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Transport in ratchets with single-file constraint
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Abstract. Diffusion of particles in restricted geometries is a subject of considerable interest due to their applicability
in the observation and manipulation of nanoscopic systems. The single-file model has been introduced to model
situations where the particles are constrained to move in nanopores in a single file without the chance for a particle
exchange. Similarly, the motion of Brownian particles moving in a ratchet potential has been an active area of
research because of its applicability to a wide range of nanoscale systems, including the transport properties of
molecular motors. Here, we briefly review these models and discuss particle motion in a ratchet model constrained
with the single-file condition. The motion of overdamped particles in a single-file model constrained to move in

a ratchet potential is subdiffusive with mean square displacement that has t
1
2 time dependence when hard-core

interaction is significant, and becomes diffusive for long times. The N-particle switching time for maximum current
is N times the switching time for one particle maximum current.
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1. Introduction

Models suitable to account for the single-particle diffu-
sional mechanisms in constrained-flow geometries have
been the subject of increasing attention due to the expo-
nential increase in the direct observation and manipu-
lation of nanoscopic systems. This type of process [1]
has been reported in transport of adsorbate molecules
through nanoporous materials [2], in collective motion
of ions through biological channels and membranes [3],
in sliding of proteins along DNA [4] molecules as well
as in nanodevices and cellular flows [5].

Hard-core interaction appears when the pore or chan-
nel is so narrow that particles cannot pass each other.
In other words, the longitudinal motion of each particle
is hindered by the presence of its neighbors, which act
as moving obstacles. This hard-core diffusion process
is also known as “single-file diffusion” in the literature.

Anomaly in protein molecule diffusion on a cell mem-
brane has been associated with the crowding produced
by the presence of fixed and mobile obstacles in a
stochastic random walk model [6]. Diffusion was found
to be highly anomalous when the obstacles are fixed,
though randomly distributed. On the other hand, colli-
sion with picket fences [7], membrane proteins anchored

to the membrane skeleton that function as diffusion bar-
riers in the cell membrane, did not contribute to anoma-
lous diffusion. The effects of lipid microdomains (also
known as lipid rafts) covering a significant area of the
membrane with excluded proteins have a large effect on
the anomalous exponent.

In one dimension, the single-file (SF) model consists
of N unit-mass particles constrained to move along a
line following a specified dynamics. The hard-core inter-
action forbids mutual exchanges between the particles.
This is the single-file condition; i.e., the order of the
diffusing particles is conserved. This kind of interaction
alters the Brownian motion [8–10]. The particle motion
is subdiffusive and the mean-square displacement grows

with time as t
1
2 , while the center of mass of the sys-

tem of particles exhibits normal diffusion. Subdiffusion
is related to anticorrelation of the jump sequences in
a single-file model [11]. Three temporal regimes and
the corresponding time scales – ballistic, diffusive, and
subdiffusive – are obtained in a Langevin simulation for
single–file diffusion [12].

On the other hand, fluctuation-driven transport in
the biased Brownian particle motion, widely known as
the ratchet model [13–15] can also exhibit anomalous
diffusive transport and is used to model the motion
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of particles and macromolecules in a wide range of
phenomena, including transport in biological intra-cell
molecular motors, particle separation and the design of
nanoscale molecular motors and pumps. Ratchets with
quenched disorder tracks exhibit several scaling regimes
with anomalous transport properties [16]. Long-range
correlated spatial disorder has also been found to pro-
duce anomalous diffusion in an overdamped rocking
ratchet [17]. A trapping mechanism is proposed as the
origin of the anomalous behavior in transport properties
of overdamped ratchets with disorder [18].

The collective behavior of particles that move on a
finite line shows [19] a net current that depends on
the density of particles. A very interesting stochastic
resonance effect on rectification is obtained at a given
temperature in a study of fluctuating tilt Brownian ratch-
ets based on fractional subdiffusion in sticky viscoelas-
tic media [20]. The rectification effect vanishes in the
adiabatically slow modulation limit and optimizes in a
driving frequency range. In other related work on flash-
ing ratchets [21] a finite subdiffusive current is found at
zero temperature for random flashing and for periodic
flashing for a certain frequency window.

It would be interesting to investigate the effect of
the single-file interaction on transport properties of the
Brownian ratchet. In this paper we consider this prob-
lem using a numerical simulation of ratchets in which
the associated Langevin equation is converted into a
jump process [14]. We have already used this algorithm
to study the approach to the steady state in Brownian
ratchets [22], the memory correlation effect on ratchets
[23], and to calculate the algorithmic complexity in the
ratchet motion [24].

2. The model

The model for ratchets that we have used is based on
the model proposed by Astumian and Bier [15, 22, 23].
We use the on-off version of Astumian and Bier model
that consists of an asymmetric piecewise linear potential
where the barrier potential is switched between the on
and off states. The asymmetry parameter � = 10∕11
and the maximum potential V0 = 1 are the same as in
Refs [22, 23]. The fluctuations of the barrier height can
produce a net flow even with the net macroscopic force
that is zero at all times. The general Langevin equation
describing the ratchets that we will consider is

ẋ = F±(x) +
√

2kBT�(t), (1)

where T is the temperature, kB is the Boltzmann con-
stant, and �(t) represents the Gaussian noise term with
delta function correlation < �(t)�(t′) >= �(t − t′). The

on-off force F±(x) is applied to the particle through the
asymmetric piecewise linear on-off potential.

In our numerical simulations we have followed the
approach of Elston and Doering [14] with the intro-
duction of the single-file interaction constraint. In this
approach, the variable x that represents the position
of the ratchet walker is discretized, converting the
Langevin equation into a jump process. The mas-
ter equation for the jump process, transition rates
and other simulation characteristics may be found in
Refs [14, 22, 23].

The additional requirement for the single-file condi-
tion is

x1 < x2, (2)
xi−1 < xi < xi+1, 1 < i < N , (3)
xN−1 < xN , (4)

where N is the number of particles considered.

3. The dynamics of the SF particles

As in previous papers [25, 26] the transport properties
are determined using cumulants. The single-file condi-
tion on a free particle moving in a noisy environment
modifies the usual Brownian motion [8–10] making the
particle behave in a subdiffusive way: the mean square

displacement grows with time as t
1
2 . We calculated the

net current, associated with the first order cumulant and
the second order cumulant in the flashing ratchet model
with single-file interaction between particles in order to
see if the features of the diffusion process are altered by
the ratchet motion.

We have studied the evolution of an ensemble of N
single-file interacting particles, uniformly distributed
over one whole potential valley. The initial distance
between particles does not affect the net current or the
mean square displacement evolution. The only differ-
ence is that the time spent in reaching the single-file
characteristic mean square displacement time depen-
dence depends on the initial interparticle distance, as
expected.

The simulations were carried out over 1000 trajecto-
ries of typically 105 to 106 time steps for every one of
the N particles. We set kBT = 1 and use a stepsize of
Δx = 0.01.

The diffusion behavior may be seen in figure 1 for
N = 50 and f = 4 where the evolution of the cumu-
lant C2(t) = ⟨(x(t) − ⟨x(t)⟩)2⟩ as a function of time is
shown. For short times the diffusion is highly impeded
by the neighbour particles and the diffusion scales with
an exponent smaller than 1∕4. The hard-core interac-
tion effect on the particle spreading appears at inter-

mediate times with the characteristic scaling t
1
4 . At
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Figure 1. Second order cumulant as a function of time for
on-off frequency f = 4 and number of particles N = 50.
Three different scaling behaviors may be noticed: For short
times the neighboring particles constrain the diffusion with a
scaling exponent less than 1/4. At intermediate times the hard-
core interaction effect on the particle spreading appears, with

the characteristic scaling t
1
4 . At longer times the particles are

far enough from each other to interact and the motion tends
to normal diffusion.

long times, particle motion reverts to normal diffusion
because neighboring particles are far from each other
and do not interact. The different scaling behaviors are
shown in figure 1.

The variation of the current with the switching fre-
quency is shown in figure 2, for N = 50. It has a similar
form as the relation between the current and the fre-
quency in single particle flashing ratchet [15] except that
the frequency at which the maximum current occurs is
different.

The number of SF particles N as a function of the
on-off frequency f where maximum net current and
normal diffusion appear are shown in figure 3. The
frequency where maximum current occurs decreases
with increasing number of particles, while one parti-
cle ratchet maximum current frequency [15] appears
as the frequency limit for low number of particles.

Figure 2. Net current J for N = 50 particles as a function of
the on-off frequency f .

Figure 3. Number of SF particles N as a function of the on-
off frequency f with maximum net current. The curve tends
to one particle ratchet maximum current frequency for small
number of particles.

Astumian and Bier [15] attribute the maximum current
with the time for adiabatic adjustment on the steeper
slope (1−�)2

2
. When N hard-core interacting particles are

moving on the flashing ratchet the corresponding time
for adiabatic adjustment increases because the motion
of a particle depends on the other particles. An esti-
mate of the time for adiabatic adjustment on the steeper
slope for N particles is N times the time for one particle.
This estimate corresponds well with the result shown in
figure 3.

4. Conclusions

In this paper we discussed the problem of particle motion
in constrained flow geometries. This is a subject of
increasing interest due to the rapid growth in direct
observation and manipulation of nanoscopic systems.
When hard-core interactions are present, such as in flows
in pores or channels, particles cannot pass each other and
the motion of each particle is hindered by the presence of
its neighbors. This is known as “single-file diffusion”. In
one dimension, the single-file model consisting of parti-
cles that are constrained to move along a line have been
studied [8–10]. It is well established [8–10] that in the
presence of single-file condition, particle motion is sub-
diffusive. On the other hand, fluctuation-driven transport
in the ratchet model [13–15] can also exhibit anomalous
diffusive transport. Here, we investigated the effect of
the single-file interaction on transport properties of the
Brownian ratchet. We calculated the drift current and the
diffusion of a variable number N of overdamped single-
file interacting particles in an on-off ratchet potential
in a one-dimensional infinite system. We found that the

characteristic scaling t
1
4 for diffusive single-file inter-

acting particles appears at intermediate times. At longer
times, in the infinite one-dimensional system, the parti-
cles drift far from each other and the interaction between
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neighboring particles fades away and the motion reverts
to normal diffusion. The net current depends on the on-
off switching frequency in the same way as in the one
particle on-off ratchet model. The difference is that for
a system of N particles, the characteristic time for maxi-
mum current is N times the characteristic time for a sin-
gle particle. This is related to the fact that asymptotically
the system is composed of N non-interacting particles.
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