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Present work illustrates a scheme of quantitative description of the shape of the skull outlines of temnospondyl
amphibians using bilaterally symmetric closed Fourier curves. Some special points have been identified on the
Fourier fits of the skull outlines, which are the local maxima, or minima of the distances from the centroid of the
points at the skull outline. These points denotes break in curvature of the outline and their positions can be
compared to differentiate the skull shapes. The ratios of arc-lengths of the posterior and lateral outline of 58
temnospondyl skulls have been plotted to generate a triaguarity series of the skulls. This series grades different
families, some of their genera and species as well as some individuals according to their posterior and lateral
skull length ratios. This model while comparing different taxa, takes into account the entire arc-length of the outline
of the temnospondyl skulls, and does not depend on few geometric or biological points used by earlier workers
for comparing skull shapes.
[Sengupta P D, Sengupta D and Ghosh P 2005 Bilaterally symmetric Fourier approximations of the skull outlines of temnospondyl
amphibians and their bearing on shape comparison; J. Biosci. 30 377–390]

1.

Introduction

The study of taxonomy and phylogeny of the extinct vertebrates depends heavily on the morphology of their skulls.
The outlines of the vertebrate skulls are variable and they
help in recognizing the animals. This is especially true for a
group of extinct vertebrates, the temnospondyl amphibians.
The temnospondyl skulls are the heaviest part of their skeleton and are better represented in fossil records than the
post-cranial elements. The taxonomy of the temnospondyls
is greatly based on the features of their skulls (Milner 1994;
Damiani and Warren 1996; Yates and Warren 2000; Warren
and Marsicano 2000; Schoch and Milner 2000; Damiani
2001). The temnospondyl skull show innumerable variations with all possible combinations of different types of the
tabular horns, otic embayments, snout patterns, etc.
The temnospondyl skull outlines, in dorsal view, can be
broadly classified into three major shape variants; namely; a
semicircle, or an equilateral triangle, or an isosceles triangle
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with extended height. The members of the families Dvinosauridae, Plagiosauridae, Brachyopidae, Chigutisauridae,
along with some Actinidontidae and Rhytidosteidae belong
to the first type. The Capitosauroidea (sensu Schoch and
Milner 2000), Wetlugasauridae, Benthosuchidae, Thoosuchidae, Lyrocephaliscidae, Metoposauridae, Almasauridae, Indobrachyopidae, Lydekkerinidae, Lapllopsidae and some
genera of Rhtydosteidae, Rhinesuchidae, and Archegosauridae belong to the second group. Most of the archegosaurids and trematosaurids belong to the last type. The
posterior part of the skull outlines, in all three types, can
be simple or can have notches, bays and/or horns of varied shapes and sizes. However, there are arrays of intermediate shapes of the skull outlines with in the three basic
types. Altogether, temnospondyl skull outlines show wide
ranges of variations as far as their face elongation and posterior skull boundaries are concerned.
Since the work of D’rcy Thompson (1917) quantitative
description and analysis of biological shapes has become
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a topic of interest. Today biological shape-analysis has evolved into a separate branch of science (Zhan and Roskies
1972; Bookstein 1978, 1982, 1986, 1991; Chapman et al
1981; Bookstein et al 1985; Chapman 1990; Kendall 1989;
Temple 1992; Rohlf and Marcus 1993; Lestrel 1996, 1997;
Dryden and Mardia 1998). However, no attempt has so far
been made to quantitatively analyse the shape of the outlines of the temnospondyl skulls in light of these new methods. It is thus worthwhile to develop a quantitative scheme
of description and comparison for the temnospondyl skull
outlines that not only preserves the shape details but also
remains invariant over skulls of different taxa. The scheme
should also be capable of grading these skulls according to
their face elongation or according to their posterior curvatures.
The variations in the temnospondyl skull shapes were
earlier studied using a number of biological or geometric
feature points of the skulls (Colbert and Imbrie 1956;
Welles and Cosgriff 1965; Welles and Estes 1969). However,
according to O’Higgins, 1997, this approach suffers from
the subjectivity in the choice of landmarks, and in its ability
to capture the information on the arc length and curvature
for the outline reaches between a handful of landmark points.
Moreover, in a landmark-based study, it is difficult to maintain a single scheme of landmarking over varied skull shapes – a prerequisite for inter-taxa shape comparison of the
temnospondyls. Another group of workers suggest that
the elliptical Fourier descriptors (cf. Khul and Gardina
1982) are suitable for numerical characterization of closed
graphs of complex morphologies, found in biological as
well as in abiotic forms (Ehrlich and Weinberg 1970;
Kaesler and Water 1972; Zhan and Roskies 1972; Anstey
and Delmet 1973; Rohlf and Archie 1984; Ferson et al
1985; O’Higgins and Willams 1987; Thomas et al 1995;
Lestrel 1996, 1997; Ohtsuki et al 1997; Jacobshagen 1997;
Perugini 2002). Bookstein et al (1982) criticized the use
of Fourier-based methods for comparing biological shapes
as it obscures homologies. However, Read and Lestrel
(1986), Ehrlich et al (1983) and Temple (1992) discussed
the usefulness of Fourier-based methods.
In this paper, we present a methodology for studying
the shapes of temnospondyl skull outlines in dorsal view.
In order to capture the variations in the intricate details of
the temnospondyl skulls we have used Fourier-based approximations for these outlines. These approximations are closed
2D curves, corrected for bilateral symmetry. In the subsequent section we demonstrate how the properties of
these approximations can be used to grade and compare the
temnospondyl skull outlines by their shape variations.
2.

Materials and methods

Temnospondyl fossils have a wide temporal (Permian to
Cretaceous) and spatial distribution. Abundant illustrations
and descriptions of the skulls of the temnospondyls are
J. Biosci. 30(3), June 2005

available. Apart from individual descriptions of different
taxa by many authors, most of the available temnospondyl
skulls are well illustrated in the classical review by Romer
(1947) and in the recent review by Schoch and Milner
(2000). The temnospondyl skulls are so flat in dorsal view
that two-dimensional studies reveal almost all the aspects
of the outlines.
For this study, we have chosen 58 skulls of extinct temnospondyls (figures 1, 3, 4). Most of the major taxonomic
groups have been incorporated. More than one specimen
of a family or genera has been included in few cases to
study inter-family/genera variations. We have included
some specimens from growth series of few temnospondyl
taxa (Warren and Hutchinson 1988; Schoch and Milner
2000; Steyer 2003) to study shape changes through ontogeny. However, in all the cases only the complete or nearlycomplete skull outlines well preserved and well illustrated
have been selected.
Hand-drawn tracings of published diagrams and photographs of the skulls were digitized using a flatbed scanner
and a raster to vector conversion software (Corel Trace)
to obtain two-to-four-thousand sequenced data points per
outline. Scale invariant Fourier approximations (based on
first 40 harmonics) were computed for each outline.
These approximations almost exactly match the boundary
(where each R2 > 0⋅99). The first harmonic produces an
ellipse that provides the general elongation (ellipticity) of
the skull outline. At higher harmonics, more complex and
intricate features of the outlines were gradually captured
(see also Ferson et al 1985). All computations were performed using MATLAB. However, all the 58 specimens
lacked bilateral symmetry in greater or lesser degrees due
to biological (cf. Simmons et al 1998) or taphonomic causes.
Thus, the approximations are also biased by asymmetry.
Ideally, the skull outlines should be bilaterally symmetrical about their midline sutures. This suture can be approximated by a straight-line that starts from the point of
intersection of postperietal suture with the posterior skull
boundary (p, figure 2a) and terminates at the anterior
margin at the point of intersection with the suture between
the premaxillae (q). This suture was also chosen to be the
Y-axis of the outline curves, with posterior end as the origin
(also, the starting point for Fourier approximations). In
order to obtain a Fourier approximation, which is symmetric, we sampled pairs of points on the outline curve, lying
on either side of the symmetry axis and at equal arc-length
distances from the starting point. From these pair of points,
we generated a new set of points on both sides of the
symmetry axis that are equidistant from the symmetry axis
and have same Y-values (see Annexure). Fourier approximations of these new points generated bilaterally symmetric
closed 2D curves (SFA; figure 1).
In the next step we plotted the Euclidian distances of
all points on the SFA from their centroid against the arc-
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lengths of SFAs. These plots are referred as outline characteristic curves (OCC, figure 1). The local extrema of the
OCCs are termed as OCC points. Extremely close spaced
OCC points, appearing mostly due to minor irregularities
on the outline, were taken as single points.
3.

Results and discussion
3.1 OCC points

About 10 OCC points can readily be recognized in the
OCCs of most of the outlines. However, the forms without tabular horns show 4 or 6 OCC points, whereas, some

Figure 1.
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bizarre forms like the dissorophids, zatrachids and some
chiutisaurids show more than 10 OCC points. The OCC
points generally occur at the two ends of the mid-line
suture, at the two sides of the tabular horns and otic nothces,
squamosal flares and at the beginning of the skull elongation at the lateral margins on the SFAs. Since the SFAs
are scale invariant, these points help in comparing similar
looking skull outlines.
Among the OCC points, the point at lateral margin is
most important. This, in case of average temnospondyl skulls
(having 10 OCC points) represent the minimum distance
from the centroid. The points usually fall around the

For caption see page No. 385.
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suture of jugal and maxilla. In certain cases like in some
benthosuchids or in almasaurids the points fall on jugal and
in some (like the Pnematostega, Laidleria, Uranocentrodon,
Scelocephalus, Platyposaurs and Rhinesuchus) they fall
on the maxilla. The OCC points on the lateral margin of
SFA show a break in the curvature pattern at the lateral
margin. The dentitions at the ventral side of the skull roof
also bear a special relation with that OCC point. Posteriorly, the dentition ends around that point. This means that
the dentition would be restricted in the anterior part of the
skulls where the mid-lateral OCC points are more anteriorly placed than others. For example, the point is anterior
in brachyopids and chigutisaurids than in the capitosaroids. Unlike the capitosaurids, the first two families had

Figure 1.
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their dentitions restricted at the anterior half of the skull.
Hence, the middle part of the lateral side of the temnospondyl skulls is an area of interest. For extreme shapes,
however, this does not hold well. The plagiosaurids used
in the experiment are so semicircular that their OCC
points are not located at the mid-lateral skull, instead they
shift towards the anterior tip and represent the curvature of
the premaxilla. Schoch and Milner (2000) noted that the
variations in skull shapes of the ‘stereospondyls’ and
their dentition are related to the feeding habits. Future
research in this field could be supplemented by our finding
that the middle lateral skull bears OCC points to mark the
change in the overall snout elongation and dentition and
hence the change in the habitat.

For caption see page No. 385.

Temnospondyl skull outlines
3.2 Shape grading
The arc-length distances between the starting point and
the OCC point at the squamosal (posterior arc-length) when
plotted against the distance from latter to the tip of the
snout (lateral arc-length), a linear grading is seen from
long snouted to semicircular forms (figures 3, 4). As the
SFAs are scale-invariant, sum of those two arc-lengths is
constant for all the SFAs and hence the ratios plot show a
linear grading according to the triangularity of the outlines.
The elongate skulls with moderate tabular horn and
shorter posterior width are placed at the left top of the plot
and the skulls with short face and wide posterior length at

Figure 1.
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the right bottom. The series starts with Aphaneramma and
ends with plagiosternum (figure 3). The taxa in between
show gradations of triangularities accordingly. However,
the skull which do not have tabular horns are usually wider
and the arc-length of their posterior boundaries sometimes
become close to the some of the forms having pointed
tabulars. The projections of the tabular adds to the posterior
arc-length of these forms. To avoid this, another plot for the
forms without tabular horns have been shown (figure 4).
However, certain problems still exist in the gradation plot.
The Cyclotosaurs outline behave like the ones without
tabular horn and Mordex (Milner and Sequeira 2003) with
an unusually flared posterior boundary groups with the

For caption see page No. 385.
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plagiosaurids. The plotting of these two is problematic and
does not bear any significance. Doleserpeton (Bolt 1977)
also have high value of lateral arc-length and are grouped
with trematosaurids, which is an aberration. Few skull outlines having more than 10 OCC points (see figure 1) are
not included in the above plot. These outlines have more
than one squamosal or lateral OCC points that make the
posterior and lateral arc-lengths indeterminable.
Aphaneramma, Platyposaurus and trematosaurus fall
into groups which have highly elongate skulls and shorter
width with tabular horns. The metoposaurids and almasaurids are plotted as the next ‘elongated’ group with
wider posterior margin and moderate tabular horns. Then

Figure 1.
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come the Mastodonsaurus, some benthosuchids, parotosuchids and Konzhokova (Gubin 1991). These have wider posterior arc-length and prominent tabular horns and moderate
skull elongation. Stanocephalosaurus, Chomatobatrachus,
some rhinesuchids, a species of Wetlugasaurus, Uranocentrodon, Watsonisuchus, Rewanobatruchus and lapillopsis
come next with lesser elongate skulls and wider posterior
margin with prominent tabular extensions. These are followed by the plagiosaurids with their short and parabolic
skulls. For the skulls without tabular horn (figure 4) the
‘triangularity series’ starts with Neldasaurus, then through
Eryops, Mahavisaurus, Laidleria, Xenobrachyops, Brachyops
and Vigilius it ends with the plagiosaurids.

For caption see page No. 385.
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3.3 Shape of OCC and organization
of OCC points
Figure 1 indicates the SFA (with the OCC points) of
many of the temnopondyl skull outlines. The position of
the OCC points and the shape of the OCC are different in
lonchorhynchine trematosaurids and the short faced plagiosaurids. For semicircular forms the OCC are ‘M’ shaped
while for the others (that is the long snout bearing and the
triangular forms) they are ‘W’ shaped (that is inverted).
Among the ‘W’ type, the extremely long snout bearing
Aphaneramma shows one very pronounced maxima (a prominent OCC point) at the snout. This separates the extremely
long snout bearing lonchorhynchine forms from other long

Figure 1.
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snout bearing types. The distinction of those extreme shapes
is easy and may be done by eye estimations only. However,
the comparison of skull shapes of similar looking temnospondyl families is not easy. This can be done using the
SFA and the OCCs.
For example, at the family level, the SFA and OCC as
well as the position of the OCC points are different for
the metoposaurids and the capitosaurids. The latter has OCC
point at the tip which is more pronounced (figure 1). The
OCC points are variable among the different genera of
those families. An example of shape comparison at generic
level may be the metoposaurids. The comparison of skull
shapes among different genera of metoposaurids is a long
standing problem (Colbert and Imbrie 1956; Roychowdhury

For caption see page No. 385.
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1965; Hunt 1993; Sengupta 2002). The elongation of the
anterior part of the skull and the curvature of the tabular
horns vary among the metoposaurids. The variation is small

Figure 1.
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but taxonomically significant. The SFA of the skull outlines (with OCC points) of Metoposaurus diagnosticus and
Buettneria perfecta (Hunt 1993) as well as ‘Anaschisma’

For caption see page No. 385.
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(Branson and Mehl 1929) when compared show the differences in the position of the OCC points at the tabular
horn, otic notch and at the lateral margin. The lateral point
is most posterior and tabular point is closest to the start-

385

ing point in M. diagnosticus. The squamosal point is widest
and the orbits are closest to the lateral point in ‘Anaschisma’. These small variations are noticeable in their respective OCCs.

Figure 1. The SFA of the skulls of some temnospondyl amphibians along with their OCC. The origins of the two dimensional
OCC plots are manipulated to provide equal area for the plots. This is for the sake of ready comparison of the curves. The OCC
points are marked by open circles. Different species have numbers within parenthesis, which correspond to figures 3 and 4. The individuals of progressive growth series of a taxon are indicated by increasing numbers without parenthesis. This also corresponds to
figures 3 and 4. Illustrations taken from Branson and Mehl (1929), Bolt (1977), Boy (1988), Carrol (1988), Cosgriff (1974), Cosgriff
and Zawiskie (1979), Damiani and Warren (1996), Dutuit (1976), Gubin (1991), Marsicano (2000), Mukherjee and Sengupta (1998),
Milner (1980), Milner and Sequeira (2003), Romer (1947), Riabinin (1930), Scoch and Milner (2000), Sengupta (1995), Shishkin
(1987), Steyer (2003), Swain (1941), Warren (1995), Warren and Hutchinson (1988), Warren and Marsicano (2000), Welles and
Cosgriff (1965) and Welles and Estes (1969).
J. Biosci. 30(3), June 2005
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3.4 Growth series
Two adult rhinesuchids, Rhinesuchoides tenuiceps and
Rhineceps nyasaensis with considrable variations in the

(A)

skull outlines and a juvenile of Rhinesuchus (Schoch
and Milner 2000) is considered in the study. The juvenile
has similar lateral and posterior arc-lengths (when put to
same scale) with Wetlugasaurus angustiforns (Riabinin
1930). The three, however, are plotted in close position
with Rhineceps nyasaensis having higher posterior arclength and lesser lateral arc-length. Another growth series, that of the Watsonisuchus madagascarensis (Steyer
2003) has also been plotted. All the individuals of six
growth stages are plotted in close clusters. Their position
is at the ‘higher posterior arc-length, lower lateral arclength’ position together with the rhinesuchids and the
three individuals (of progressive growth stages) of actinodontids like Sclerocephalus haeuseri jeckenbachensis,
Boy 1988 (Schoch and Milner 2000). Several individuals
of Benthosuchus sushkini (of different growth stages, see
Schoch and Milner 2000), and few adults of different
species of benthosuchids like B. sushkini, B. bystrowi and
B. korobkovi (Schoch and Milner 2000) have been studied. They are plotted between the metoposaurids and the
Watsonisuchus, Rhinesuchus, Sclerocephalus cluster in
figure 3. Interestingly, the lateral and posterior arc-length
ratio of the first and last individuals of the growth stages
of Benthosuchus sushkiki is same. This is also true for
Watsonisuchus madagascarensis. However, the plots of
different growth stages of Rewanobatrachus alicei (Warren and Hutchinson 1988) in figure 3 are varied and cluster with different families of temnospondyls. Outline
wises, the different growth stages of R. alicei are most
varied and have affinities towards the skull outlines of
some benthosuchids, Rotaurisaurus, Watsonisuchus and
Sclerocephalus.

(B)

4.

Figure 2. (A) SFA superimposed on the specimen of Parotosuchus denwai. The broken line p, q represents the axis of symmetry. (B) Non-uniformly placed data points from scanned outlines
(open circles) vs. equispaced, standardized outline data (solid
circles) shown for the posterior-lateral part of Wetlugasaurus
anguistiforns.
J. Biosci. 30(3), June 2005

Concluding renarks

Temnospondyl skull outlines with all the details of their
shapes can be represented by symmetrized Fourier aproximations (SFA). The approximations are free from taphonomic
and other aberrations, as they are bilaterrraly symmerized.
They are shape invariant and can be compared with other
known taxa. Comparison can be done by using the outline
characteristic curves and by the position of the OCC points.
Comparison can also be done using posterior and lateral
arc-lengths of the outlines. The Fourier approximates of the
skull outlines may describe homoplasy. However, with in
known taxonomic groups it is found useful in comparing
shapes. The OCC points discussed in this study are not
‘Landmarks’ by definition nor are they similar to the feature points used by Welles and Cosgriff (1965). They are
the least or most distant points on the outline (SFA) from
the centroid. It is possible to identify them through SFAs
across a large number of specimens of several temnospondyl taxa.

Temnospondyl skull outlines
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Figure 3. Plot of posterior (X) and lateral (Y) arc lengths of some tamnospondyl taxa. See figure 1 for specific names. Taxa
marked by double asterisks (**) are not included in figure 1 (see the reason cited in the text). Taxa marked by single asterisks (*) are
ploted separately in figure 4.

Figure 4. Plot of posterior (X) and lateral (Y) arc lengths of the tamnospondyl taxa without tabular horns
only. See figure 1 for specific names.
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Annexure
(i) Elliptical Fourier descriptors and arc-length parameterization
Elliptical Fourier descriptors of closed curves in plane
(2D) are given by parametric equations
 S K 1 (t )   a 0,1  K  a k ,11
 + ∑
 = 


 K 2 (t )   a 0, 2  K =1a k , 21

S K (t ) =  S

a k ,12   cos ω k t 
,

a k , 22   sin ω k t 
(1)

for suitable Fourier coefficients ak,ij’s, truncation K and
ωk = 2πk. The indexing parameter t ∈ [0, 1]. That the algebric formula in (1) is not unique (although the actual
2D curve is) can be readily seen from the following arguments. By a reparameterization of (1) we mean a re-indexing of SK as SK (φ (t)) where φ : [0, 1] → [0, 1] is smooth
and strictly monotonic. Thus, a reparameterization of the
algebric formula in (1) does not alter the original curve
geometrically. A special choice of φ, called the arc-length
parameterization, is of special interest to us. For any parameterization t it can be shown that the following parameterization formula is unique (up to the starting point, SK (0)).
t

s = ∫ ( S ′ 2 K 1 (u ) + S ′ 2 K 2 (u ))1 2 du
0

is called the arclength parameter and it is characterized by
the fact that the tangent vector (S′K1 (s), S′K2 (s)) is of unit
length at each point on the Fourier descriptor under s. If
we represent (1) through s, the Fourier coefficients can be
assigned unique geometric meaning. Therefore, without
loss of any generality we can assume that a Fourier descriptor in (1) is parameterized by s (cf. O’Neill 1966).
(ii) Starting point of arc-lenght parameterization
The problem of choosing an appropriate starting point
(s = 0) can be solved in an unambiguous manner if the
curve given by (1) has natural bilateral symmetry. Suppose the symmetry axis cuts the curve at s0 and s1 respectively. Then, either of these two points can be chosen as
unique starting point of the parameterization. For temnospondyl skulls we can further differentiate between s0 and
s1 as one of them (say, s0) must fall in the lower part of
J. Biosci. 30(3), June 2005

the skull. By suitable congruence transformations we can
place the skull so that SK (s0) is the origin of the coordinate system and the symmetry axis joining SK (s0) and SK
(s1) is the positive Y axis. Call the resulting 2D curve S*K .
Now, we have a unique algebraic formula of the Fourier
descriptor of the skull boundary, namely, S*K (s – s0). The
Fourier descriptor given by (1) has further simplification
under the assumptions of bilateral symmetry. Straightforward geometric arguments show that S*K 1 (s) is an odd
function while S K* 2 (s) is an even function. Therefore, the
final Fourier coefficients will satisfy symmetry constraints,
namely,
a0*,1 = a0*, 2 = 0 a k*,11 = ak*, 22 = 0

for 1 ≤ k ≤ K . (2)

Further, the condition ∑k =1 (a k2,12 + a k2, 21 ) = 1 has to be imposed for scale standardization of various samples.
K

(iii) Energy-phase summary of Fourier coefficients
After analysing several samples we find the following two
staistics to be analytically most informative.
Energy at kth harmonics = a k2,12 + a k2, 21 .
Energy partition phase at kth harmonics = cos–1 (ak,12/
(a k2,12 + a k2, 21 )1 2 ) .
The energy and phase togather contain the total information
of the Fourier descriptor. Finally, it should be mentioned
that any smooth closed curve can be approximated by a Fourier descriptor within any level of accuracy by increasing K.
(iv) Discrete Fourier transform computation for bilaterally
symmetric closed curves
For a discrete sample zI = (xI, yI), 0 ≤ I ≤ N – 1, (N = 2L + 1)
from a smooth and closed 2D outline, initially we use the
parameterization zI ≈ SK (i/N) for 0 ≤ I ≤ N – 1. The resulting
Fourier approximation is called Discrete Fourier Transform
(DFT). For DFT to work we must have K ≤ (N – 1)/2 as
(cos (ωki/N), 0 ≤ i ≤ N – 1) and (sin (ωki/N), 0 ≤ i ≤ N – 1)
form an orthogonal basis as k runs between 1 and (N – 1)/2.
The Fourier coefficients can be estimated by the Least square
method. It can be readily seen that the predicted locations,
ẑi , are given by
zˆi =

N −1

∑ϑil zl ,

l =0

for 0 ≤ i ≤ N – 1, with suitable coefficients ϑil satisfying
∑l ϑil = 1 for each i. This establishes invariance under
congruence for the DFT method. DFT can be computed very
efficiently using the Fast Fourier transform algorithm.
In the next step of the algorithm we estimate the tangent vectors from (1) at i/N and derive an estimate of the
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arclength parameterization, ŝ . Using this estimate equispaced points are chosen from the outline (same number for
each sample). These points are treated as regularized observations from the outline. Next, the symmetry axis is considered and s0 and s1 above are identified as appropriate indices
in the sequence of regularized observations. In the final
step of symmetrization, arclength parameterization of the
left and right hand sides of the symmetry axis are compared. Due to various possible fluctuations these are not
identical. A simple proportional-to-arclength matching of
the left and right hand sides are performed to generate a
consensus symmetric sample from the outline. The last
step can be accomplished as follows. Suppose that
0 ≤ s ≤ c and c ≤ s ≤ 1 denote the left and right hand side
of the outline respectively. From symmetry considerations
we know that for 0 ≤ u ≤ 1, S K* (cu) and S K* (1 – (1 – c) u)
are symmetric about Y axis (as per construction). In actuality
these are not exactly symmetrically placed. As part of
symmetrization process we force these two points to become
symmetric about Y axis (by averaging and differencing the
coordinates). As a result, we obtain an exactly symmetric
outline by varying 0 ≤ u ≤ 1.
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