c Indian Academy of Sciences


Indian Academy of Sciences Conference Series (2019) 2:1
DOI: 10.29195/iascs.02.01.0021

Floquet analysis of periodically driven kicked systems
RASHMI JANGID SHARMA, TAPOMOY GUHA SARKAR
and JAYENDRA N. BANDYOPADHYAY
Department of Physics, Birla Institute of Technology and Science, Pilani 333 031, India
*
Corresponding author. E-mail: jnbandyo@gmail.com
Abstract. We employ Floquet theory to study the spectral properties of the Floquet Hamiltonian, also known as
the eﬀective static Hamiltonian of periodically driven kicked systems. In general, the Floquet Hamiltonian cannot
be determined exactly, and therefore one has to employ some perturbation theory. Here we apply a recently proposed perturbation theory to obtain the Floquet Hamiltonian periodically kicked systems at very high-frequency
limit. We studied the spectral properties of two well-known kicked systems: single and double-kicked top. Classical dynamics of these systems is chaotic, but their quantum mechanical spectrum is very diﬀerent: the ﬁrst one
follows the Bohigas–Giannoni–Schmit conjecture of random matrix theory, but the latter one shows self-similar
fractal behavior. Here we show that the fractal spectrum of the double-kicked top system shares some number of
theoretical properties with the famous Hoftstadter butterﬂy.
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1. Introduction
Periodically driven Hamiltonian systems, which are
also known as the Floquet systems, have been studied
extensively in diﬀerent areas of physics for past several
decades. Kicked systems are a special class of Floquet
systems where the periodic driving does not act
continuously on the system, rather it kicks the system
periodically, and in between two kicks the dynamics
is governed by the undriven Hamiltonian [1]. These
systems are very popular in the nonlinear dynamics
community because they show generic dynamical
behaviors and they are also easily solvable numerically. In this paper, we study quantum mechanics
of such systems from the Floquet theory point of
view. According to this theory, the Floquet operator
F = U(T ), i.e., the time evolution operator deﬁned
in between two consecutive kicks, can always be
decomposed into a product of three unitary operators:
initial time dependent kick and a ﬁnal time dependent
kick, and in between these two kicks the dynamics is
governed by a time-independent Hamiltonian operator.
This time-independent Hamiltonian is called “Floquet
F of the driven system.
Hamiltonian” H
F by
In general, it is not possible to obtain exact H
any analytical means or by any numerical techniques.
Therefore, one has to employ a time dependent perturbation theory to obtain it. At the high-frequency

F up to second
driving limit, we perturbatively obtain H
order of the perturbation parameter, where the inverse
of frequency is the perturbation parameter. Recently,
the high-frequency driving scheme in Hamiltonian
systems has received lots of attention in condensed
matter community, because of its potential application
in designing some Floquet Hamiltonians which may
not be possible by any other static means [2]. At the
F
high-frequency limit, the perturbatively obtained H
plays a role of the eﬀective static Hamiltonian of the
driven system. Here we study the spectral properties
of the Floquet Hamiltonian of two well-known kicked
systems: single kicked top (SKT) and double kicked
top (DKT) [3–7]. Classical dynamics of both these
systems show chaos, but quantum mechanically their
spectra behave very diﬀerently.
The rest of this paper is planned in the following way.
In section 2, we have brieﬂy presented our formalism.
In section 3, we have perturbatively constructed Floquet Hamiltonians of the SKT and DKT systems, and
studied their spectral properties. Finally, we conclude
in section 4.
2. Formalism
In general, the Hamiltonian of a Floquet system is

0 + 
0 is a static
written as H(t)
= H
V(t), where H
Hamiltonian and a time-dependent potential 
V(t) is
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acting on it. The time-dependent potential satisﬁes
the periodic property 
V(t) = 
V(t + T ) with period
T = 2π/ω. The Floquet operator of this system satisﬁes
the eigen relation F|φα  = exp(−iα T )|φα , where
the Floquet modes |φα  satisfy the periodic condition
|φα (t + T ) = |φα (t) and α called the quasienergies of
the system. Here we consider the quasienergy spectrum
in the ﬁrst Floquet–Brillouin zone which is deﬁned by
−ω/2 ≤ α ≤ ω/2.
Traditionally Campbell–Baker–Hausdorﬀ (CBH)based methods are used for the derivation of the Floquet
Hamiltonian or the eﬀective static Hamiltonian for the
kicked systems [8, 9]. Very recently, we have shown
that this method has some intrinsic ﬂaws which can lead
to spurious artefacts in the spectrum of the eﬀective
Hamiltonian [10]. Following the method proposed in
Ref. [11], we have expressed the Floquet operator
between the time instants ti and t f = ti + T , as a
sequence of operations consisting of an initial kick
followed by an evolution under the Floquet
Hamiltonian and then a ﬁnal kick:
 † (t f )e−iHF T U(t
 i ),
F = U

(1)


 = eiG(t)
 = G(t
 + T ) with zero
where U(t)
such that G(t)
F and
average over one time period. The operators H
 can be expanded as a perturbation series in 1/ω of
G(t)
the form
∞

1 (n)
F =
H
H ,
ωn F
n=0

∞

1 (n)
 =
G(t)
G .
ωn
n=1

(2)

For the periodically delta kick driving potential


F and G(t)
 can
V(t) = 
V n δ(t − nT ), the operators H
2
be expressed up to an O(1/ω ) in terms of the Fourier
coeﬃcients of the periodic potential 
V(t) [11]. The
Fourier coeﬃcients are obtained by the expansion:


 inωt + 
V(t) = 
V0 + ∞
V−n e−inωt ). Thus we conn=1 (Vn e
struct the Floquet Hamiltonian of this system given in
[10, 11] as
⎛∞
⎞

⎜⎜⎜ 1 ⎟⎟⎟
V
1



⎟⎟⎠ + O 1
HF = H0 + + 2 2 [[
V, H0 ], 
V] ⎜⎜⎝
2
T ωT
n
ω3
n=1

1
0 + V + 1 [[
0 ], 
=H
V] + O 3 .
V, H
T 24
ω

(3)

The Floquet Hamiltonian HF is the same as the eﬀeeﬀ for the kicked systems
ctive static Hamiltonian H
up to an accuracy of O(1/ω2 ).

3. Results
3.1 SKT
SKT is a non-integrable system which also shows
chaos [12]. In chaotic regime, the nearest neighbor
spacing distribution of the spectrum of this system
follows the prediction of Bohigas–Giannoni–Schmit
conjecture of quantum chaos [3, 12]. This system is
very well studied, and recently it has also been realized
experimentally [13, 14]. The Hamiltonian for this
system is given as
∞

α 2


[δ(t − nT )],
J + β Jx
H=
2 jT z
n=−∞

(4)

where Jx and Jz are the angular momentum operators,
j is the spin of the system and (α, β) are two system
parameters. The ﬁrst term in the Hamiltonian describes
twist about z axis of strength α, whereas the second
term represents the rotation about x axis by an angle β. This rotation repeats periodically and acts once
in a given time period. The corresponding Floquet
operator is
⎛
⎞
⎜⎜⎜ α Jz2 ⎟⎟⎟
⎟⎟.
(5)
F = exp (−iβ Jx ) exp ⎜⎜⎝−i
2 jT ⎠
Following the method discussed in section 2, we obtain
the eﬀective Hamiltonian up to O(1/ω2 ) as
2
eﬀ = α Jz2 + β Jx − αβ ( Jz2 − Jy2 )
H
2j
24 j
 i ) = G(t
 f ) = − αβ ( Jy Jz + Jz Jy ).
G(t
24 j

(6)

Here we have set T = 1 as a unit of time, i.e., ω = 2π.
In ﬁgure 1, quasienergies of F and energy eigeneﬀ in the ﬁrst Floquet–Brillouin zone are
values of H
compared as a function of α. The top and bottom panels
of the ﬁgure respectively show the results for β = 1/ j
and β = 5/ j, where we set j = 10. In this ﬁgure, we
see that the solid lines representing the quasienergy
spectrum and the discrete points representing the
eﬀ are following each other for
energy eigenvalues of H
a wide range of values of parameter α. In Ref. [9], this
agreement was observed only for much smaller values
of α. Moreover, unlike the results reported in [9], the
spectrum of Heﬀ does not show any singularity for any
values of α and β.
The above study of the SKT has shown the superiority of the recently proposed perturbation theory
over the traditional CBH-based methods. We are now
going to apply the same perturbation theory to study
the spectrum of the DKT.
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Figure 1. Quasienergy spectra of the exact Floquet operator
of the SKT (solid lines) is compared with the energy eigenvalues of the eﬀective Hamiltonian (discrete points) and are
plotted as a function of α.

3.2 DKT
Electrons moving in a two-dimensional plane in the
presence of a magnetic ﬁeld perpendicular to the plane
is a very well-studied quantum system because it
has an application in understanding the quantum Hall
eﬀect [15]. If one plots the spectrum of this system as
a function of the magnetic ﬁeld, then it will show a
self-similar fractal property [16]. Recently, the fractal
spectrum in a class of periodically kicked systems is
reported in [4, 7, 17]. The DKT is one such systems,
and we are going to study this from a Floquet theory
point of view. The Hamiltonian of the DKT is
+∞



T
 = 2α Jx + β Jz2
H
δ t − nT +
− δ(t − nT ) .
T
2 j n=−∞
2

(7)
All the operators and the scalars have the same meaning as discussed in the case of the SKT. The Floquet
operator for the system is


β
β
F = exp i Jz2 exp −iα Jx exp −i Jz2
2j
2j

(8)

× exp(−iα Jx ).
Here also the individual unitary operator describes the
same dynamics as mentioned above while discussing
the Floquet operator of the SKT. The above Floquet
operator can be written in a more compact form as [17]

F = exp(−iα Jx ) exp {−iα J+ ei[β(2 Jz +1)/2 j] + h.c.}.

(9)
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Figure 2. (a) Energy spectrum of the eﬀective timeindependent Hamiltonian of the DKT folded in the ﬁrst
Floquet–Brillouin zone. (b and c) Self-similarity in the DOS
of the energy spectrum is shown by zooming on√ diﬀerent
scales. Here we set ξ = Gr /2π, where Gr = ( 5 − 1)/2
is the golden mean ratio, the ‘most irrational number’ and a
large value of j = 2500.

Here the operator J+ = ( Jx + i Jy )/2. For irrational values of the parameter β/ j lead to the quasiperiodicity in

the operator ei[β(2 Jz + 1 )/2 j] and this property is responsible for many interesting spectral properties. The above
Floquet operator can also be obtained from a singlekicked Hamiltonian:
=H
0 + V

H

+∞


 = α Jx
δ(t − nT ), where V

n=−∞

and



J+
β 

H0 = α
exp i (2 Jz + 1 ) + h.c..
2T
2j

(10)

Following eq. (3), we construct the eﬀective Hamiltonian of the DKT system up to O(1/ω2 ). For this syseﬀ in a very compact form as
tem, we cannot write H
we did for the SKT. However, we can numerically coneﬀ and ﬁnd its eigenvalues. The DKT Hamilstruct H
tonian has a unitary symmetry:
π
 
 


 x π = H,
 where R x π = exp −i π J x .
R†x
HR
2
2
2
2
eﬀ in a block diagonal form
We can then express H
by representing this operator in the symmetry reduced
basis. These two blocks along the diagonal represent
two-invariant subspaces, and hence they are dynamically independent. Therefore, here we are presenting
only the result for the spectrum obtained from the even
subspace.
In ﬁgure 2a, energy eigenvalues of the eﬀective
eﬀ are plotted in the ﬁrst Floquet–
Hamiltonian H
Brillouin zone as a function of ξ = β/2π j, where
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Interestingly, the Hofstadter butterﬂy can also be obtained in diﬀerent generations by using the same Farey
sequence [21].
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4. Conclusion
Figure 3. Self-similarity of the butterﬂy pattern obtained
from the energy spectrum of the eﬀective Hamiltonian of the
DKT model.

we set the parameter α = 1/ j and the spin j = 20.
eﬀ shows a butterﬂy-like
The energy spectrum of H
fractal pattern, which is very much identical to the
quasienergy spectrum of the Floquet operator [10]. In
ﬁgures 2b and c, we have presented the density
√ of states

(DOS) of Heﬀ for ξ = Gr /2π, where Gr = ( 5 − 1)/2.
The DOS in ﬁgure 2c is obtained by zooming
ﬁgure 2b and this shows self-similarity in the DOS at
two diﬀerent energy scales. We may observe the same
self-similarity if we further zoom the DOS. But for
this, we need to study DOS of many more number of
energy eigenvalues, and for that we have to consider
much bigger Hamiltonian matrix.
The cause of this fractal nature of the spectrum is
due to the presence of quasiperiodic term in the Hofstadter and the eﬀective Hamiltonian of the DKT. Interestingly, the two butterﬂies are diﬀerent looking fractal
objects: the wings of the Hofstadter butterﬂy are clean,
do not contain any energy levels or show energy gap;
whereas the wings of the DKT butterﬂy contain many
energy levels, do not have a large-energy gap. This difference is probably because of the fact that, in the case
of the Hofstadter Hamiltonian, the quasiperiodic terms
are present along the diagonal elements and in the case
of the DKT eﬀective Hamiltonian, the quasiperiodic
terms are present on the oﬀ-diagonal elements. Nevertheless, the spectrum of these two butterﬂies shares a
similar number of theoretical properties.
We have shown in ﬁgure 1 that the DOS of the eﬀective Hamiltonian exhibits a self-similar property for a
particular irrational value of η. We extend our study of
the DKT butterﬂy by considering the whole butterﬂy as
a single fractal object and then study its self-similarity
at diﬀerent scales. Here we follow the method proposed
in Refs [18, 19]. In ﬁgure 3, we have presented the
DKT butterﬂy at diﬀerent scales. Here, ﬁgures 3a–c
show that as we zoom in the entire butterﬂy we
obtain butterﬂy at every smaller scales and they exhibit
minute detail of the original butterﬂy. The butterﬂy at

We have extensively studied the Floquet Hamiltonian
periodically δ-kicked system. Here we concentrate on
two well-known models: single and double-kicked top.
These two models are classically nonintegrable, but
their quantum mechanical spectrum is drastically different. The spectrum of the SKT follows the BGS conjecture of quantum chaos, which we cannot observe in
the DKT model because of its fractal nature. Unlike
previous studies, here we have considered the whole
butterﬂy of the DKT system as a single fractal object and investigated its self-similar property. The DKT
model shows self-similar fractal spectrum and surprisingly it shares a similar number of theoretical properties
with the celebrated Hofstadter butterﬂy. We still do not
know the reason behind a similar number of theoretical
properties of these two-quantum fractal spectra. This is
an open problem which can be pursued in future.
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