Commentary
Bhattacharyya’s distance measure as a precursor of
genetic distance measures
In Population Genetics, two populations are distinguished from each other on the basis of the differences in the distributions of the alleles at the locus or loci under consideration. These differences are
measured by a “genetic distance” between the two populations (not to be confused with genetic distance
between two loci, which is based on recombination fractions) and they play a major role in inferences at
the population level. Several measures of genetic distance have been proposed by different authors
(Sanghvi 1953; Cavalli-Sforza and Edwards 1967; Jukes and Cantor 1969; Nei 1972; Kimura 1980;
Reynolds et al 1983; reviews in Felsenstein 1991; Nei and Kumar 2000). Most of these measures are
actually dissimilarity measures and not mathematically true distance measures (B-Rao and Majumdar
1999). Independently, and much before the geneticists, statisticians too were concerned with the idea of
distinguishing between two (statistical) populations. In order to discriminate between two populations on
the basis of one or more characters, divergence measures like “Mahalanobis’ D2 statistic” or “Mahalanobis’
generalized distance” (1936) and “Bhattacharyya’s distance” (1943, 1946), Kullback-Leibler’s divergence
measure (1951) etc. have been proposed by statisticians. Mukherjee and Chattopadhyaya (1986) have
mentioned measures based on distances, association between two attributes and discrimination function.
There are similarities between the distance measures defined by applied scientists and by theoreticians.
Felsenstein (1985) shows that three of the allele frequency-based genetic distance measures were anticipated by Bhattacharyya (1946). Nei and Takezaki (1994) have also studied the effectiveness of several
genetic distance measures in the context of phylogenetic analysis, including Bhattacharyya’s distance
measure.
1.

Bhattacharyya’s distance

Bhattacharyya (1946) defined a measure of distance between two populations, based on the number of
occurrences (counts) of each of k traits. An individual in the population possesses exactly one of the k
traits, or in other words, falls into exactly one of k classes. Suppose the i’th trait occurs ni times in a
population, i = 1, 2, . . . , k. Then, one can define the population with respect to these k traits, by the
profile given by, n = (n1, n2, ...nk); Σki ni = N, where N is the population size. Then n follows multinomial distribution, which is a generalization of the binomial distribution to k classes (k > 2). Such a
statistical population is called a multinomial population. These counts can be converted to frequency
or probability distributions.
Consider two multinomial populations with probability distributions (π1, π2, ... , πk) and (π′1, π′2 , ... ,
π′k ) where Σπi = Σπ′i = 1. Geometrically, these distributions can be plotted as points in k-dimensional
space by taking ( π 1 , π 2 , ... , π k ) and ( π 1′ , π 2′ , ... , π k′ ) to be the direction cosines of two
straight lines through the origin. If ∆ is the angle between these two lines, then
k

Cos∆ = ∑ π iπ i′ .

(1)

i =1

The square of the angle between these two lines can then be taken as a measure of divergence between
the two populations.

k
∆ =  Cos -1 ∑ π iπ i′

i =1
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(2)

This measure was proposed by Bhattacharyya (1946) and is known in the statistics literature (as also in
some application areas like physics and computer science) as Bhattacharyya’s distance.
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Bhattacharyya also defined a statistic ∆′ similar to ∆, based on sample proportions, {pi} and {p′i} for
the two samples. However, he showed that ∆′2 is not an unbiased estimator of ∆2. Geometrically, he interpreted ∆′ as a rectilinear (or chord) length, joining the two sample points located at the intersection of the
two sample lines with the unit hypersphere in k-dimensional space.
k

Cos∆ ′ = ∑ π iπ i′ .

(3)

i =1

In population genetics, a population is defined by the frequencies of alleles at a given locus or a set
of loci. For a single locus, the analogy to a multinomial population is obvious and the above distance
measure is directly applicable. However, when the population is defined by its state at a set of loci, this
distance measure can be applied after generalization by summing over all loci.
2.

Population genetic distances

Numerical taxonomists (Sneath and Sokal 1973) have sought to draw inferences about the grouping of
taxa (families or genera or species or populations) based on the similarities (equivalently, dissimilarities) between extant taxa. Many different measures of similarity or dissimilarity have been defined by
them. Taking off from these pheneticists, early phylogeneticists also sought to draw evolutionary inferences between different taxa based on the similarities between the extant taxa. Several measures of population genetic distance based on molecular data have been proposed (Jukes and Cantor 1969; Kimura 1980;
Felsenstein 1991). One set of genetic distances is based on allele (or isozyme) frequency distributions
at one or more genetic loci (Cavalli-Sforza and Edwards 1967; Nei 1972; Reynolds et al 1983). Of these,
the ones that are self-evidently closest to Bhattacharyya’s work are the Cavalli-Sforza distance measures.
Like Bhattacharyya, Cavalli-Sforza and Edwards also thought of placing the square roots of (allele)
frequency distributions as points in k-dimensional space. They attribute this generalization from 2 alleles
(Cavalli-Sforza and Conterio 1960) to k alleles, to a personal communication with Fisher (CavalliSforza and Edwards 1967).
They also considered the angular distance θ between two populations, which is the same as the ∆ of
Bhattacharyya. However, in order that unit distance represent one gene substitution, they recommended
using as a measure of distance (θ measured in radians),
∆arc = 2θ/π.

(4)

This measure is known as the Cavalli-Sforza arc distance, for, the length of the arc of the unit hypersphere between the two points representing the two populations is given by θ. They noted that the
points would lie only on the surface of the (1/2k)th part of the unit hypersphere which is positive in all
co-ordinates (for example, the surface of the positive octant of a sphere in 3-dimensions). Their chord
distance is defined as (for single locus),
∆ ch = (2 2 / π ) 1 − Cosθ ,

(5)

where
k

Cosθ = ∑ pi pi′ ,
i =1

and πi, π′i are frequencies of the ith allele in populations 1 and 2 respectively, and 2/π is a scaling constant. The similarities between Bhattacharyya’s distance [eqn (2)], the arc distance [eqn (4)] and
chord distance [eqn (5)] are evident.
The underlying concept behind the Cavalli-Sforza’s distances is the same as that of Bhattacharyya’s
distance – geometrical placement of the frequency distributions as points in multidimensional Euclidean
space, direction cosines, angular distance and chord length.
Equally independently of Bhattacharyya, Sanghvi (1953) defined a measure of distance betwen two
populations based on attribute (qualitative classes) data, which is analogous to the χ 2 distance. In Sec. 9,
page No. 405 of Bhattacharyya’s (1946) paper, he derives a formula (which he attributes to Mahalanobis’s
suggestion), which is very similar to Balakrishnan and Sanghvi’s distance (1968). As pointed out by
Felsenstein (1985), although the derivations are different, the final formulas are very similar.
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Has Bhattacharyya been neglected by geneticists?

We attempted to scan the phylogenetic analysis literature for references to Bhattacharyya’s paper in the
context of genetic distances. Many authors still seem to be unaware of Bhattacharyya’s paper. Even those
who are aware of it have cited it but rarely.
Sanghvi (1953) was apparently unaware of Bhattacharyya’s (1946) work. Cavalli-Sforza and Edwards
(1967) were unaware of both Bhattacharyya’s (1946) and Sanghvi’s (1953) work. Balakrishnan and
Sanghvi (1968) mention Cavalli-Sforza and Edwards (1967), but not Bhattacharyya (1946). It appears
that statistical geneticists were ignorant of Bhattacharyya (1946) till about 1985. The Memorial
meeting in honour of Prof. Bhattacharyya (Mukherjee et al 1994) has gone some way in drawing
attention to his work, but fails to focus on the significance of his distance measure in applied areas,
particularly in genetics.
Felsenstein (1985) mentions the connection between Bhattacharyya’s distance with each of CavalliSforza’s arc distance, Cavalli-Sforza’s chord distance, and Balakrishnan and Sanghvi’s distance (1968).
However, although the documentation of the highly popular PHYLIP (Felsenstein 1991) software package contains a very comprehensive bibliography, it does not include Bhattacharyya’s 1946 paper. Felsenstein referred to the chord distance as the “Cavalli-Sforza chord distance” in his PHYLIP package,
and it continues to be known by that name. Cavalli-Sforza et al (1994, p. 29) admit that the angular
transformation is equivalent, for a single locus, to a formula by Bhattacharyya (1946).
Weir (1996) has discussed geometric measures of genetic distance at some length. Although he does
not state this explicitly, he has shown that Nei’s standard genetic distance can also be derived using
geometric reasoning (p. 192, Weir 1996); it can be interpreted as the cosine of the angle between the
lines joining the points representing the two populations with the origin [equivalent to eqn (1) above].
He also discusses the distance between a population and a sample drawn from it, and reproduces the
derivation of eqns 3⋅1, 3⋅2 and 3⋅3 in Bhattacharyya (1946). However, there is no mention of Bhattacharyya (1946), who preceded Weir by half a century. Weir (p. 194, 1996) also derives the Balakrishnan
and Sanghvi distance (1968) without citing the prior work.
Nei and Takezaki (1994) have mentioned Bhattacharyya’s distance ∆2 (which they call θ 2), which,
in fact, they found to be one of the best for correctly estimating the topology of a phylogenetic tree.
Nei and Kumar (2000) cite Bhattacharyya’s angular transformation and its modifications in order to
give the expression for the distance θ 2 between two populations. However we found no mention of
Bhattacharyya’s paper in Hillis et al (1996), which is a major reference work for anyone doing research in
the field of molecular systematics.
Bhattacharyya has not found his place in genetics, but his distance measure has been applied and
mentioned elsewhere. A simple search of the Internet extracts at least 203 references to Bhattacharyya’s
distance. Bhattacharyya’s distance has found wide application in computer science (for example, in Bfitting in machine learning, face recognition), physics and ecology. XLSTAT News (22 January 2003)
refers to inclusion of similarity/dissimilarity and hierarchical clustering on the basis of Mahalanobis’s
distance, and Bhattacharyya’s distance (www.xlstat.com/news.htm), indicating its growing importance.
4.

Conclusion

Bhattacharyya (1946) cites the influence of Mahalanobis (1930) while defining his measure of diversity between two populations. His concept of viewing frequency distributions as points in geometric
space has found wide applications in diverse fields, including genetics. Evolutionary geneticists routinely
use various distance measures, like Nei’s standard genetic distance, Cavalli-Sforza’s arc or chord distance and Balakrishnan and Sanghvi’s distance, all of which were explicitly or implicitly contained
within Bhattacharyya’s work. However, Bhattacharyya’s work, which preceded the others by two to
five decades, is rarely cited in any of the most prominent and visible works in phylogenetic analysis.
It is only appropriate that the record be set right by researchers in the field.
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