45 bp having
higher looping probability (ﬁgure 3).
In the current study, we have not considered any
explicit long-range interaction or any histone modiﬁcation in our model. Electrostatic interaction has been
shown to be important for structural stability of folded
chromatin (Sun et al. 2005). However, due to solvent
screening, we can assume that this effect is short-range
and may be limited to local stabilization. On the other
hand, histone modiﬁcations are considered to alter
positioning and stability of nucleosomes (Segal and
Widom 2009; Bowman and Poirier 2015). All these
effects can be effectively translated into nucleosome
occupancy and linker distribution. Thus, we can
incorporate these effects into our model by providing
appropriate distribution of the linker length. Furthermore, packing density is calculated to assess the
resultant conﬁgurations obtained with excluded volume
effect (see section 2).
4.1 Suggestions for experiments to test our
predictions
The main predictions of our model are loop formation
probabilities and compactness of chromatin for different nucleosome organization. One way to test our
predictions would be to reconstitute chromatin, having
a given number of nucleosomes for a variety of
nucleosome repeat lengths. One may perform an
equivalent of the DNA cyclization experiment in the
context of chromatin (Cloutier and Widom 2005),
either by extending conventional assays or using single
molecule experiments like FRET. Another possibility is
to perform an equivalent of Micro-C (Hi-C with
nucleosome resolution) on chromatin and obtain careful high-resolution contact maps. FRET data and

contact maps together will provide us looping probabilities and compactness of chromatin.
In summary, for short NRL (b\30 bp), we found that
the ability to form loops involving large genomic length
scale[ 1 kbp is very less. At this size of the linker DNA,
the linkers are straight and stiff. This is because they are
much smaller than the persistence length of the DNA. We
found that the associated structures are regular ﬁbers.
However, due to nucleosome–nucleosome orientation and
with systematic placement of varying linker DNA, the
ﬁber can assume looping conﬁgurations (Engelhardt
2007). Interestingly, for longer and ﬂexible linkers, we
obtained irregular structures, where linkers of the form
b ¼ 10n ? 2 bp has higher looping probability than
b ¼ 10n ? 7 bp. We learned that linker histones can
enhance looping for NRL with b ¼ 10n ? 7 bp. We also
demonstrated that non-uniform linkers and the presence
of barriers can mimic nucleosome organization at least
similar to the one found in yeasts. However, the exact
distribution of linkers and barriers in the genome and the
elastic property of the barriers are still needed to be
determined. This information can provide better picture of
the chromatin structure.
The advantage of our work is that, we have a simple
model – a model with vectors and angles – that can
generate equilibrium conﬁguration of chromatin. Given
nucleosome-positioning data, our model could quickly
generate an ensemble of probable 3D conﬁgurations and
investigate the role of nucleosome positioning in chromatin organization. Unlike extensive molecular dynamics
simulations or conventional Monte Carlo simulations, this
model is much quicker in generating 3D conﬁgurations.
The limitation of our model is that, in its current form, it
does not account for other non-histone proteins such as
CTCF. We hope that our work will trigger more work in
this direction, in the future, which can incorporate more
factors and study chromatin organization.
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