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Dynamics of nonlinear oscillators with time-varying conjugate coupling
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Abstract. We explore the dynamical consequences of time-varying conjugate coupling in a system of nonlinear
oscillators. We analyze the behavior of coupled systems with respect to the coupling switching frequency using
normalized average synchronization error and average amplitude. We show that this form of time-varying interaction
can induce an anomalous transition like the emergence of oscillation as well as the intermittent state with different
dynamical states. This behavior is analyzed by numerical studies of specific cases of the Rössler oscillator and an
ecological model of predator–prey systems.
Keywords. Conjugate coupling; time varying coupling.
PACS Nos

05.45.Xt

1. Introduction
The interaction of nonlinear systems typically leads to a
variety of significant behaviors, one of the most intriguing of which is synchronization, that is, the coordination
of a particular dynamical property of their motion [1,2].
A variety of synchrony behavior like complete synchronization, phase synchronization, lag synchronization,
partial synchronization, and relay synchronization are
achieved by coupling or external driving (deterministic
and stochastic) in the coupled systems, which depend
on the nature of coupling (forcing) such as time delay
or nonlinear coupling (forcing) as well as strength or
intensity of interaction (force) [2–5]. The particular type
of interaction between dissimilar (conjugate) variables
of dynamical systems induces synchronization [6, 7]
as well as amplitude death [4] in the absence of time
delay. This type of interaction or coupling also seems
to be capable of generating rhythms in the coupled systems, which exhibit fixed-point behavior [10]. Typical
examples of such interaction between conjugate variables are coupled semiconductor lasers, epidemiology,
ecosystem, electrical circuits, and many more [8, 9, 11].
In all these existing studies, the interaction or coupling among the systems is constant over time. However,
the strength or form of interaction between systems can
vary with time [12–20]. In such cases, it is important
to study the global behavior of the coupled systems
which depends on the interplay between the variable
strength of dynamic interaction and switching frequency

between dynamic interaction strengths. The rate of variation in coupling may be stochastic or periodic [13]. It
was explored in an experimental work on synchronization of two coupled Chua’s circuits [14]. In biological
systems, the possibility of time-varying interaction has
been studied, where it is stated that molecular networks can undergo systematic rewiring at each time
step [12]. Another type of time-varying interaction in
coupled oscillators is studied in Ref. [15], where each
individual oscillator always has time-independent linear
self-feedback while its interaction with other oscillators
is modulated by a time-varying nonlinear function. In
another study, a time-dependent on-off coupling is introduced in a network of regular lattice of cells [13]. The
stability of synchronized state in time-varying networks
is also explored by Kohar et al. [16]. Suppression and
revival of oscillations were observed by switching the
coupling form in a system of coupled oscillators [17].
Moreover, the study of the spread of epidemics in timevarying networks leads to the result that if the network
changes more rapidly, the disease cycle becomes more
synchronized which denotes the beginning of epidemics
in the system [18].
Recently, the synchronization properties of a network
consisting of heterogeneous oscillators were studied
with a time-varying coupling [19], which shows that
switching networks exhibit behavior similar to a static
network if the switching of coupling or node is fast
enough. The behavior of such a network is studied by
time average of the switching connectivity. Such kind
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of dynamic coupling was also studied in a system of
two Rössler oscillators where the coupling strength
switched between two constant values with a given
frequency [20]. Here, synchronization was observed
by switching coupling between two values which
fall outside the synchronization region. Considering
the effect of switching coupling between similar
variables, it is obvious and interesting to ask how the
dynamics of oscillators will change when interaction
via dissimilar (conjugate) variables changes with time
as there are many ecological and other systems having
dynamic interaction via conjugate variables, e.g.,
cross-predation, etc. In this work, we study the effect of
switching coupling on nonlinear oscillators that interact
via conjugate variables. We study Rössler as well as
Truscott–Brindley oscillators interacting through timevarying conjugate coupling which switches periodically
between two fixed values with a given frequency [20].
The switching frequency is taken as a parameter to study
the dynamical behavior of the system where frequency
plays an important role in the collective behaviour of
coupled system leading to various dynamical states
including in-phase and anti-phase synchronization as
well as suppression and revival of oscillations.

2. The model system and results
We first consider two identical Rössler systems coupled
via conjugate variables with coupling strength k. The
equations governing the two coupled systems are written
as
ẋ 1,2 = −y1,2 − z1,2 + k(y2,1 − x1,2 ),
ẏ 1,2 = x1,2 + ay1,2 ,
ż 1,2 = b + z1,2 (x1,2 − c),
where the parameters are a = 0.2, b = 0.2 and c = 7.
Such coupling scheme is studied in Ref. [6] where
synchronization in coupled oscillators is observed.
Conjugate coupling induces the amplitude death as
well as the oscillation death in coupled oscillators
[4].
To study the effect of conjugate coupling, we use
two order parameters. One of the order parameter
is the normalized average synchronization error E,
to ensure that all the variables of the coupled systems are synchronized [20], which is calculated as

√
M
1 ∑ (x1 (h) − x2 (h))2 + (y1 (h) − y2 (h))2 + (z1 (h) − z2 (h))2
E=
.
√
M h=1
x1 (h)2 + y1 (h)2 + z1 (h)2 + x2 (h)2 + y2 (h)2 + z2 (h)2

For the case of complete synchronization E = 0, otherwise, it is positive. The second order parameter is the
average amplitude A of the oscillation of the coupled
system. It is calculated numerically using the difference between the global maximum and minimum of the
time series of the oscillators over a sufficiently long time
interval and then averaged over all oscillators at a particular parameter value [21]. The average amplitude A
is defined as
A=

N
1 ∑
[⟨x
⟩ − ⟨xi,min ⟩t ],
N i=1 i,max t

(3)

where N is the number of coupled systems. The average amplitude A = 0 when the coupled systems are in
the stationary state, and for an oscillatory state A > 0.
The dynamical equations are solved using a fourth-order
Runge–Kutta scheme with time-step dt = 0.01.
The normalized average synchronization error E and
average amplitude A as a function of coupling strength

(1)

(2)

k for the Rössler oscillators with conjugate coupling are
shown in figure 1. As the coupling strength is varied, the
oscillators are synchronized in the range k = 0.13 to 0.19.
A window of unsynchronized motion is observed around
k ∼ 0.19. With further increase of the coupling strength,
the coupled system goes to the steady state through
reverse Hopf bifurcation at k = 0.2 [4]. Therefore, we
observed three dynamical regimes, no-synchronization
state (NS), complete synchronization state (CS), and
amplitude death (AD) in conjugate-coupled nonlinear
oscillators.
Now, we consider two identical Rössler oscillators
coupled via a time-varying conjugate coupling. The
dynamical equations in this case are

ẋ 1,2 = −y1,2 − z1,2 + k(t)(y2,1 − x1,2 ),
ẏ 1,2 = x1,2 + ay1,2 ,
ż 1,2 = b + z1,2 (x1,2 − c).

(4)
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Figure 1. (a) Normalized average synchronization error E and
(b) average amplitude A as a function of coupling strength k
for conjugate-coupled Rössler oscillators with static coupling.

The coupling strength k(t) is a function of time and it is
k −k
given by k(t) = k1 + 2 2 1 (sgn(cos(𝜔t)) + 1), where
sgn(x) = 1 if x > 0 and sgn(x) = −1 otherwise.
The effective coupling k(t) switches between two constant values of coupling strength k1 and k2 with a frequency 𝜔.
To study the effect of the time-varying interaction in
such coupled Rössler oscillators, we choose the coupling strength k1 and k2 from two different dynamical regimes. Now, based on the choice of k1 and
k2 , we consider two cases, (1) C1: both k1 and k2
from no-synchronization regimes, and (2) C2: k1 and
k2 from synchronization and amplitude death regimes
respectively.
First, we study the C1 case and choose both coupling
strength values k1 = 0.06 and k2 = 0.196 from the
no-synchronization regime in figure 1. We have plotted the average synchronization error E and the average
amplitude A as a function of switching frequency 𝜔 in
figure 2. Here, some windows of synchronized motion
along with no-synchronization are obtained. For low
switching frequency, coupled Rössler oscillators are in
no-synchronization regime till 𝜔 = 0.5, while for higher
frequency, we obtain the synchronization in the range
of 𝜔 = 0.6 to 0.85 and 𝜔 = 1.15 to 1.4 as shown in
figure 2a. For higher switching frequency around 1.4 to
2.5, coupled systems show multiple transitions between
synchronized and unsynchronized states. In this case, we
do not observe the death regime in the coupled system
as shown in figure 2b.
For C2 case, we choose the coupling from two different dynamical regimes at k1 = 0.15 (SS) and k2 = 0.3
(AD). E and A are plotted against switching frequency
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Figure 2. (a) Normalized average synchronization error E and
(b) average amplitude A for a dynamic conjugate coupling
between two Rössler oscillators as a function of switching
frequency 𝜔 for k1 = 0.06 and k2 = 0.196.

𝜔 for the Rössler oscillators with dynamic conjugate
coupling for C2 in figure 3a–b. We observed three different regions of oscillations, which shows the revival
of oscillations in the system. The first window is in the
range of 𝜔 = 1.39 to 1.53, while the other windows
are observed in the range of 𝜔 from 1.66 to 1.83 and
𝜔 = 2.08 to 2.29 (see figure 3b). In all these windows,
we observed the intermittent state (IMS) having intermittency between the oscillation and amplitude death
state. To study the intermittent state, we have also introduced another order parameter Aims based on calculating
the amplitude of coupled systems in a finite time interval and it is defined† . If 0 < Aims < 1, we observed the
intermittent state in coupled systems. The time series
of x variables for 𝜔 = 2.2 is plotted in figure 3c which
shows the system dynamics switching between three
dynamical states: complete synchronization, anti-phase
synchronization and amplitude death states. Here, inset
figures show that initially the system dynamics is in
an anti-phase synchronization state but after the death
state the system is in complete synchronization state. To
explore the dynamical regimes, in this case, we draw a
parameter plane in 𝜔 − k2 at fixed value of k1 = 0.15
in figure 3d, where NS, CS, IMS and AD regimes
are observed. All these numerical results have been
†

Aims is fraction of total oscillatory states in finite time interval to
∑n
total time interval and it is defined by Aims = n1 i=1 Ri , where Ri = 1
if A > 0 for time interval [(i − 1)Δt, iΔt], otherwise Ri = 0. Total
number of time interval n = T ∕Δt, where T is total time and Δt
is time interval. In numerical calculation, we have considered the
Δt = 103
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(
ẋ i = rxi (1 − xi ) − yi
(
ẏ i = a

xi2
v2 + xi2

)

xi2
v2 + xi2

)
+ k(t)(yj − xi )
(5)

− s yi ,

where x and y represent the prey and predator populations respectively. The growth rate of the prey is represented by a logistic growth function, with the maximum
growth rate r. Predation by the predator is represented
by a Holling type III function, v is the half saturation
constant for the predator which governs how quickly the
maximum predation rate is achieved as the prey population increases. The constant a models the maximum
growth rate of the predator. Here, we have assumed that
there is no inter-species competition of the two prey
species; each of them can grow to its own carrying
capacity in the absence of predation. Both prey species
are consumed by the predator following cross-predation
terms with factor k(t) which depends on switching frequency 𝜔. The parameters of the system are r = 0.43,
v = 0.053, s = 0.56 and a = 0.05. In the case of static
coupling, for k = 0.02, the prey population of one of the
systems reduces drastically. Further increasing k leads

Figure 3. (a) Normalized average synchronization error E
and (b) average amplitude A as a function of switching frequency 𝜔 for k1 = 0.15 and k2 = 0.3 for C2 case. (c)
The time series of x variables for 𝜔 = 2.2. Inset figures
show anti-phase and in-phase synchronization respectively.
(d) Different dynamical regimes of the coupled Rössler oscillators with dynamic conjugate coupling in parameter space
k2 − 𝜔 for fixed value of k1 = 0.15. The regions having
states namely, no-synchronization (NS), complete synchronization (CS), intermittent state (IMS), and amplitude death
(AD) respectively are shown.

computed for a time of 105 after removing transients
for 104 units of time.
Next, we consider the Truscott–Brindley (TB) model
which was introduced to model the dynamics of phytoplankton and zooplankton in the ocean [22]. The model
imitates the emergence of a plankton bloom using
the concept of an excitable system. The dynamical
equations of time-varying conjugate interaction in such
a model system are as follows,

Figure 4. (a) Normalized average synchronization error E and
(b) average amplitude A as a function of switching frequency
for the prey–predator model with conjugate coupling. Time
series of prey population of the coupled system at (c) 𝜔 = 0,
(d) 𝜔 = 0.01, and (e) 𝜔 = 0.1 respectively.
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the system dynamics to oscillation death (results are not
shown here).
Now, we consider switching coupling in the system by
introducing k(t) as the time-varying coupling strength.
k(t) is the same as defined above and switches between
the two coupling strengths k1 and k2 . We choose k1 = 0
and k2 = 0.02. Both of these cases exclude the possibility of synchronization when k1 = k2 . The numerical
calculations in this case are computed for 104 time
units, after removing transients of 104 time units. Results
for the switching interaction in conjugate coupling are
shown in figure 4. Normalized average synchronization
error E is plotted as a function of switching frequency
in figure 4a. At lower switching frequency 𝜔 < 0.1, we
observed the mixed state of synchronization and unsynchronized motion in periodic and aperiodic states in
coupled prey–predator model. While at higher values of
𝜔 > 0.1, the coupled system settles down to the synchronization state in aperiodic state. We have also observed
the unsynchronized dynamics in a small range between
0.16 to 0.18 for higher values of switching frequency 𝜔.
The average amplitude of coupled prey–predator model
is shown in figure 4b, which shows that the amplitude
of oscillations decreases with switching frequency. The
time series of coupled prey–predator model are shown
in figure 4c–e at 𝜔 = 0, 0.01 and 0.1 respectively. It is
also evident from these that the amplitude of one of the
oscillators has increased considerably by increasing the
switching frequency 𝜔. It also shows that the prey and
predator population in a system can grow if the strength
of cross-predation changes with time rather than being
constant in time.
3. Conclusion
The main concern of this paper is to examine the dynamics of time-varying interaction in nonlinear oscillators
coupled through conjugate variables, where the coupling strength switches periodically between two constant values. To demonstrate such a time-varying coupling, we have studied two dynamical systems, Rössler
oscillator, and prey–predator model.
We have studied different cases depending on the
choice of coupling strength in the different dynamical
regimes between which it switches. We have observed
revival of oscillation in the coupled Rössler systems
with an intermittent state, where the dynamics switches
between different dynamical states, like synchronized
state and amplitude death state with time-varying conjugate coupling. These dynamical behaviors depend on
the switching frequency of coupling strength. We have
also demonstrated the time-varying conjugate coupling
in a prey–predator population model. The present results
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are of potential utility in appropriate design strategies
and/or understanding of complex systems with dynamic
interaction leading to synchronized, intermittent, and
oscillation suppression states.
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