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Abstract. Extreme events occur in the complex system without generic early warning signals. When the
predictability of the extreme events in complex systems is not possible, we can design an environment, which
suppresses the extreme event from the systems. In this paper, we report the annihilation of extreme events in the
dynamical system under environmental coupling. We consider two systems such as CO2 laser and FitzHugh–
Nagumo neuron models to examine the suppression of extreme events. When the systems are coupled with an
environment, depending on the coupling strength the probability for the occurrence of extreme events decreases
and after a critical coupling strength, the extreme events are annihilated from the system.
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1. Introduction
Understanding the dynamics of complex systems
has been a more challenging topic over the past
few decades. In particular, extreme and catastrophic
events are ubiquitous in a wide range of complex
systems including natural and man-made systems like
turbulent ﬂuid ﬂows, nonlinear waves, large-scale
networks and biological systems [1–5]. Because of
their catastrophic impact, unpredictability and lack
of mathematical tools to understand, the studies of
extreme events have attracted substantial attention in
various scientiﬁc ﬁelds and observed in superﬂuid
helium [6], plasma [7], optical ﬁbres [8] and lasers
[9–12]. It would be a considerable achievement for
humanity in predicting extreme events such as
droughts, ﬂooding, ﬁnancial crashes, seasonal climatic
changes and insurance industry [3]. The methods of
eﬀective and timely prediction of extreme events can
enable governments and stakeholders to take appropriate actions for militating against the adverse impacts by
the climate-related extreme events. The extreme events
have been identiﬁed in linear [6, 7, 13] and nonlinear
[14–17] dynamical systems, modelled by partial and
ordinary diﬀerential equations. However, until now
we do not understand many relevant mechanisms of
extreme events in complex systems. The probabilistic
prediction of extreme and catastrophic events needs
accurate modelling. Signiﬁcant progress has been
made in the computation of extreme statistics, and

even though these methods estimate the probability
distribution of the extreme events, they fail to identify general mechanisms of extreme events and are
not capable of predicting individual extreme events.
Another way of avoiding extreme events is by identifying the controlling mechanisms of extreme events.
Similarly, laser contributes widely to the scientiﬁc
communities. Laser technology emerged from hospital
operating rooms to oﬃce practices, clinics and private
enterprises. It would be important that regardless of
applications it is a necessity to establish and maintain
them safely to the patient and the user at all times.
The literature has shown that lasers, such as a class-B
modulated CO2 lasers can produce extreme laser
pulses [12]. Likewise, excitable system neurons also
exhibit extreme events [18, 19]. For example, the
FitzHugh–Nagumo (FHN) model is a widely used
model to describe the dynamics of a neuron. The FHN
neuron in a network is capable of generating extreme
events with non-homogeneous parameters [18, 19].
The routes and their mechanisms for the generation of
extreme events were reported in the literature [2, 3].
However, the anticipation of extreme events in the
neuronal system is still a challenging task. Failing to
predict extreme events leads to epileptic seizures.
Also, the coupling between the systems plays a
crucial role in the dynamics of the system like controlling [20–22], synchronization, chimera states [23]
etc. In literature many coupling schemes have been
introduced in diﬀerent contexts, to mention a few,
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linear augmentation [20, 21] has been used to achieve
desirable states of the system, delay coupling [24] has
been used to understand the delay interaction between
the systems, environmental coupling [25] has been
used to control the system states and achieve amplitude
death states, conjugate coupling [26] has been used to
study the mixed interaction between the systems and
error coupling [27] has been introduced to understand
the diﬀusive interaction between the systems. These
coupling schemes can be used in diﬀerent contexts,
depending on the applications.
Moreover, it is important to establish a predicting
or controlling procedure to control the extreme laser
pulses and epileptic seizures. For the aforementioned
reasons, it is needed to establish a predicting or controlling procedure to control the extreme laser pulses
and epileptic seizures. However, in all cases, extreme
events cannot be identiﬁed before its occurrence.
On the other hand, it would be another option to
control the extreme event by an external environment,
since the parameter of the system may not be accessible
to control the extreme event. In the nonlinear dynamics
literature, many controlling mechanisms and methods
are available to control chaos [21]. However, we ﬁnd
that no study is available to control the emergence
of an extreme event. For the present study, we consider a CO2 laser model and show how to control
extreme laser pulses by implementing environmental
coupling [28].

2. Periodically modulated CO2 laser
To show the controlling of extreme events by an
environment, we consider the example of a nonlinear
system such as a single-mode CO2 laser modelled by
the following equations [12]

Ṅ = (N0 − N)γ − IN.

(1)

Here, I is proportional to the radiation density and
N0 and N are the unsaturated gain and the gain in the
active medium, respectively. γ is the gain decay rate
and τ is the transit time of light in the resonator. Here,
k(t) = k0 (1 + α cos 2π f t) is the modulated cavity loss,
k0 is the constant part of the loss and α and f are
the driving amplitude and frequency, respectively. We
use the following values of parameters for the present
study: τ = 3.5×10−9 s, γ = 1.978×105 s−1 , N0 = 0.175,
k0 = 0.17, α = 0.19 and f = 208.25 kHz. In the absence
of external modulation (α = 0) the CO2 laser exhibits a
damped oscillation and the trajectory of the laser converges to a stable equilibrium point (IS = γ(N0 /k0 − 1)
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Figure 1. Two-parameter bifurcation diagram as a function
of frequency (f ) and amplitude (α) of external modulation.
Colour in the image plot shows the maximum intensity of
the CO2 laser at a given parameter.

and NS = k0 ), while the external modulation α induces
periodic and chaotic oscillations in the system. It is
preferable that the CO2 laser operates in the periodic
regime. However, the ﬂuctuation in the amplitude of the
external modulation makes the system to be chaotic.
The presence of chaotic behaviour and extreme events
have been reported by many researchers [9, 10, 12].
Figure 1 shows the presence of chaotic behaviour and
extreme events in the CO2 laser model [12]. Figure 1 is
drawn by measuring the maximum of the intensity of
the laser pulse (max(IA /IS )). The colours of the image
plot show the amplitude of the laser pulse.
To characterize the extreme event/extreme light
pulses we used the following criterion. The critical
value of the extreme events is deﬁned as the intensity of the laser exceeding four times standard deviations σIA /IS over the average intensity of the laser. The
extreme event in IEE is be deﬁned as IEE = IA /IS  +
nσIA /IS . The threshold n is deﬁned as :
n=

I˙ = τ−1 (N − k(t))I,
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max(IA /I s )EE − IA /I s 
.
σIA /IS

(2)

Here, max(IA /IS )EE is the maximum intensity of the extreme light pulse IA /IS for a given value of the amplitude of the external force α.
In ﬁgure 2, we have plotted the time series and
probability distribution function (PDF) of the intensity
of the laser in the regimes namely no extreme events
and extreme events, as a function of the external
forcing amplitude α. Figures 2a(i) and a(ii) show the
PDF and time series of the laser pulse for α = 0.145
which have no extreme events. Figures 2b(i) and b(ii)
show the extreme event for the modulation amplitude
α = 0.190. The horizontal green lines show the average
(IA /IS ) of the intensity of the laser pulses. The red line
is drawn for the threshold n = 4 (extreme event).
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3. Controlling an extreme event through
environmental coupling
As we have seen from the previous section, the CO2
laser can emit extreme laser pulses for a wide range
of system parameters. In order to control the extreme
events in the laser, an environment can be designed as
given in the following equations:

Ṅi = (N0 − Ni )γ − Ii Ni + E,
⎛M ⎞
⎜⎜⎜ ⎟⎟⎟
Ni ⎟⎟⎠ .
⎜⎜⎝
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Figure 3. Two-parameter bifurcation diagram for the intensity of the CO2 laser as a function of amplitude (α) and frequency (f ) of the external modulation.

I˙i = τ−1 (Ni − k(t))Ii ,


Ė = −dE −
M
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Figure 2. (a) (left) PDF and (b) (right) time series of laser
intensity. The red line shows the threshold value for n = 6
and the green line represents average intensity.
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All the parameters for the CO2 laser are taken as
given in the previous section and the value of decay
constant d = 0.1. We have coupled the gain of the
two lasers with an environment. The extreme intensity
of the laser can be understood with the help of time
taken by the system to gain population inversion. If
the laser system has taken more time for population
inversion then the laser intensity will be high. In order
to reduce the number of populated atoms in the higher
energy state, we have coupled two CO2 lasers with
its gain. This means that the gains of the two systems
are shared with their mean values. Also, we design
an environment (E), which reduces the population
inversion with delaying constant d. By changing the
value of this delaying constant, we can reduce the

gain (N) of the coupled CO2 laser. In ﬁgure 3, we
have plotted two-parameter bifurcation diagrams as
a function of interaction strength between two lasers.
Figure 3a shows the regime of extreme events when
the coupling strength  = 0. Increasing the interaction
strength to  = 0.0001, the extreme events in the
coupled laser systems started decreasing, which is
shown in ﬁgure 3b. Similarly, ﬁgure 3c shows the
decrease of extreme events as the coupling strength is
increased further. Figure 3c is plotted for  = 0.1.
4. Controlling extreme events in FHN neuron
model
To generalize the mechanism used for controlling the
extreme events in the CO2 laser, we test the controlling mechanism for another system, namely FHN neuronal model. The equation describing the coupled-FHN
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Figure 4. (a) PDF and time series of the two-coupled FHN
neuron with extreme events. (b) PDF and time series of the
two-coupled FHN neuron when they are connected with an
environment.

model is given in eq. (5).
ẋi = xi (ai − xi )(xi − 1) − yi +

N


Ai j (x j − xi ),

j=1

ẏi = bi xi − ci yi ,

(4)

where x and y are the activator (the membrane potential) and inhibitor (recovery) variables, respectively. ai ,
bi and ci are the system parameters, k is the coupling
strength between the neurons and A ∈ {0, 1}n×n is the
symmetric adjacency matrix (when Ai j = A ji = 1, if the
units i and j are coupled).
The two-coupled FH neurons exhibit extreme
events when we consider the system parameters as:
a1 = a2 = a = −0.025794, b1 = 0.0065, b2 = 0.0135,
c1 = c2 = c = 0.02 and the coupling strength =0.128.
Figures 4a(i) and a(ii) show the dynamics of the coupled neuron when the neurons are not connected with
any environment. In other words, the coupled neuron
exhibits extreme events when they are isolated from the
environment. However, neurons are always covered by
a chemical environment. Neurons are responsible for
the computation and communication that the nervous
system provides. The neurons are electrically active
and through chemical signals, they communicate
with other neurons. However, in the nervous system,
neurons are surrounded by several types of glial cells.
In the central nervous systems, astrocytes, microglia,
oligodendrocytes and ependymal cells perform diﬀerent functions to support neurons. Astrocytes control the
chemical environment around neurons and are crucial

Figure 5. Dynamics of the FHN neuron as a function of
coupling strength  with the environment. The system has
no extreme events when they are strongly coupled with the
environment.

for regulating the blood–brain barrier. Oligodendrocytes form a myelin sheath in the nervous system
to allow nerve impulses to move more quickly and
microglia act as phagocytes and play a role in immune
surveillance. Ependymal cells ﬁlter blood to produce
cerebrospinal ﬂuid. Generally, they are supporting
cells for the neurons in the central nervous system.
These cells support neurons in the central nervous
system by maintaining the concentration of chemicals
in the extracellular space, reacting to tissue damage,
removing excess signalling molecules and contributing
to the blood–brain barrier. Hence, our model reﬂects
the environment around the neuron which controls the
chemical environments [29]. The coupled neuron with
the controlling environment is given in the equations.
ẋi = xi (ai − xi )(xi − 1) − yi +

N


Ai j (x j − xi ) + E,

j=1

ẏi = bi xi − ci yi ,

Ė = −dE −
M

⎛M ⎞
⎜⎜⎜ ⎟⎟⎟
xi ⎟⎟⎠
⎜⎜⎝

(5)

i

Here, we consider the value of the parameter d = 3.
As we discussed earlier, the coupled neurons exhibit
extreme events when it has no interaction with the
environment and the corresponding plots are shown
in ﬁgures 4b(i) and b(ii). When we allow the neurons
to interact with the environment the probability of
exhibiting extreme events decreases and for a critical
value of the interaction strength  the extreme events
are completely annihilated from the system. The
eﬀect of coupling with the environment on controlling
extreme events is shown in ﬁgure 5. We can see that
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in the lower coupling strength the number of extreme
events is high (probability of extreme events is high)
and while increase in coupling strength decreases the
number of extreme events (probability of extreme
events is low). We can see that when the coupling
strength is higher than 0.02, the coupled neurons
exhibit no events. The plots clearly show that the
probability of extreme events can be controlled and
even annihilated from the system with the environment.
In the present study we consider that the environment
is coupled with the membrane potential between the
neurons. However, one can couple another variable
(recovery-variables) with the environment and control
the extreme event in diﬀerent coupling strengths.
However the same is not true for other systems, we
found that coupling with the environment is system
dependent.
From the above results, it has been shown that
environmental coupling can be used to control extreme events in the dynamical system. From the
literature, we can understand that the environmental
coupling can reduce the amplitude of oscillation to
the amplitude death state [28]. In a similar way in
the present work, the environment coupling reduces
the amplitude of oscillation and controls extreme
events.
5. Conclusion
In the present work, we have shown the controllability
of extreme intensity laser pulses of the CO2 laser and
coupled-FHN neuron with an environmental coupling.
The environment is designed in such a way with a
decay constant. In the case of the CO2 laser model
the environment reduces the probability of population
inversion. Also, we made mean ﬁeld coupling between
the two systems, and since the gain of the two lasers
is not same at a particular time, they interact with
each other with their mean value of the gain. These
decay constants of the environment and mean ﬁeld
interaction reduce the gain of the laser and hence
the laser has low-intensity pulses. In the case of the
coupled neuron, the environment coupling controls the
chemical environment around the neuron. By doing
this we can control the electrical activity and the
chemical signal between the neurons, which eliminates
the extreme events from the system.
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