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1.

Introduction

Statistical physics is the trick of admitting that you know
almost nothing about all the different ways in which your
system may be configured, except a few boundary conditions. Then you deduce the probability distribution for all the
allowed states, from the boundary conditions and something
as basic as the Second Law of Thermodynamics. The proof
of the pudding is in the comparison of the average (expected)
values of macroscopic measurable quantities with what is
observed in experiment.
The opposite is true in biology, which is an extremely
knowledge-intensive pursuit; the amount of detailed information at the command of a biologist is absolutely humbling.
However, this may hold a hidden danger – the sheer weight of
the information and the amazing way it fits together can create
the illusion that what we see is what had to be; the possibility
of other solutions, other configurations, the whole rest of the
‘phase space’ tends to be overlooked. This may bias perceptions in a way that actually hamper research.
Eloquent criticisms of indiscriminate application of exclusively adaptational explanations of all possible observed
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traits have been made (see, for example, Gould and
Lewontin 1979). The geometrical, physical and chemical
origins of form and of complexity, in both inanimate and
living matter, have already been discussed by many authors
(Thomas 1942; Nicolis and Prigogine 1977; Frisch 1995;
Kondepudi and Prigogine 1998; Salazar-Ciudad et al. 2001;
Newman and Forgacs 2005). In this article addressed essentially to biologists, we would like to contribute to this discussion within a systems biology context. We proceed from
the propositions that (i) natural selection cannot violate causality – i.e. new phenotypic traits and the resulting difference
in fitness (cause) have to first appear, before they can be the
subject of natural selection (effect), and (ii) at the molecular
level, we live in a quantum world, where there a limits to
how continuous, or gradual, change can be. In particular,
mutations are (random) discrete events, i.e. are either there or
not (see article on other effects of discreteness by Behram
Houchmandzade (2014) in this volume).
Within a systems biology approach, there may come into
play other thresholds, for example, the minimum number of
nucleotides (nts) that the binding site of a protein must
contain before the binding is stable enough to have a
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regulatory effect. This calls either for the random accumulation of a sufficient number of nearby neutral mutations in a
non-coding region of the genome, or the chance occurrence
of sequences for which certain proteins happen to have an
affinity and which can act as binding sites, before natural
selection can step in. The chance occurrence of a given 5 nt
pattern has a probability of ≈10−3. Genome sizes range from
105 (bacteria) to 109 (humans) to 1011 bps (some amoeba and
plants) in order of magnitude (Alberts et al. 2002). Thus,
even in the shortest genome, any desired 5 nt pattern can be
found around a hundred times by chance alone; in the human
genome this number goes up to a million times. These
numbers show that there is room here for the spontaneous
emergence of an interaction network, which could subsequently be pruned, fine-tuned and adapted to special functions (exapted) by natural selection.
We will present original research and review already
published work, where we ask the following kinds of questions: if there is a finite ab initio probability for (i) Watson–
Crick base pairing between some microRNA (miRNA) and
messenger RNAs, or (ii) for the existence of DNA regions
which proteins can bind, what would be the structure of the
network of interactions? How similar would such networks
be to the presently observed ones?
We would like to argue for an ensemble approach to the
analysis of systems such as the genome-wide networks mentioned above, and consider the existing viable structures
within a wider context of possible entities. There could be
lessons to be learned from quantitative comparison of
existing systems with simpler structures which could arise
by pure chance.
By an ensemble, we theoretically mean an infinite number
of copies of the same stochastic system, under the same
constraints and assembled according to the same rules. Different realizations of the system obey a probability distribution which is known a priori or arrived at axiomatically. In
an experimental situation, the probability distribution has to
be deduced from all the various available instances of the
system at hand, with the help of theoretical models to guide
the choice of variables. The definition of the class of objects
which one identifies as instances of the same ‘system’ is
crucial in any attempt at modelling the probability distribution characterizing the ensemble, as well as in interpreting
the results. In particular, one measure of the complexity of a
system can be obtained from the probability distribution over
this ensemble.
It is generally assumed that ‘higher organisms’ have, in
the course of evolution, developed into more complex structures. However, it seems intuitively obvious that there
should be limiting factors, which put bounds on the degree
of complexity of an organism. Fisher (1930) and Orr (2000)
argue for a ‘cost of complexity’, slowing down the rate of
change in fitness due to random mutations, as the complexity
J. Biosci. 39(2), April 2014

(measured by the number of traits) increases. This decrease
would lead to an upper bound to the degree of complexity
which could possibly be attained by an organism.
In the last part of the article, we consider appropriate
measures of complexity which can be relevant within evolutionary scenarios, and relate them to the cost of complexity
and to fitness.
The organization of this article is as follows:
In section 2, we adopt a working definition of complexity
and discuss a number of very simple and well-known situations in which complexity can arise spontaneously in inorganic, chemical-physical contexts such as equilibrium phase
transitions and non-equilibrium phenomena (fractal growth).
The common thread in the examples considered here is that
the interactions or growth rules are local, and nevertheless
self-similar patterns are capable of forming over length
scales which far exceed those of the building blocks of the
system. Information and algorithmic definitions of complexity are also introduced and their relevance is briefly
discussed; further discussion can be found in the appendix 1.
In section 3, we would like to present the results of our
research on modelling complex biological networks which
has spread over the last 10 years. Our interest in interaction
networks based on sequence-matching was triggered by our
‘discovery’ of the phenomenon of RNA interference
(Hannon 2002; see also Mello and Conte 2004). The challenge was to model as much of this mechanism as possible
on purely statistical grounds and also possibly discover
evolved features of gene regulatory networks which could
not be accounted for by mere chance. In section 3.1, a null
model for RNA interference will be presented on the basis of
random sequence matching (Arpağ 2011) and analytical and
simulation results will be compared with properties of the
miRNA-mRNA and miRNA-miRNA networks predicted
from biological data. In section 3.2, a null model using
random surrogate sequences for the promoter regions of
genes and the binding sites of transcription factors, is presented.
We construct the regulatory network using a ‘content-based’
approach (Balcan and Erzan 2004), using sequence-matching
conditions for establishing connections between nodes. The
topological properties of the transcriptional gene regulatory
network (GRN) of Saccharomyces cerevisiae (Balcan et al.
2007), matched for the number of nodes (genes) and for the
information content of the binding sites, will be shown to be in
surprisingly good agreement with the empirical network. Why
these networks qualify as complex is discussed in the next
section.
In section 4, we discuss the appropriate ensembles for the
determination of the degree of complexity and the information content at different levels of organization of the genome.
We demonstrate that information has a cost and we illustrate
this with an example. We suggest a way to model a nonmonotone dependence of the fitness on information.

Evolution of complex systems
In section 5 we will provide a short discussion wrapping
up our results.
In order to make the text more readable, we have put
most definitions and technical details in the appendices.
Moreover, in order to allow the interested reader to be able
to reproduce our results, we provide the data we have used
in the supplementary material.

2.

Complexity and cooperativity

We will consider as complex those phenomena or systems,
which have many levels of organization or articulation.
The challenge is to understand how these coherent spatial
and/or temporal patterns at many different length and time
scales arise, even though the system may consist of simple
units which only interact with each other over very short
distances and which have short intrinsic turnover times
that depend on, say, the average energy of the system
(i.e. the temperature).
Complex systems usually involve elements of both
stochasticity and determinism. One may find complex
patterns arising in random systems. Dynamical systems
whose evolution is constrained by conservation laws
(e.g. mass, momentum and energy conservation) can spontaneously generate complex patterns or regularities, given
enough time (after initial transients) (Nicolis and
Prigogine 1977). For a striking example, see Sadhu and
Dhar (2010) for the effect of non-conservation of the
grains of sand on ‘self-organized’ patterns formed by
growing sandpiles.
It is difficult to give an all-encompassing definition of
complexity. Peter Grassberger has even wondered whether it
is not a totally subjective matter and depends on the observer's ability to perceive certain patterns as ‘meaningful’
(Grassberger 1986a, b, 2012; also see Atlan 1987; Atlan
and Cohen 1998).
Shannon entropy, or Shannon ‘information’ (Shannon
1948; see appendix 1), is used very often as a measure of
the complexity of systems considered as members of
some ensemble. However, we would like to stress that
an ensemble approach may not be appropriate in cases
where there is only one unique copy of the system at
hand, or when the variability between different specimens
is small and is not the relevant quantity. (The definition
of different ensembles is discussed further in section 4.)
In this case, methods such as estimating the algorithmic
complexity (Turing 1936; Kolmogorov 1965; 1983), defined as the minimum length of a computer program
necessary to reproduce the series, appear to be more
meaningful. Nevertheless, see Zurek (1989) on the impossibility to find the shortest such program in a systematic
way.

2.1
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Systems in thermodynamic equilibrium: Percolation
and phase transitions

Let us start with an example of a static random system, with
a succession of different scenarios ranging from simple to
more complex situations:
Consider a static random distribution of two types of
components in some medium – say black and white beads
totally covering the surface of a tray, with the total number N
of beads held constant. In this case there is only one parameter which describes the system – the ratio of the number Nw
of, say, white beads to the total number, Nw /N = p. (See
appendix 1 for some statistical concepts and to fix our
notation.) If the two kinds of components are truly well
mixed, there will be no spatial correlations, and the probability of encountering a white bead anywhere on this surface
will simply be p. From a distance the surface will look
simply grey, uniformly darker (or lighter) depending on the
value of p.
There is a special value of p, however, where something
different and interesting does happen. In fact it is called a
geometrical phase transition (Stauffer and Aharony 1992).
One may create such mixtures with different values of p and
examine each of them separately. For values of p larger than
a so-called ‘percolation threshold’, uninterrupted paths of
white beads start to run from one edge of the surface to the
other. These fragile threads form highly correlated ‘percolation clusters’. If one is observing this geometrical phase
transition on a sufficiently large surface (whose length scale
is much larger than the radius of a bead), the percolation
cluster is a fractal and will display lacunae at all scales up to
the extent of the boundaries (Mandelbrot 1982). The correlation length – the average size of the regions over which the
density of white beads can depart from the average
density – diverges with the size of the system. Very near
the percolation threshold the patterns which one observes are
indeed complex, in that they do not exhibit any characteristic
size, but appear to be ‘scale free’. As one increases the
number of white beads further, one will see the complex
patterns being washed away and the surface simply looking
quite uniform from a slight distance. (See figure 1a for a
mixture of beads of slightly different sizes and a total volume
ratio of 1:1, close to the percolation threshold.)
Thermodynamic phase transitions under equilibrium conditions, such as the solidification of a liquid, with the emergence of a periodic structure, are common examples of the
spontaneous and abrupt buildup of order as one lowers the
temperature (so called ‘first order phase transitions’ according to the classification scheme of Ehrenfest) (Stanley 1971).
At continuous phase transitions such as the paramagnetic to
ferromagnetic phase transition in the absence of an external
magnetic field, right at the critical temperature, some
J. Biosci. 39(2), April 2014
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Figure 1. (a) Equal volumes of black and white glass beads of 3 mm diameter have been well mixed in a beaker and emptied out on to a
flat surface. Try to pick out the incipient percolation cluster of whites; it is very tenuous in places, and has many holes of different sizes. The
percolation threshold for beads on a two-dimensional lattice is 0.59; in an off-lattice situation as here, it would differ slightly. (b) Diffusionlimited aggregation cluster on a plane surface with cylindrical symmetry. The density of the random walkers satisfies the same equation as
the electrical potential between the growing cluster (ground) and the far away boundary at the top held at a constant uniform potential. The
contours of the light and dark patches are equipotential lines. (Courtesy of Carl JG Evertsz, Benoit Mandelbrot, Craig Kolb; unpublished.)

measurable order (e.g. magnetization) starts to appear continuously (this is a ‘second order’ phase transition in the
Ehrenfest scheme). As one approaches this critical point
one encounters the formation of ordered and disordered
regions of all sizes, and the buildup of long-range correlations between these fluctuations (Stanley 1971). It is important to note that at the critical point, where one observes this
highly complex buildup of correlations over many different
scales, entropy, which is often used as a measure of complexity, is not in general a maximum.

2.2

Out-of-equilibrium systems: Pattern formation –
diffusion-limited aggregation (DLA)

Consider now the situation where we have tiny beads which
are not so tightly packed that they cover the surface, but there
is lots of empty space where they can move around; moreover
we keep adding beads to the system from the edges of the tray.
We can make them slightly sticky, independent of the colour,
and add dynamics by simply vibrating the surface a little bit, so
that the beads are randomly kicked around. This is now a nonequilibrium system. One can immediately see that the beads
will start to stick to each other, first in small and later in larger
clusters (figure 1b). What is described here is a rough approximation to what has been called diffusion-limited aggregation
(Witten and Sander 1983; Niemeyer et al. 1984), which is
known to lead to scale-free growing clusters with a fractal
dimension close to 1.76 in two dimensions (Pietronero et al.
1988; Erzan et al. 1995).
J. Biosci. 39(2), April 2014

DLA can actually serve as a model for a wide range of
phenomena, perhaps best exemplified by the formation of
mineral deposits. It can also describe the slow, one step at a
time growth of the periphery of a bacterial colony, if the
nutrient (new beads) is fed into the system some distance
away from the growing colony and is transported only via
diffusion; the growth probability is directly proportional to
the gradient of the nutrient concentration, which in this case
will point away from the boundary of the cluster (Fujikawa
and Matsushita 1989; Matsushita and Fujikawa 1990;
Matsushita et al. 2004). The complexity of the patterns that
are thus formed is quite amazing. The appearance of the
cluster does depend on other parameters – if the source of
the nutrient is too close to the bacterial colony, for example (so
that we should be solving the Poisson equation rather than the
Laplace equation for the density of sugar), there will be deviations from the highly articulated fractal pattern which is selfsimilar under a change of scale.
The above series of examples illustrate the fact that, even
if the building blocks themselves are simple, in the sense that
they do not contain the information related to the large scale
appearance, function, etc., of the whole system, long-range
correlations in time or space are capable of building up.
These correlations span length scales far beyond those of
the constitutive elements, or the range of interactions among
them. This spontaneous buildup of long-range correlations is
called a ‘cooperative phenomenon’ in physics jargon. We
use this term in a sense that is clearly distinct from its use
within the context of biological systems. Nevertheless, we
would certainly like to invite the reader to critically re-
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examine ‘cooperative behaviour’ to see if, in certain cases, it
could be accounted for in purely mechanistic-probabilistic
terms. In the case of bacterial growth with abundant nutrient,
all that the bacteria need to have evolved (i.e. a sufficient
condition) for complex DLA patterns to be observed is a
greater tendency (probability) of growth in the direction of
largest neighbouring nutrient concentration.
We think it is important to understand this basic level of
complexity which is there for ‘free’ so to speak, in order to be
able to understand better what has evolved by natural selection
and how. For example, under starvation conditions, the growth
of the bacterial colony stops being describable purely on the
basis of a diffusion equation and a growth probability. One
sees spiral patterns formed by bacteria conducting an active
search, a level of complexity which goes far beyond what inert
particles can achieve (Ben-Jacob et al. 1997).
One should also mention a whole area of research on
reaction diffusion systems (Turing 1952; a relatively recent
review aimed mainly at biologists is Maini 2004) and stochastic or deterministic cellular automata (Wolfram 1983) for
spatio-temporal pattern formation, which have been widely
used as paradigmatic points of departure for understanding
pattern formation in biological systems, as well as being applied to specific biological systems, either at the cell and tissue
level or at much more macroscopic ecological scales.
3.

Null models for the genesis of complex gene
regulatory interactions

Let us now turn to some higher-level biological phenomena
for which we will try to build a null model purely on the
basis of combinatorics. We would like to suggest that the
gene regulatory system may be considered as a selforganizing system. We will show that the chance occurrence
of randomly chosen strings of characters within longer random sequences is sufficient to account for some global
properties of RNA interference and complex transcriptional
gene regulatory networks (GRNs). Clearly, the interactions
between specific genes cannot be predicted in this way, but
the overall topological features of the network can be
reproduced rather faithfully. Even if we cannot claim that
historically it came first, such an artificial null model is
clearly a better point of departure for understanding the
evolved, adaptive features of a GRN, than, say, a ‘classical’
random Erdös-Renyi (ER) network (appendix 2.2).
3.1

RNA interference, sequence matching and the wonders
of large numbers

The discovery of RNA interference (RNAi) (Hannon 2002;
Mello and Conte 2004; see Morange 2008 and 2012 for the
history of the discovery of RNAi) was crowned in 2006 by a
Nobel Prize. That the simple mechanism of Watson–Crick

263

(W-C) base-pairing comes into play here so that messenger
RNA (mRNA) is bound by microRNA (miRNA) and effectively taken out of action, is both fascinating and very
gratifying for a physicist!
The short non-coding RNA sequences known as miRNAs
are 20- to 22-nt-long strands produced from non-coding
RNA, and interfere with the translation of messenger RNA
(mRNA) mostly by binding their untranslated regions at the
3′ end of mature mRNA. (In the rest of the article, UTR will
denote the 3′ untranslated region of the mRNA.) The binding
occurs by W-C base pairing and results in the silencing of
the target genes. A particular region called the ‘seed’,
consisting of 6–8 nts near the 5′ end of the miRNA is
involved in binding the mRNA, although a few other additional sites may also participate (Almeida and Allshire 2005;
Chen and Rajewski 2007).
It was Mello and Fire (2000) who discovered the ‘dsRNA
trigger’ which is susceptible to ‘dicer’ enzymes that were
known to attack exogenous dsRNA. The complex interactions between viral and host miRNA (Mahajan et al. 2008;
Carthew and Southeimer 2009; Mourier and Willerslev
2009; Veksler-Lublinsky et al. 2010; Feschotte and Gilbert
2012; Kapusta et al. 2013) are all based on W-C base pairing
between the seed sequences and UTRs of viral or endogenous (possibly again of viral origin) miRNAs and mRNAs.
The phenomenon of RNAi is very exciting because it
seems to give a glimpse into certain primordial processes at
work in the evolution of the genome (Almeida and Allshire
2005; Chen and Rajewski 2007). The non-coding DNA from
which miRNA is transcribed consists to a very large extent
of so-called ‘parasitic DNA’, i.e. transposable elements
(transposons) (Novina and Sharp 2004). Transposons themselves are possibly of viral origin (Piriyapongsa and Jordan
2007; Kapusta et al. 2013; Zhuo et al. 2013), and have the
same palindromic (Hao et al. 2000) format as double-stranded
RNA (dsRNA) consisting of viral genomic material introduced into the cell from the outside.
3.1.1 The miRNA-mRNA network: A network (or graph,
see appendix 2) is defined in terms of ‘nodes’ (knots, vertices
are alternative terms for the same objects) and ‘edges’
(Bollobás 2001; Albert and Barabási 2002). Edges are the
connections between the nodes. They are usually denoted by
a line. If the edges are ‘directed’, it is customary to indicate the
direction with an arrowhead. An important topological property
is the ‘degree’ of a node; it is defined as the number of edges
which connect to a given node. On directed networks, it is
useful to define in- and out-degrees, respectively, the number of
edges terminating on, and issuing out of, a node.
The miRNA-mRNA network consists of two types of
‘nodes,’ namely nodes identified with mRNA strands and
those identified with the miRNA strands which potentially
bind them. A directed ‘edge’ is placed between a miRNA
J. Biosci. 39(2), April 2014
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node and an mRNA node if this miRNA can bind the
mRNA. Since the edges always go from a node of the first
type to a node of the second type (and never connect nodes
of the same type), the resulting network is called ‘bipartite’.
The number of verified native miRNA sequences is 711
for Homo sapiens (Griffiths-Jones et al., 2008) [this number
has gone up to 1100 in 2010 (www.microRNA.org) and is
growing] and the so-called ‘non-coding’ genes which code
for them go up in number every day. So do the number of
predicted and verified target mRNAs. For humans, the total
number of mRNA targets is much larger than the number of
human genes (Grillo et al. 2010).
Computational methods have been developed for
predicting target sequences that are likely to be bound by
particular miRNA (Grimson et al. 2007; Majoros and Ohler
2007). Here we will not be concerned with predicting specific binding motifs, but with investigating the overall statistical properties of the mRNA-miRNA network, pretending
that the mechanism for RNAi is a purely combinatoric one
(Balcan and Erzan 2004; Arpağ 2011).
We now present an artificial model for the miRNAmRNA network, which we call a ‘null model’ because we
use as little biological information as possible. We would
like to see if we are able to reproduce a statistical property of
the miRNA-mRNA network, namely the degree distribution
(see appendix 2.2 for definitions of graph properties), from
which many other topological properties can be deduced.
(Balcan and Erzan 2007).We will compute the expected indegree distribution P(d) of the mRNA nodes, which is the
probability that a randomly chosen mRNA (a node of the
second type on the network) has d incoming edges, i.e. can
potentially be bound by d different miRNA strands.
We will take all the sequences to be stochastic. Hence,
instead of conserved motifs, we will be considering random
miRNA seeds and random UTR sequences, generated via
zeroth order or first order Markov processes (see appendix 4).
In our network, nodes of the first type are thus assigned
randomly generated sequences of length 7 (standing for the
miRNA seeds), and nodes of the second type are assigned
again randomly generated sequences whose lengths are chosen at random from the empirical length distribution of the
UTRs (Grillo et al. 2010).
Secondly, our model exploits the fact that the binding
between the miRNA seed and the UTR of an mRNA takes
place according to W-C base pairing. In our artificial model,
the necessary and sufficient condition for a miRNA strand to
bind a mRNA is that the UTR sequence of the mRNA
contain the W-C complement of the 7-site motif of the seed
at least once. Our model miRNA-mRNA network is
established by placing a directed edge between any pair of
miRNA and mRNA nodes, if the uninterrupted W-C complement of the miRNA seed is to be found at least once in the
UTR of the mRNA strand.
J. Biosci. 39(2), April 2014

We would like to stress that, we are not assuming the
‘real’ seeds and UTRs to consist of random sequences; nor
are we assuming that the sequence-matching condition is
sufficient for the real binding process. We are trying to find
out the properties of the artificial network which would
result if the sequences were random and if the sequence
matching condition were the only condition at work for the
binding to occur; we will then compare this artificial network
with the real one.
Analytical results for the miRNA-mRNA degree distribution: It
is possible to analytically compute the in-degree distribution
P(d) for the mRNA. This computation is given in
appendix 3.1. The analytical results for zeroth order Markov
processes, with equal probabilities of occurrence for the
different nucleotides, are presented in figure 2, where the
predicted degree distribution of the artificial miRNA-mRNA
network is compared to the computed miRNA-target network (Griffiths-Jones et al. 2008; Mookherjee et al. 2009;
also see acknowledgements). One may compute corrections
to the zeroth order approximation of equal probabilities and
the absence of correlations. It turns out that these corrections
are typically so small that the plots of the simulations with
first order Markov sequences fall right on top of the zeroth
order ones, i.e. the difference is smaller or of the order of the
width of the lines (Arpağ 2011). We have checked that the
excess probability for small values of d in the model case can
be made to follow the downward trend of the predicted
degree distribution if the lower cutoff for the UTR lengths
is taken to be 21 rather than 7, as was assumed for the
calculations reported here.
It turns out that the radical simplification of taking equally
probable uncorrelated sequences is not so far off from the
truth. We have computed the entropy of the known ensemble
of miRNA seeds for humans, and found that it deviates by
less than 1% from the entropy which would be found if the
sequence were perfectly random. The entropy (see the similar calculation of the information content for a consensus
sequence in appendix 1.4) for the ensemble of miRNA seeds
can be calculated by constructing the probability matrix pij
for the probabilities of the four nucleotides j = 1,2,..,4 at
the i = 1,…,7 positions along the miRNA seeds for
H. sapiens (Griffiths-Jones et al. 2008). Then,
7 X
4
X
S¼−
pij ln pij
i¼1 j¼1

We use the Shannon information content to define an
effective length of the seed sequences by dividing the information content by ln 4. (This is the same as converting the ln
to base 4. The bit-wise information content would be twice
this, and would be obtained by dividing by ln 2.) We find,
leff ≡S/ln4=6.95. The number would have been exactly 7
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Figure 2. The degree distribution P(d) of the miRNA-mRNA
network for humans, plotted as a function of d, the degree (Arpağ
2011) The red dots are the empirical data (Griffiths-Jones et al.
2008; Mookherjee et al. 2009). The black continuous and dashed
curves have been computed analytically from simulations of the
model explained in appendix 3. The continuous line is obtained by
randomly choosing the UTR lengths from the empirical length
distribution for the UTRs (Grillo et al. 2010). The dashed line has
been obtained by sampling the fitted length distribution given in the
text. Both lines have been smoothed by using a nonlinear least
square fitting algorithm.

had the nucleotides been chosen with equal probabilities and
independently of their neighbours along the sequence. This
means the human miRNA seeds are extremely close to being
uniformly random. This also means that the real sequences
have as large an information content as possible; in other
words, they are as uniquely individual as they can be.
Simulations for the miRNA-mRNA network: We have also
performed Monte Carlo simulations of the miRNA-mRNA
in-degree distribution. Our simulations are based on the
model presented above, except that for the numerical work
we have generated M miRNA (seed) sequences and N UTR
sequences via zeroth order and first order Markov processes,
instead of taking the frequencies of all nucleotides to be equal
to 1/4 (see appendix 4 for Markov processes). The number of
miRNA and mRNA nodes, the frequencies and the conditional
probabilities of the nucleotides making up the UTRs, as well as
the probability matrix for the seed sequences of the mRNA,
can be found in the supplementary material for H. sapiens,
C. elegans, X. tropicalis and B. Taurus.

6.

UTR length distribution function presented above (the
parameters of the distribution function for four different
organisms are given in table 1).
Generate zeroth (or first) order Markov chains using the
frequencies (or conditional probabilities) given in the
supplementary material, to stand in for the UTR
sequences.
Define M nodes to correspond to miRNAs.
Assign to each miRNA node, a 7 nt seed, generated
randomly via a zeroth (or first) order Markov process, using the appropriate frequencies (or conditional probabilities) pertaining to the organism under
consideration.
For each miRNA node, search the W-C complement of
the seed sequence in the UTR sequences of all the
mRNA nodes, and connect these nodes.

We have thus checked for exact W-C complementarity
between each seed sequence and all 7 nt sub-sequences
of each UTR. The network is constructed by placing an
edge between a miRNA and mRNA pair, if the W-C
complement of the miRNA seed is found at least once
as a subsequence of the relevant UTR. We represent the
network by means of the adjacency matrix A as explained
in appendix 2.1.
The results for the in degree distribution P(d) of the
miRNA-mRNA network for H. sapiens are presented in
supplementary figure 1. The simulation results are very close
to the analytically predicted degree distribution. Simulation
results for H. sapiens, C. elegans, X. tropicalis and B.
Taurus are provided in supplementary figure 2.
Although we are capturing the overall statistics of the
in-degree distribution of the mRNA, we have checked
that links between the individual nodes on the network
cannot be predicted purely on the basis of combinatorics.
Indeed, those mRNA which are targeted by many miRNA
do not have longer than average UTRs at the 3′ end; on a
node-to-node basis, our simple combinatoric assumptions
are not borne out (see Grimson et al. 2007; Hofacker
2007 for a more sophisticated discussion of binding conditions). It would seem that once a feature (in this case,
the binding of an mRNA by one or more miRNA)
emerges spontaneously and has a beneficial effect so that
it is selected, the way is opened for other changes which
now become viable. Further mutations may agglutinate
around the initial one in such a way that, after a certain
evolutionary period, it may be difficult to identify the
original, totally random, mechanism via which the initial
feature actually arose.
J. Biosci. 39(2), April 2014
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3.1.2 The miRNA-miRNA network of co-regulation: The rather
good agreement between the empirical in-degree distribution of
the miRNA-mRNA network and the analytical result
from the null model is not the end of the story. There
is a second network on which we can test how well our
results actually stand scrutiny. It is possible to construct
the miRNA-miRNA co-regulation network (Mookherjee
et al. 2009; Basu et al. 2014) where the nodes consist
only of miRNA:

Basu et al. (2014) have analysed the predicted P(w) and
discovered that one may rescale the weights and the size of
the network in such a way as to collapse all of the predicted
curves on one ‘universal’ curve. They point out that the
values of w were the distribution peaks are very highly
correlated with the complexity of the animals, measured in
terms of the number of distinct cell types for that species.
3.2

Transcriptional gene regulatory networks

1. If two miRNA are connected to the same mRNA, in other
words, if they co-regulate an mRNA, one considers them
to be connected to each other via this mRNA ‘bridge’.
2. For each pair of miRNA, the number of such bridges
(the number of mRNA co-regulated by this pair) is
called the weight of the bond between them.
The co-regulation network is therefore a ‘weighted’ network. The elements of the adjacency matrix are equal to the
weights of the connections (figure 3a).
We assume that the condition for a pair of miRNA to bind
the same mRNA is simply that the W-C complement of the
seeds of both miRNAs should be found in the 3′ UTR of the
mRNA. It is in principle possible to analytically compute the
expected miRNA-miRNA network; however, the combinatorics gets to be daunting even for the case of equal frequencies for all four nucleotides.
Since we have already numerically simulated model
miRNA-mRNA networks, we can calculate the adjacency
matrix for the miRNA-miRNA weighted co-regulation network. It is shown in appendix 2.3 that the weights of the
connections in the co-regulatory network can be obtained by
squaring the adjacency matrix for the miRNA-mRNA network considered in section 3.1.1. Then, by calculating the
relative frequencies of the weights, one easily gets the
weight distribution P(w). The results for four different animals, H. Sapiens, C. elegans, X. tropicalis and B. Taurus, for
sequences generated using first order Markov processes are
given in figure 3. (Zeroth order results can be found in the
supplementary figure 3.) The simulation results are shown
with continuous lines. For comparison, we show as connected dots, the predicted weight distributions from the MicroCosm target prediction tool (http://www.ebi.ac.uk/enrightsrv/microcosm/cgi-bin/targets/v5/download.pl). Although
the model and predicted curves do not coincide, there is a
remarkable similarity between the progression of the curves,
from simple to more sophisticated animals (Basu et al.
2014). The weight distributions for the null model and the
predicted networks have the same shape and the same progression from more skewed and peaked towards more symmetric (Gaussian-like) in shape. However, we have not been
able to identify the source of the distinct shift to larger values
of the weights, and resulting spreading out of the distributions for the model networks.
J. Biosci. 39(2), April 2014

The same kind of probabilistic approach which was
employed in section 3.1 can be brought to bear upon transcriptional gene regulatory networks (GRNs) (Barabási and
Oltvai 2004; Harbison et al. 2004; Tong et al. 2004). In the
network view, genes are represented by nodes, and regulatory interactions by edges. The interactions are mediated by
transcription factors (TFs), which are proteins that bind the
non-coding region upstream from a gene. This region can be
as large as thousands of base pairs is called the ‘promoter
region’ (PR) of that gene, at least by some researchers
(Harbison et al. 2004). Other, textbook definitions of the
‘promoter region’ differ significantly (see e.g. Alberts et al.
2002). Edges are directed from the node coding for a TF, to
the node(s) it regulates.
Gene regulatory networks have been erroneously touted
as examples of scale free networks, i.e. to possess degree
distributions which have the power law form P(d)~d−γ
where 2<γ<3 (Barabási and Oltvai 2004). A careful analysis
of, for example, the yeast GRN reveals that it has an
even more complex degree distribution, dominated by an
exponential distribution of in-degrees and a power law
out-degree distribution (Balcan et al. 2007). In Balcan et al.
(2007) and Malkoç et al. (2011) we have modelled the
transcriptional GRN for a eukaryotic and a prokaryotic
genome, i.e. Saccharomyces cerevisiae and Escherichia coli,
respectively. We have demonstrated that most statistical
properties of the GRN, the degree distribution, K-core
decomposition, rich-club coefficient, and degree-degree
correlation can be quantitatively predicted, while the clustering
coefficient (see appendix 2 for the definitions of the relevant
quantities) is reproduced qualitatively, but not quantitatively.
The failure to quantitatively predict features representing
higher order correlations, such as the clustering coefficients,
is a direct consequence of the simplicity of the model and can
be easily remedied, as discussed below.
3.2.1 A null model for the gene regulatory network: The
transcriptional gene regulatory network (GRN) is a convenient
way to describe the interactions between genes, which result in
either the enhancement or the repression of the rate of
transcription of a gene (Barabási and Oltvai 2004; Harbison
et al. 2004). The nodes of this network are associated with
genes; the connections between the nodes represent the
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Figure 3. (a) The miRNA-miRNA co-regularoty network: (I) mRNA strands are prevented from being transcribed, if the seed sequence of
a miRNA binds a W-C complementary sequence in the 3′ UTR. (II) The interactions on the co-regulatory network indicate that a pair of
miRNA co-regulate one or more mRNA. The number (w) of different m-RNA co-regulated by the pair is the ‘weight’ of the interaction. (b)
P(w) denotes the distribution of the interaction weights over the network (appendix 2). We have plotted the first order Markovian simulation
results for our model (one realization for each network) as continuous lines, and the network predicted from sequence data as points
connected by lines (MicroCosm target prediction tool http://www.ebi.ac.uk/enright-srv/microcosm/; Griffiths-Jones et al. 2008; Basu et al.
2014). The data for the predicted networks has kindly been provided by Dr M Basu. The colour coding for the different organisms is
indicated in the legend. See section 3.1.2 for a discussion.

interaction mediated by the so called ‘transcription factors’.
Transcription factors are proteins which have an effect on the
transcription of different genes by binding the promoter region
usually upstream from the gene to be regulated.
Our picture of transcriptional gene regulation networks
on which this section is based is the following: The
‘transcription factors’ (TFs) are proteins which have a
chemical-physical affinity for certain segments of DNA
and bind them. The problem of predicting the nucleotide
sequence for which a given protein might have an affinity
is an extremely complex problem, even if one knows the
primary and even the secondary structure of the protein.
In view of the fact that it is now becoming computationally possible to catalog protein complexes and predict
pairings between different surface regions of proteins
(Keskin et al. 2008), it might easily be said that
predicting binding sequences for transcription factors is
not that far beyond the horizon, but at present we do not
have this capacity.
Our aim is to be able to predict the overall statistical
properties of the GRN, and not the regulatory interactions
between any specific pair of genes.
Our approach is that each TF is associated with a consensus sequence. If that consensus sequence happens to be
present in the PR of a gene, then this latter gene is said to
be regulated by the gene coding for that TF (figure 4a).

We would here like to take a similar leap of ignorance as in section 3.1. As statistical physicists, we
decide to use our ignorance of the particular promoter
or binding sequences and pretend that they are
completely random with equal probabilities (1/4) for
each nucleotide.
We chose yeast (S. cerevisiae) to be our ‘target system’
with which we will compare the network we obtain from our
null model. We will only use the following three pieces of
biological data:

1) The mathematical form of the probability distribution
for the length of the non-coding regions on a eukaryotic genome is empirically known to be of a power
law type, i.e. proportional to l−μ, with the power
μ being of the order of unity (Almirantis and Provata
1999). Since the transcription factors mostly bind the
non-coding regions in eukaryotes, we will take the
probability to encounter a promoter region of length
l to be proportional to l−μ. We will allow ourselves
this one parameter μ to vary in order to optimize the
similarity with our target system, yeast (Balcan
et al. 2007). In fact it turns out that the properties of the
network are rather insensitive to small variations around
μ = 1. [In the case of E. coli (Malkoç et al. 2011) there are
no free parameters at all.]
J. Biosci. 39(2), April 2014
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Figure 4. Transcriptional gene regulation: (a) Model for transcriptional gene regulation. TFn labels transcription factors, which are each
supplied with a binding sequence; this sequence they seek in the in the Promoter Region (PRn) for each gene (Gn). (b) Distribution of the
effective number of constraints to be satisfied for transcription factor binding of DNA. This distribution corresponds to the distribution of the
effective bitwise information content of the binding sequences, as explained in the text. (Reproduced from Balcan et al. 2007 with permission.)

2) The length distribution of the binding sequences. The
region which a TF binds within a PR is called a
‘binding site’. A binding site usually consists of a
sequence of 5–10 nts. A ‘binding site matrix’ for a
TF may be constructed from experimentally observed
‘binding sites’ for that protein. The elements of this
matrix are the probabilities pij that the ith nucleotide
within the 4-letter set {A, T, C, G} appears at the jth
position within a binding sequence (appendix 1.4).
We consider the number of sites (base pairs) along
a binding sequence to represent the number of conditions that have to be fulfilled for the binding to
take place. (There may be other types of conditions
coming into play, but at the moment we are only
dealing with the binding sequence itself.) The effective number ne of strict conditions for binding is
usually less than the length of the binding sequence,
since different binding sites may differ from the
consensus sequence at a number of positions along
the sequence (Harbison et al. 2004; Teixeira et al.
2006; see appendix 1.4 for the binding site matrix).
We propose that ne is the minimum effective length
of the sequence that has to be encountered in the PR
for the TF to bind successfully. This number is
proportional to the relative information content (defined and discussed in appendix 1) of the binding site
matrix and is given by
ne ¼ n þ

X

pij ln4 pij ≤n :

ij
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Note that had there been no deviations from one given
pattern for the binding to occur, then the summation in the
above equation would be zero, giving ne = n. Balcan et al.
(2007) have used the binding site matrices for yeast from
Yeastract (Teixeira et al. 2006) in order to calculate
numerically the distribution of the effective length of the
binary binding sequences that have to be matched in the
PR regions. (Since it takes two binary digits to code for
one of the four nucleotides, the effective length of the
binary sequences is twice that for the sequence of nucleotides.) This distribution is given in figure 4b.
3) The number of nodes (genes) and the proportion of
genes coding for TFs. These have been obtained from
Teixeira et al. 2006.

3.2.2 Numerically simulating the GRN network: To construct
a model network we go through the following steps:

i) Take the number of nodes to be equal to the number of
genes.
ii) Associate to each node a random sequence which will
stand in for the promoter region (PR) of that gene. Pick
the length of this sequence randomly from the distribution of the PR lengths.
iii) Randomly pick a subset of the nodes to be TF-coding
nodes (for S. cerevisiae, 4.8%). See Teixeira et al.
(2006) of all the proteins in the genome bind promoter
regions on the chromosomes.
iv) Tag the TF coding nodes with randomly generated
sequences. The length of these (binding) sequences
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should be picked randomly from the effective length
distribution which we deduced from the data as explained above (figure 4b). To simulate the GRN according to the model presented above, we conducted a
search for each TF binding sequence/promoter region
(PR) pair to see if there was at least one match for the
binding sequence within the PR. In case a match was
found we placed a directed edge from the TF-coding
node to the node associated with the PR.
Given probability distributions for the lengths of the PRs
and for ne as well as the relative number of genes (nodes)
which code for transcription factors, it is possible in principle to analytically compute the degree distributions and the
other relevant topological properties of the network (Balcan
and Erzan 2007).
3.2.3 Simulation results: In order to fix the only variational
parameter we had in our hands, the exponent μ of the PR
length distribution, we required that the number of shells in
the K-core decomposition of the model networks (figure 5)
be equal to that of the empirical one. (See appendix 2 for the
definitions of the relevant network properties.) We found μ =
1.1, but also that the topological properties of the networks
depended only very weakly on this value, in the vicinity of 1.
The K-core decomposition of a typical realization of the
model network and the empirical yeast network are
juxtaposed in figure 5.
We generated an ensemble of 100 different realizations of
the GRN, each subject to the same probability distributions
and starting with the number of nodes equal to the number of
genes in the yeast genome. The results for the directed and
undirected degree distributions, rich-club coefficient, degreedegree correlations and clustering coefficient measured on
these simulated networks are shown in figure 6, with the black
dots standing for the values obtained for an ensemble of 100
realizations, and the red disks for the empirical network, in this
case yeast. The figures are taken from Balcan et al. (2007). Our
results for the E. coli genome (Malkoç et al. 2011) were
equally successful in reproducing the topological properties
of the empirical network. For the prokaryotic GRN one has to
work a little bit harder because the genes are organized into
operons which can be regulated as a whole, rather than each
gene individually.
The stochastic models reproduce the statistical properties
of the gene regulatory network surprisingly well. The only
property which we fail to model satisfactorily is the clustering coefficient, which has the correct dependence on the
degree, but is offset in magnitude by almost a factor of 4
from the experimental results. This underestimation of the
clustering coefficient comes about because the promoter
region and binding sequences were randomly generated for
each node independently of the others. However there are
homologies between genes and correlations between their
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promoter regions. Some of these correlations can arise by
means of gene duplication and divergences (Wagner 1994;
Lynch 2007). This feature could easily be built into the
model, with the network evolving by means of duplication
of its nodes with the associated sequences and the divergence of the duplicated promoter regions and binding sequences via point mutations. The clustering coefficient
would become much more realistic as a result.

4.

An ensemble approach to complexity

In this section we would like to offer some comments on the
use of appropriate ensembles in modelling biological systems, and DNA sequences in particular, in order to further
clarify the assumptions we have made in section 3. Then we
will discuss the possible utility of ‘statistical complexity’ in
describing biological systems and will try to justify the
‘naturalness’ of this choice using the concept of a ‘cost of
complexity’.
4.1

The proper choice of ensemble for the computation
of the information content

It is clear that the same system considered at different physically or physiologically determined levels of resolution (different length scales) may belong to different ensembles, and
typically present different levels of complexity, by whatever
quantity we choose to measure it (except for ‘self-similar’
fractal distributions). The complexity of DNA sequences, of
gene regulatory networks, or of the cell membrane, are
instances of complex structures at different scales. Such
considerations can be applied to individuals and groups at
different levels of organization, as well as other ecological
systems.
If the system under consideration is, say, the sequence of
the coding part (exons) of a particular gene of a particular
species, the experimental ensemble consists of many properly aligned instances of the same gene from different individuals. Scanning the samples obtained from different
individuals, one would find, at each given site of the sequence, an overwhelmingly large frequency of only one
type of nucleotide or base pair (bp), and the frequency of
other bps at this site would be close to zero. Thus, the
probability for the ‘wild type’ bp at any site would be
close to unity, whereas the probabilities of possible mutant nucletides would be close to zero. If we were to
compute the Shannon entropy I as a measure of the
information content over this ensemble (appendix 1.3), I
per site would be a small number close to zero. This tells
us that there is very small variability between instances of
the same gene sequence between different individuals of
the same species.
J. Biosci. 39(2), April 2014
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Figure 5. K-core decomposition (see appendix 2) of the yeast transcriptional Gene Regulatory Network (GRN), using the visualization
tool ‘lanet-vi’ (http://arxiv.org/abs/cs.NI/0504107). The model network is on the left, Yeastract data (Teixeira et al. 2006) on the right.
Nodes belonging to different K-shells are indicated by different colours (on the right-hand side) and are arranged around concentric circles
whose average radius decreases with K. The sizes of the dots indicate the degree of the respective nodes; see legends to the left of the figure
for representative sizes. The only variational parameter in the model, the exponent μ of the promoter region length distribution, was fixed by
requiring that the model has the same total number of shells (9) as the empirical network. (Reproduced from Balcan et al. 2007 with
permission.)

Note that although the Shannon information over this
ensemble is small, the sequences themselves look almost
random, apart from the recognizable structure due to the
codons (Grosse et al. 2000). Each nucleotide in the sequence
has to be specified individually if we are to transmit this
information. We do not know how to predict with any
certainty, from the preceding part of the sequence, what the
next base pair is.
To appreciate the high information content of the
genomic sequence, one should consider a different ensemble, consisting of all exons of equal length (say L)
from the genome of one individual, or simply different
sub-sequences of equal lengths. This ensemble would
have a high Shannon information, since on different
sequences found in the ensemble, at each ith site
(with i = 1, … L) the four nucleotides could occur with
almost equal frequency, yielding a probability distribution which was rather close to being uniform, and a
Shannon information close to L ln 4 (appendix 1.4).
Long-range correlations surely exist in DNA, and can
be discovered using special techniques (Peng et al.
1992; Peng et al. 1994; Mantegna et al. 1995;
Dokholyan et al. 1997; Buldyrev et al. 1998; Stanley
et al. 1999; Hao et al. 2000). Nevertheless, apart from
some easily distinguishable demarcation sequences
with special function, DNA sequences have very high
Shannon information. It is this fact which we use in
our modelling of RNAi and transcriptional gene regulatory networks.
J. Biosci. 39(2), April 2014

Often, a surrogate nth order Markov process is used to
model genomic sequences. The conditional probability of
finding a certain nucleotide, after a given sequence of length
n, is deduced from the complete sequence itself. Only in the
case of miRNA-mRNA networks and for relatively short sequences have we attempted to construct such Markov chains
(zeroth and first order; see figure 3 and the supplementary
material), and seen that the first order simulations were slightly
more realistic than the zeroth.
The very high information content of any particular gene
specimen should ideally be measured by the ‘algorithmic
complexity’ or algorithmic information (Kolmogorov 1965,
1983) of the gene sequence. However, it can be rigorously
shown (Zurek 1989) that it is generally impossible to
compute the algorithmic complexity in a systematic way.
Although it should be possible to develop different bounds
and approximations to the algorithmic complexity of the
genome, such studies are not at hand. Mostly what has
been done is to resort to computations of Shannon entropy over
ensembles of different segments, or the Jensen–Shannon
divergence between different segments (Román-Roldán
et al. 1998).

4.2

Statistical complexity

During the meeting ‘Individuals and Groups’, we had an
interesting discussion over lunch with Prof Renee
Borges and Dr Tejas Murthy. The discussion centered on
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Figure 6. Empirical and simulation results for topological properties of the gene regulatory network for yeast.We display the (a) directed
pin(k), (b) pout(k) and (c) undirected p(k) degree distributions, (d) the rich-club coefficient r(k), (e) degree-degree correlations knn(k) and (f)
the clustering coefficient C(k); the distributions are plotted against k/kav, where k signifies degree, and kav the average degree. The red disks
stand for the values obtained for the empirical yeast network (Teixeira et al. 2006). The black dots stand for the values obtained for 100
independent realizations of the model network. See appendix 2 for the definitions of the various topological quantities. (Reproduced from
Balcan et al. 2007 with permission.)

an appropriate definition of complexity, such that the mathematical measure thereof would indeed be maximum for
those systems which we perceive as complex, unlike Shannon information which is maximum for the most disordered,
unpredictable state. Eventually, the challenge was to connect
the concept of complexity to that of fitness, noticing that
greater complexity must also entail a cost.
During the discussion it was clear that the measure of
complexity (let us call it C) had to be a non-monotone
function of the (Shannon) entropy S. This could be achieved
by taking a product of the entropy S(P), which depends on
the probability distribution P characterizing the ensemble,
and a function Φ(S) which would decrease with the entropy,
viz., C [S(P)] = S(P)Φ[S(P)]. The product therefore has to
peak somewhere within the lower and upper limits of S.

It turns out that ‘statistical complexity’ (Lopez-Ruiz et al.
1995) fits this description. Statistical complexity is defined
as the entropy multiplied by a measure of the distance (or
‘disequilibrium’; Nicolis and Prigogine 1977) between the
probability distribution P(x) and a reference distribution
Q(x), say, an equiprobable distribution (appendix 1.4). If
we express this distance in terms of the Jensen–Shannon
divergence between the two distributions, we get, with an
appropriate normalization (Martin et al. 2003; Lamberti et al.
2004; Rosso et al. 2009).
C ½P ¼ J ½P; Q  S ðPÞ=S max J max
This function is non-monotonic and peaks somewhere
within the interval [0,1]. It is possible to choose the reference
J. Biosci. 39(2), April 2014
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distribution, depending upon which ensemble one would like
to take as the ‘null model’.
4.3

The cost of complexity?

In any dissipative system driven by a mass or energy flux
(Nicolis and Prigogine 1977; Frisch 1995; Kondepudi and
Prigogine 1998), there are opposing mechanisms at work:
the dynamical forces which drive the formation of highly
articulated, coherent structures over may different scales,
and the dissipative forces operating at the microscopic
level, degrading the long-range order and generating heat,
or in other words, noise. For the maintenance of coherent
structures at the larger scales, energy has to be expended,
or in other words, work has to be done to reduce the
entropy.
We would like to suggest that, at different scales or levels
of organization, which would imply different sets of boundary conditions or constraints, one could in fact choose different reference distributions Q, and interpret C(S)
(equivalently, C(I)) as the ‘fitness’ of a system driven far
from equilibrium. By fitness we here mean being close to a
steady state, where the energy input to the system is just
balanced by the dissipation.
An organism is a far-from-equilibrium system. In such a
system, let us just concentrate on the genome as representing
the microscopic scale. We would expect that there is an
energy cost to the organism of the maintenance, replication,
proofreading, transcription and translation of the genomic
code. We would also expect this cost to be proportional to
both the size of the sequences and a function of their information content per nucleotide.
The replication of DNA can be compared to the formation
of a copolymer (a polymeric chain of not just one but several
types of monomers). Polymerization can proceed on its own
(without the need for an enzyme, say) as long as g, the
chemical potential (Gibbs free energy) difference per monomer between the polymer chain and the soup of monomers,
is negative. However, it has been shown (Andrieux and
Gaspard 2008; Jarzynski 2008) that one has to take the
information coded by the different monomers making up
the copolymer into account, while making this thermodynamic analysis. Random copolymerization can proceed on
its own even if g is positive, as long as g < kBTI, where I is
the average Shannon entropy of the monomer to be added to
the chain, T is the ambient temperature and kB is a constant
with the units of energy/temperature such that kBT is approximately the thermal energy available to the monomer. If the
monomer to be added is chosen at random and with uniform
probability, the margin by which the chemical potential can
be positive rather than negative is maximized.
If there is a template, however, according to which the
copolymer grows, then the ‘generation of information’, the
J. Biosci. 39(2), April 2014

increase in the information coded in the copolymer during
the copolymerization process, is diminished by the mutual
information (appendix 1.3), IM, between the template and the
actual growing chain, and the condition becomes
g < k B T ðI−I M Þ:
The existence of a template which is more or less faithfully replicated gives rise to a cost per nucleotide which is
precisely equal to kBTIM. Note that (I − IM) is equal to the
conditional entropy of the added sequence, conditional on
the template sequence (appendix 1.3). For faithful replication,
IM = I and the cost is maximal for a given template.
We can go one further step and ask if IM also depends on
the complexity of the template. In fact, when the copying is
faithful, the mutual information is exactly equal to the information content of the template, as well as the copolymer.
However, it is easy to show that IM does not depend strongly
on the template entropy. What makes (I − IM) > 0 is essentially the probability for the copy to depart from the template. This opens the way to the creation of ‘new
information’.
Now consider this process being subjected to natural
selection. It is plausible to suggest that saving on the energy
necessary for the copying process would contribute to greater
fitness. On the other hand, this reduces the fidelity with which
the copy is made, which puts constraints on the information
content that can safely be transmitted via copying. The question is whether this would eventually put a constraint on the
information content (complexity) of the retained sequences.
We would like to suggest that as a consequence of natural
selection, fitness exhibits a negotiated maximum which is a
non-monotonic function of entropy.
Entropy production-fluctuations theorems (Jarzynski
1997; Crooks 1999) are an important step forward in understanding non-equilibrium phenomena and the production of
information, including that from mutations. There is
burgeoning research activity in this domain (Fisher et al.
2013). For example, Lässig and coworkers (Mustonen and
Lässig 2010) have used Crooks’s path-ensemble averaging
(Crooks 2000) to incorporate stochasticity into Fisher’s deterministic ‘fundamental theorem’ (RA Fisher 1930) relating
the rate of increase in fitness (‘fitness flux’) to the variance
of fitness in the population.

5.

Discussion

In this article we have demonstrated, via the two null models
presented in section 3, that pure chance is able to account for
certain statistical properties of gene regulatory systems. This
leads us to conjecture that from the very early phases of
RNA or DNA sequences and the proteins that were
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transcribed from them, the network of interactions between
proteins and DNA sequences could not be avoided. Although this network was shaped in the course of evolution
by natural selection into what is observed as the transcriptional gene regulatory network, it seems to carry the marks
of its inception in its topological properties.
The case of RNAi is even richer in the possibilities
for the complicated interactions and many different
pathways by which miRNA (and siRNA) are produced
and operate today. Here too, simple combinatorics is
able to provide a reasonable model for the miRNA-mRNA
and miRNA-miRNA co-regulatory networks. It seems
possible that the additional degree of freedom that the
post-transcription gene regulation mechanism offers
arose by chance in the course of the co-evolution of
viruses and host organisms (Feschotte and Gilbert 2012;
Kapusta et al. 2013).
Both of these examples are different from the mutation by
mutation reshaping of a given protein, say. For their emergence, they rely on simple sequence matching conditions,
which, due to the sheer length of the genome, have a finite
probability to be simultaneously satisfied at a large number
of loci, giving rise to a gelation kind of effect by which a
network, a global feature, can suddenly appear. Moreover,
the evolution of this network via many neutral mutations at
the binding sites and/or the genes coding for the transcription
factors, makes abrupt jumps to new phenotypic organizations possible (Ciliberti et al. 2007).
The possibly spontaneous emergence of complex mechanisms and structures, and their further refinement and adaptation in the course of evolution, have to be coded in the
genome to be transmitted across generations. In section 4,
we have referred to a very simple model for the thermodynamics of copolymerization in order to make an argument
for the cost of, and the limits to, complexity.
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Appendix 1 Ensembles, entropy, information
The terminology relating to probabilities and probability
distributions shows a great deal of variance (!) between
neighbouring disciplines, and this is why we found it necessary to supply this appendix. As physicists, we may be using
a slightly different convention than the intended readership
of this article.
Appendix 1.1 Ensembles and probabilities
In order to talk about the probability of occurrence of a
certain configuration, event or value, one should first specify
what class of systems one has in mind, where the frequency
of a configuration, an event or the particular value of a
stochastic variable, are to be sought. This class of systems
is called the statistical ensemble, or ensemble for short.
Theoretically, this imaginary ensemble consists of a very
large number of copies of the system under consideration,
prepared in the same way and subject to the same external
constraints.
The ‘copy of a given system’ may be as simple as the
casting of a die, or as complicated as a particular realization
of a model network for the gene regulatory system of E.
coli. The number of occurrences (Nx) of a given value or
event, in this particular ensemble (say the number X on
the up face of the die, or the number of genes having X
interactions with other genes) divided by the size of the
ensemble (the number of throws of the die, the total
number of genes in the network) tends to the probability p(X)
of (sometimes called the marginal probability, or the marginal)
of this value, event, etc., as the size (N) of the ensemble is
increased without bound. This relation we can express
symbolically as
limN →∞ ðN X =N Þ ¼ pðX Þ:
The reason for taking this (ideal) limit is that in any
experimental situation, either on the field, in the laboratory,
or when doing a computer simulation, for any finite number
of samples N, the ratio (NX/N ) itself is a fluctuating random
variable. It can be rigorously shown, however, that in most
cases, the variance of this ratio will tend to zero in this ideal
limit, and this is how we would like to define our ‘probability distribution’, i.e. the function p(X) for all different
allowed values of x.
J. Biosci. 39(2), April 2014
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In real-life experiments one has to do with finite populations, and therefore one has to make do with approximations
to the probability distribution, in the form of p(X) ≈ (NX / N ).
Often one has to average over many different runs, populations, or realizations of numerical models, to reduce the
variance.
Appendix 1.2 Some statistical concepts and notation
The average, or expectation value, of a stochastic variable x
taking the values xi with probabilities pi can be expressed as
〈x〉=∑ ipixi. (In physics, one usually does not make a distinction between the name of the variable and the different
values that it may take; instead of X in the above paragraph,
here we have used xi, and summed over i.) In case the
variable takes continuous values, the sum goes over to an
integral; the probability distribution {pi} is then replaced by
p(x)dx where p(x) is now a probability density function over
allowed values of x. The statistical ensemble to which the
variable x belongs is defined by the set of probabilities {pi}
or the probability density function p(x).
Correlations between stochastic variables in a given ensemble are measured via the correlation function. The correlation function between two variables is a measure of the
degree to which they depart from being independent of each
other, usually as a function of the distance between them.
Note that in case the variable x and y are independent of each
other the expectation value 〈xy〉=〈x〉〈y〉. Thus, 〈xy〉−〈x〉
〈y〉≠0 indicates that the variables x and y are not independent, but ‘correlated.’ The two-point correlation function
C ðrÞ ¼ hx0 xr i−hx0 ihxr i
measures the correlation between two variables x0 and xr as a
function of r, where r may indicate their distance from each
other in some metric space; we expect the correlation to
decrease as a function of this distance. For example, density
fluctuations ρ in a fluid at neighbouring points set off by a
distance r from each other would obey a correlation function
which decreases exponentially with r, unless the fluid is at its
critical temperature and pressure, in which case it would
decrease only as a power of r.
The values that the variables x and y might take could be
letters from an alphabet. Given an ensemble of lettersequences, we could compute the two-point correlation function between characters appearing at positions along the
sequence separated by r letters.

distribution px(X) for the variable x to take on different
values X,
S¼I ¼−

The definition of information given by Shannon (1948) is
that it is equal to the entropy for a given probability
J. Biosci. 39(2), April 2014

p ðXÞlog
X x

px ðXÞ:

Note that this definition of information is the same as
the entropy up to a dimensional constant which we have
set equal to unity. We will use the term information and
entropy interchangeably throughout the article. We have
used X to denote not necessarily one but a whole list of
attributes with which a particular state may be specified,
and the sum is over all such states. The probability
distribution px(X) characterizes the statistical ensemble
to which the system under consideration belongs. Note
that for an equiprobable distribution, I is simply the
logarithm of the number of possible states. On the other
hand, if any of the probabilities px(X)
The mutual information between two probability distributions for the variables x and y, px (X) and py (Y) is defined as
IM ¼

X

h
i
pxy ðX ; Y Þ lnpxy ðX ; Y Þ−lnpx ðX Þ−lnpy ðY Þ

X ;Y

where pxy(X,Y) is the joint probability distribution.
The conditional information Icond is defined by

I cond ¼

X

py ðY Þ

Y

X





pxy X Y lnpxy X Y

X

where pxy(X|Y) is the conditional probability distribution
of x conditional upon y. Note pxy(X|Y) = pxy(X,Y)/py(Y),
which gives, IM =Ix −Icond. We have indicated the information content of the probability distribution of x by Ix, for
clarity.
Appendix 1.4 Relative information and the effective length
of sequences in terms of their relative information content
The probability matrix of a ‘binding site’ is found in the
following way: One defines each entry of this matrix, pij, to
be the probability with which the jth site along the binding
sequence for that protein is occupied by A (i = 1), T(i = 2) ,
C(i = 3) or G (i = 4). Note that i runs from 1 to 4 and j runs
from 1 to n, where n is the length of the consensus sequence.
The information content of a binding site is equal to the
entropy of the probability matrix of the binding site,
S¼I ¼−

Appendix 1.3 Information content and entropy

X

X
i; j

pij log pij

where i is summed from 1 to 4, and j from 1 to n. The
information, I, is equal to zero if no ‘mistakes’ are allowed
on any of the sites, i.e. there is one unique binding sequence.
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On the other hand, if the binding occurs in a totally indiscriminate way, so that any letter can appear with equal
probability at any of the positions along the sequence, the
information (entropy) takes the largest value it can take,
namely I0 = n log 4.
Let us define the relative information to be IR = I0 − I.
This quantity measures how different the binding sequence
is from a perfectly random one. The effective number ne of
strict constraints that have to be satisfied for the binding to
occur is then given by the relative entropy divided by log4;
i.e. ne = IR /log 4. Note that ne will be close to zero if the
binding sequence is very indiscriminate; it will be close to n
if the binding is very strict.
The distance between two probability distributions P and
Q may be defined as

D¼

X
X

½PðX Þ−QðX Þ2 :

If Q is the uniform distribution, D is known as the ‘disequilibrium’ (Nicolis and Prigogine 1977), i.e. the distance
of the probability distribution P from the uniform (or equiprobable) distribution.
The statistical complexity is defined as
C ½P ¼ J ½P; Q  S ðPÞ=S max J max ;
where J[P,Q] is the Jensen–Shannon divergence is related to
the relative information between the probability distributions
P and Q. It is defined as

J ½P; Q ¼ S ½ðP þ QÞ=2−½S ðPÞ þ S ðQÞ=2:
The expression S [(P + Q) / 2] means, explicitly, S (U) =
− ΣXU(X) log U(X), where we have set [P(X) + Q(X)] / 2 = U(X).
Given that the number of allowed states of the system is
Ns, the distribution Q may be chosen as the equiprobable
distribution, Q(X) =1/Ns, for which the entropy of the system
would be maximum. Alternatively, Q can be chosen as any
reference state which has a greater degree of randomness
than the system at hand, for example, the probability distribution of a null model (Martin et al. 2003; Lamberti et al.
2004; Rosso et al. 2009). Note that a similar statistical
complexity can be defined in terms of the ‘disequilibrium’
rather than the Jensen–Shannon divergence.

Appendix 2 Network properties
Appendix 2.1 The adjacency matrix
Any network having N nodes can be represented by an N × N
matrix called the adjacency matrix. The elements of this
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matrix, Aij, can be assigned weights, which characterize the
strength of interaction between the nodes indexed by i and j,
running from 1 to N. If the network is not weighted, so that it
simply has edges which are either there or absent, then the
elements of the adjacency matrix are either zero or unity. If
the network is directed, or if there are different types of
nodes, the adjacency matrix will be asymmetric, and symmetric otherwise. In general, summing over the ith row of the
matrix will give the in-degree of the ith node; similarly
summing over the jth column will give the out-degree of
the jth node.
X
X
d in
Aij d out
Aij
i ¼
j ¼
j

i

For a symmetric adjacency matrix these two quantities are
obviously equal to each other, and then one simply talks
about the degree of a node.

Appendix 2.2 Some topological properties of networks
The ‘degree distribution’ of a network is defined as the
relative frequency (in the limit of an infinite graph, the
probability) of those nodes which have d other nodes connected to them by edges.
On a ‘classical’ random graph, or Erdös-Renyi (ER)
network (Erdös and Renyi 1959), each pair of nodes is
connected to each other with the same probability p, independently of all the other pairs. The expected degree, (average number of edges) for each node is pN, where N is the
number of nodes (if self-connection is not allowed this is
p (N − 1) ≈ pN for N> > 1 ). The degree distribution is P(d) =
C(N;d) pd (1 − p)N−d where C(N;d) is the number of different
ways one can choose d objects out of N, regardless of order.
The binomial distribution reduces, for small p and large N, to
a Poissonian, with the mean and variance equal to pN.
The K-core decomposition of a graph is obtained in the
following way: Throw out the disconnected nodes. Find the
set of all nodes that have only one edge S1. Now remove all
those single edges. Add to S1 all those nodes which now end
up being singly connected and iterate until no singly connected nodes remain. Put in S2 all those nodes which now
have two edges. Cut those edges and add to S2 all those
nodes which have only two edges remaining as a result;
iterate until you do not encounter any nodes with two edges
any more. Repeat for 3, 4, …K edges, until you exhaust all
the nodes. In this way, the graph is partitioned into K sets
(‘shells’) that are successively more highly connected the
larger K is. The number of such shells is an indicator of the
complexity of the network.
The neighbourhood of a node (say node i) is defined as all
those nodes to which i is directly connected, i.e. which are
only one edge away from i. The clustering coefficient of a
J. Biosci. 39(2), April 2014
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node i, namely c i, is defined as the probability that the nodes
in the neighbourhood of i are connected between themselves
pairwise, and can be computed as the number of edges
connecting the neighbours of i to each other, normalized
by the number of distinct pairs of nodes in the
neighbourhood of i. The clustering coefficient of a
graph is found by averaging the clustering coefficients
of the individual nodes. Clearly one can also define
clustering coefficients averaged over different subsets
of nodes, e.g. c(d) is the clustering coefficient averaged
over all nodes having degree d.
The rich-club coefficient r(d) is defined as the probability
that nodes having degree larger than k are connected
pairwise between each other. It can be computed as the
number of edges running between nodes with degree > d,
normalized by the total number of distinct pairs of nodes
with degree d.
The degree-degree correlation function is the correlation
between the degrees of a node and the degrees of its neighbours. It is defined as dnn = ∑ d' p(d | d') where the sum is
over d' and p(d | d') is the conditional probability that a
neighbour of a d-degree node has degree d'.
Appendix 2.3 Weight distribution of the miRNA-miRNA coregulation network
Let A be the M×N adjacency matrix of a bi-partite graph,
where there are two types of nodes, let us say a-type nodes
and b-type nodes (as in the case of miRNA and mRNA), and
a-type nodes can only be directly connected to the b-type
nodes.
Then W = AAT (where the superscript T denotes ‘transpose’) can be thought of as a ‘weighted’ adjacency matrix of
the network of a-nodes, with the interactions being mediated
by the b-nodes. The weight of an interaction is equal to the
number of different b-nodes nodes via which two a-nodes
are connected to each other.
The elements of W (the weighted M × M adjacency
matrix of the miRNA-miRNA network, in our case) are
given by wij ¼ A AT


ij

N

¼ ∑ Aik Ajk .
k¼1

The off-diagonal elements are nonzero if the nodes i and
j (both of type a) are connected to each other by at least one
path consisting of two successive edges, leading from the ith
type a-node to some type b-node and then back to the jth
a-node (recall that nodes of the same type are not connected
to each other in the miRNA-mRNA network). The weight wij
is in fact equal to the number of such parallel two-step paths,
between the ith and jth miRNAs. The diagonal elements are
equal to twice the degree of the a-nodes in the original a-b
network (the two-step paths in this case return to the ith
a-type node from which they issued). The frequency f(w) of
any given weight w among the off-diagonal elements of the
J. Biosci. 39(2), April 2014

matrix W, normalized by (1/2) times the number of off diagonal elements, gives the probability distribution function for
the weights, P(w), viz.,
PðwÞ ¼

2 f ðw Þ
:
M ðM −1Þ

Here the factor of (1/2) comes from the fact that the number
of off-diagonal elements is equal to twice the number of a-type
pairs of nodes; M is the number of a-type nodes.
Appendix 3
Appendix 3.1 Sequence matching probabilities
between random sequences
Let us consider sequences made up of characters drawn with
equal probabilities (1/r) from an r-letter alphabet. The probability of one-to-one sequence matching (or Watson–Crick
base-pairing) of a random sequence of length l' at least once
within a longer random sequence of length l ≥ l' is
pðl; l 0 Þ ¼ 1− 1−r−l

l0 −lþ1

:

to a very good approximation (Mungan et al. 2005 and
references therein). It should be noted that for l' > > l,
p(l,l') ~ l' /r l .
If we make the simplifying assumption of equal probabilities of occurrence for all the nucleotides in these sequences,
this relation can be used in two problems we have dealt with
in this article: (i) for the probability of encountering the
seven-nucleotide-long ‘seed’ sequence of the miRNA within
the 3′ untranslated region of an mRNA, and (ii) the probability of encountering the consensus sequence for a transcription factor in the promoter region of a gene.
These considerations can easily be generalized to the case
where the letters occur with different probabilities, and where
the sequences also display nearest neighbour correlations between their elements. If the probabilities of occurrence of the
different ‘letters’ (nucleotides) – in either the short (e.g. seed) or
long (e.g. in the UTR) sequences – are appreciably different
from each other, one has to replace r−l in p(l,l' ) by the appropriate product of the probabilities for the individual letters
making up the seed region, within the zeroth order Markov
approximation, or the product of the conditional probabilities
within the first order Markov approximation (appendix 4).

Appendix 3.2 Computing the in-degree distribution
for the miRNA-mRNA target network
Let us consider the example of the miRNA-mRNA target
network. To compute the in-degree distribution (figure 2),
we need a ‘binding probability’, i.e. probability that the seed
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sequences of a miRNA occurs at least once in the UTR of
any given mRNA. The seed sequence on the miRNA is taken
to have a fixed length (l = 7).
For sequences consisting of symbols drawn independently
and with equal probabilities from a set of cardinality r, the
probability to encounter any specific sequence of length l is
simply given by (1/r)l. In the case of the nucleotide alphabet A,
T, C, G, clearly r = 4.
The distribution of the number of edges terminating on
any mRNA with a UTR of length l' is given by the binomial
distribution,
h
i
d
M −d
Pl0 ðd Þ ¼ C ðM ; d Þpð7; l 0 Þ 1−pð7; l 0 Þ
for a set of M miRNAs. The total in-degree distribution is
then simply given by
X
P ðd Þ ¼
Pl0 ðd Þg ðl 0 Þ
where g(l') is the length distribution of the UTRs and the sum
is over all allowed l'. The empirical, point for point length
distribution of the UTRs was obtained from the databases
(Grillo et al. 2010). We found that we could fit this distribution with a smooth function

g ðk Þ ¼ Nk y e−k=κ ;
where the normalization factor is given by N = Γ(ψ + 1)κ( ψ+1 ),
Γ is the gamma function, and the values for the parameters ψ
and κ for different species can be found in the following table.

Fitting parameters and first moments of UTR length distributions of the mRNAs of four organisms considered in
section 3.1
Parameters
κ
ψ
<k>

H. sapiens
515
0.14127
874

B. taurus
485
0.261554
739

X. tropicalis
490
0.254772
731

C. elegans
202
0.253727
338

The degree distribution which is computed here for the
miRNA-mRNa network is therefore a weighted superposition of different Poisson distributions (classical random networks – see appendix 2.2), with different connection
probabilities p(7,l′), depending on the different UTR lengths
(l′) present.

Appendix 4 Generating sequences via zeroth and first
order Markov processes
Here we provide a working definition of a Markov process
which generates a Markov sequence or Markov chain. More
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formal and correct definitions can be found in standard
textbooks on probability theory.
A sequence (when we say a sequence we mean an ordered
sequence) x1,x2 …xN is called Markovian if the ith element
in the sequence, xi depends at most on the values of a finite
number n of immediately preceding elements, i.e. {xi −n,
xi−n+1 …xi−1}. The Markov sequence does not depend on
the whole ‘history’ of the process.
In a Markov sequence of order 0, each element is chosen
independently, according to a fixed probability distribution
{pI}, from the set of allowed elements (or ‘values’) XI with
I = 1,2,…M. Thus, the sequence has no memory of the
preceding part of the sequence at all. Thus, the probability of
encountering any particular subsequence of length l = 3, e.g.
(X15X3X7), starting from any given position in the sequence is
simply given by the probability of the product of the elements
which appear, namely p15p3p7. In order to model a naturally
occurring sequence of length N, one may estimate the probabilities pI of the different characters from their frequencies NI
of occurrence, so that
pI ≈N I =N :
For a Markov sequence of order 1, each subsequent
element xi+1 does depend on the preceding one, i.e. xi. One
then needs the set of M × M conditional probabilities,
p(XI|XJ)=p(XI,XJ)/p(XI). On the left-hand side we have the
conditional probability for XJ to appear, given that the preceding element is XI. The equality is known as the Bayesian
identity. On the right-hand side we have the joint probability
for the elements XIand XJ, divided by the probability of the
element XJ. Then, the subsequence used in the example
above has the probability p(X15|X3)p(X3|X7) to be encountered after the element X15.
In order to model the first order Markov process from which a
sequence may have originated, one may once again estimate the
conditional probabilities p(XI|XJ) from the conditional frequencies
NIJ via p(XI,XJ)≈NIJ/(N−1), where NIJ counts all 2-element subsequences XI XJ in the entire sequence, and divides by the total
number of 2-element subsequences, which is N−1 ≈ N.
Tables of probabilities used for generating zeroth and first
order Markov series for miRNA seed and mRNA 3′ UTR
sequences have been provided as supplementary material.
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