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Abstract. In this study, the vibrational and lattice thermal behaviours of ThC are investigated through the density
functional theory. Thermal characteristics of ThC are studied under the novel models based on the Debye–Grt‹ neisen and
full quasi-harmonic approximation. The Gibbs free energy, thermal Grt‹ neisen ratio, adiabatic bulk moduli, vibrational
contributions of Helmholtz free energy, internal energy and entropy of ThC are studied for the first time. The structural
properties including lattice constant (a0), bulk modulus (B0) and the first derivative of the bulk modulus (B00 ) are
calculated and compared with other theoretical and experimental works that revealed a good agreement. Phonon band
structure was calculated using density functional perturbation theory along the several high symmetry directions in the
first Brillouin zone. The absence of imaginary phonon frequencies in the whole Brillouin zone is characteristic of the
dynamical stability of the crystalline structure. Thermodynamic computations show that the vibrational Helmholtz free
energy, Gibbs free energy and adiabatic bulk modulus decreased with increase in the temperature at a given pressure.
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Introduction

The new generation nuclear reactors, which are known as
the fourth-generation reactors, can make use of the potential
modern nuclear fuels including the actinide carbides and the
actinide nitrides (ACN) as alternative for uranium fuels [1].
To this end, actinides, lanthanides and their compounds are
taken into consideration by nuclear researchers and engineers [2]. Thorium compounds are often recognized as
ceramic materials, among which is thorium carbide that has
a smaller thermal expansion coefficient, greater thermal
conductivity, higher melting point and smaller lattice constant, compared to the other nuclear fuels [3,4]. Since thorium is a fertile nucleus, not a fissile nucleus, the
stable isotope 232
90 Th transforms into the unstable isotope
233
233
90 Th by absorbing a neutron [5]. Then, 90 Th transforms
233
into 91 Pa by a beta minus decay. Ultimately, 233
91 Pa transforms into the fissile isotope 233
U
under
a
beta
minus
decay
92
[6]. This transfiguration is shown in scheme 1.
According to the energy demand in the world, fast
nuclear reactors can be one of the energy supply resources.
These reactors generally use mixed oxide fuels such as
UO2, PuO2 and NpO2 to generate the power [7]. The
abundance percentage of thorium is higher in nature compared to other actinides [8]. Moreover, uranium dioxide
produces many radioactive wastes compared to thoriumbased fuels that are much more difficult to be controlled

during a long period [9]. Besides, the use of thorium in
power generation can increase the useful life of clean
nuclear energy. Though the utilization of thorium ceramics
in commercial and industrial products has been terminated
due to their radiation dangers, thorium-based materials have
a wide range of applications and are used in high-temperature industries owing to their high melting point [10].
Theoretical and experimental researchers have carried
out a great deal of research on thorium compounds. Theoretically, Liu et al [4] calculated the thermal conductivity of
thorium dioxide in a temperature range of 300–2000 K by
employing the phonon Boltzmann transport equation and
the phonon relaxation time approximation. Lu et al [11]
obtained the phonon spectrum, thermodynamic properties
and formation energy for ThN through the projector augmented wave pseudopotentials, using the density functional
theory (DFT) and the first principles calculations. The
electronic band structures, metallic nature, structural properties and density of states for rock-salt phase of ThC, using
Gaussian-type-orbitals and periodic boundary conditions,
have been studied by Lim et al [12]. Shein et al [13] have
investigated the X-ray emission and absorption spectrum,
electronic charge density, and elastic properties of thorium
ceramics using full-potential linearized augmented method.
Experimentally, the structural properties, optical phonon
frequency, Debye temperature and entropy have been calculated using inelastic neutron scattering procedure
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Scheme 1. Transfiguration of

232
90 Th

Figure 1.

isotope into the

233
92 U.
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[14–22]. The lack of some experimental data regarding the
vibrational and thermal characteristics of ThC, as well as its
technological significance as a potential fuel for new

Conventional unit cell of thorium monocarbide in Fm3m.

Figure 2. Calculated total energy as a function of volume and fitted 3-order Birch–
Murnaghan equation of state.

Table 1.

Calculated equilibrium structural parameters and length of ThC bond and comparison with other works.

This study
Theory [2]
Experimental

a0 (Å)

B0 (GPa)

B00

5.346
5.388
5.335–5.344 [14]

136
131.89
109 [16], 125 [15]

3.12
2.73
3.10 [16]

ThC (Å)
2.673
—
2.673 [21]

V0 (Å3 per f.u.)
37.71
—
37.68 [16], 37.66 [22]
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Figure 3.

Volume as a function of pressure at three various temperatures range.

Figure 4.

Relative volume with respect to the pressure at zero temperature.

generation reactors, motivated us to investigate the thermal
and dynamical characteristics of ThC to a greater extent.
In this study, the thermal and vibrational characteristics
of ThC are examined by using the DFT and the density
functional perturbation theory within the ab-initio calculations. Thermal characteristics of ThC are studied under the
novel models based on the Debye–Grt‹ neisen and full quasiharmonic approximation (FQHA) under high temperatures
and pressures. The structural properties including the
equilibrium lattice parameter (a0), the bulk modulus (B0)
and the first derivative of the bulk modulus (B00 ) are calculated by fitting the third-order Birch–Murnaghan equation

98

of state on the energy–volume data. The phonon dispersion
and phonon density of states of the ThC are obtained along
the high symmetry directions.

2.

Calculation details

Thorium carbide, with Fm3m (No. 225) space group,
crystallizes under ambient condition and contains two
atoms (carbon and thorium) in its primitive unit cell.
Thorium and carbon are in the atomic position (0, 0, 0)
and (0.5, 0.5, 0.5), respectively. The electronic
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Figure 5.
volume.

Calculated phonon band structure for thorium carbide at equilibrium

Figure 6.

Phonon density of state for ThC at 0 GPa.

calculations for computing the total energy of the crystal
within the DFT are performed by the Quantum Espresso
[23] computational code. Ultrasoft pseudopotentials within
the generalized gradient approximation (GGA) are used
for the exchange and correlation potential in Perdew–
Burke–Ernzerhof (PBE) [24] parameterization. A sampling
of the points located in the first Brillouin zone is conducted as 18 9 18 9 18 (k-point) with the Monkhorst
Pack [25] meshing method for self-consistent calculations.
The first Brillouin zone is integrated by the Marzari–
Vanderbilt [26] algorithm for smearing. The convergences
of energy and force are selected to be 10–4 Ry and 10–3

(2021) 44:98

Ry per Bohr, respectively. The 0.01 Ry Gaussian spreading and 250 Ry cutoff frequency are used to arrive at a
desirable convergence. Selecting these settings ensures us
that the error occurring between the two self-consistent
cycles is about 10–4 eV per atom. For computing the
phonon frequencies, the atomic positions and Bravais lattice vectors are relaxed by the ionic relaxation (Broyden–
Fletcher–Goldfarb–Shanno) method [23] to minimize the
Hellmann–Feynman force [27] applied to each atom. The
dynamical matrices are performed through a sampling of
irreducible points in the Brillouin zone as 4 9 4 9 4 (qpoint).
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Figure 7. (a) The temperature and pressure dependence of Gibbs free energy in
Debye–Grt‹ neisen model and (b) FQHA.

3.

energy of atomic vibrations and h(V) is the Debye
temperature.
The vibrational contribution of Helmholtz free energy
can be expressed as follows:

Theoretical methods

3.1

Debye–Grt‹ neisen model

The non-equilibrium Gibbs free energy according to the
following relation and energy optimization condition are
defined as follows [28]:

G ðV; P; T Þ ¼ EðV Þ þ PV þ Fvib
ðhHðV Þ; T Þ;
 

oG ðV; P; T Þ
¼ 0;
oV
P;T

ð1Þ
ð2Þ

where E(V) represents the static energy, P is the hydrostatic

pressure, V the volume, Fvib
ðhðVÞ; T Þ the Helmholtz free


Fvib
ðh; T Þ





9h
h=T
þ 3 ln 1  e
¼ nKT
 Dðh; T Þ ;
8T
ð3Þ

where n denotes the number of atoms in the primitive unit
cell, and Dðh; T Þ is the Debye integral.
A method for calculating hD ðV Þ is to use the Slater
approximation [29]. The Debye temperature of isotropic
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Figure 8. (a) Vibrational contribution to the Helmholtz free energy as a function of
pressure at various temperatures in Debye–Grt‹ neisen model and (b) FQHA.

solids is defined as follows [30]:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  2 1=2 1=3
Bsta
;
6p V n
f ðrÞ
hD ¼
kB
M

Internal energy is one of the most important thermodynamic properties, which is calculated as follows:
ð4Þ

where Bsta denotes the static bulk modulus, r is the Poisson
ratio in the equilibrium geometry, and M is the molecular
mass. The function f(r) is calculated as below [31]:
8 "
9



 #1 =1=3
<
2 ð1 þ rÞ 3=2
1 ð1 þ rÞ 3=2
þ
;
f ðrÞ ¼ 3 2
:
;
3 ð1  rÞ
3 ð1  rÞ
ð5Þ

9
U ¼ Esta þ nkB hD þ 3nkB TDðhD =T Þ;
8

ð6Þ

the Debye–Grt‹ neisen model is used in Duglade–McDonald
[32] formulation. Thus, the volume evolution is controlled
by an approximate gamma (c), which is appointed as below:
c¼aþb

dBsta
d ln Bsta
¼ab
;
dp
d ln V

where a = –0.5 and b = 0.5.

ð7Þ
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Figure 9.
ThC.
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Theoretically calculated Debye temperature as a function of pressure for

  
oFvib
Svib ¼ SðV ðp; T Þ; T Þ ¼ 
oT V


 x
X
1
j
xj =kB T
¼
kB ln 1  e
þ
:
T exj =kB T  1
j

The static bulk modulus (Bsta), volumetric thermal
expansion coefficient (av) and isothermal bulk moduli (BT)
can be written as follows [33]:
 2

d E ðV Þ
Bsta ﬃ BðV Þ ¼ V
;
ð8Þ
dV 2
a ¼ cCV =ðBT V Þ;
 
 2 

oP
o G ðV; P; T Þ
BT ðP; T Þ ¼ V
:
¼V
oV
oV 2
P;T

ð14Þ

ð9Þ
ð10Þ

4.
4.1

3.2

98

Full quasi-harmonic approximation

The vibrational Helmholts free energy in FQHA [34] can be
expressed as follows:
Z1h

i
xj

Fvib ¼
þ kB T ln 1  exj =kB T gðxÞdx;
ð11Þ
2
0

where xj is the phonon frequency in the jth mode and g(x)
is the phonon density of states. Other thermal quantities
including internal energy, thermal Grt‹ neisen ratio, and
vibrational entropy (Svib) are defined as follows:
U ¼ U ðV ðp; T Þ; T Þ ¼ F þ TS
X xj X
xj
þ
;
¼ Esta þ
xj =kB T  1
2
e
j
j


V
oðTSÞ
cth ¼ 
;
CV T
oV
T

ð12Þ
ð13Þ

Results and discussion
Structural properties and equation of state

The conventional unit cell of ThC with a B1-like structure is
illustrated in figure 1. Firstly, in order to calculate the
structural properties, several self-consistent calculations
should be performed around the equilibrium volume at zero
pressure. Then, the equilibrium lattice parameter (a0), the
bulk modulus (B0), the first derivative of the bulk modulus
(B00 ) and volume (V0) can be obtained by fitting the 3-order
Birch–Murnaghan equation of state [35] on the energy–
volume data. Figure 2 indicates the variations in the total
energy with respect to the volume. For comparison, the
calculated structural properties are listed in table 1 along
with the experimental [14–16] and theoretical [2] results.
The calculated lattice constant (a0), bulk modulus (B0) and
the first derivative of the bulk modulus (B00 ) have a difference of 0.03, 8 and 0.6% with the reported experimental
values, respectively, that implies accuracy and validity of
our calculations. Figure 3 shows the changes in the volume
with respect to the pressure in three different temperature
ranges. It can be observed that the volume increases with
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Figure 10. (a) Vibrational internal energy as a function of pressure in Debye–
Grt‹ neisen model and (b) FQHA.

increase in the temperature at a fixed pressure, whereas the
volume decreases with increase in the pressure at all temperatures of interest. The variations of relative volume with
respect to pressure is shown in figure 4. This result is
compared with experimental data [22], in which a good
consistency is observed.

4.2

Dynamical properties

The phonon band structure of ThC within the density
functional perturbation theory along with high symmetry
directions is illustrated in figure 5. Thorium carbide comprises two atoms in the primitive unit cell that lead to 3P

phonon modes, in which P denotes the number of atoms in
the primitive unit cell. Therefore, 6 phonon dispersion
branches (3 acoustic modes and 3 optical modes) can be
observed. No imaginary frequency is observed in the phonon spectrum. Thus, the crystalline structure is in dynamical
stability. Furthermore, two-fold degeneracy can be observed
in transverse acoustic (TA) branch in the C? X path. The
phonon density of states is indicated in figure 6. The Marzari–Vanderbilt method is employed for integrating the first
Brillouin zone. The phonon density of states of ThC is
divided into two vibration areas. Analysing the vibrational
spectrum shows that the vibrations of the thorium atom are
predominant in the frequency range of 0–185 cm–1, while
atomic vibrations primarily arise from the carbon atom in
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Figure 11. (a) Theoretically calculated thermal Grt‹ neisen parameter as a function of
pressure at various temperatures in Debye–Grt‹ neisen model and (b) FQHA.

the frequency range of 185–480 cm–1. The optical modes
are considered by a collection of oscillators with the identical frequency (tE, Einstein’s frequency) in Einstein
method. The peak of the PDOS is about 285 cm–1 (8.55
THz) for optical region. This quantity has a good agreement
with empirical data, 9.3 THz, obtained by inelastic neutron
scattering result [17].

4.3

Lattice thermal properties

The temperature and pressure dependences of the Gibbs
free energy under the Debye–Grt‹ neisen model and FQHA

are shown in figure 7a and b, respectively. It is obvious that
G* decreases with increase in the temperature at a given
pressure, while it increases with increase in the pressure at a
given temperature. The vibrational Helmholtz free energy

) is one of the most important thermal characteristics
(Fvib
for examining the stability of crystalline structure. The
vibrational Helmholtz free energy with respect to the variations in temperature and pressure under the Debye–
Grt‹ neisen model and the FQHA are shown in figure 8a and

b, respectively. It can be seen that Fvib
decreases drastically
with increase in the temperature at a given pressure, while it
increases with increase in the pressure at a given temperature. The reduction in the vibrational Helmholtz free energy
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Figure 12. (a) Calculated adiabatic bulk modulus in Debye–Grt‹ neisen model and
(b) FQHA.

ðFvib
¼ Uvib  TSÞ can be attributed to the increase in the
(TS) contribution by increase in the temperature. Increasing
the pressure leads to an increase in the Debye temperature
and a reduction in the (TS) contribution and consequently an


increase in Fvib
. The sensitivity of Fvib
to pressure is more at
higher temperatures, since the Debye–Grt‹ neisen model and
the FQHA consider the atoms as oscillators that oscillate
around the equilibrium point. The vibration amplitude is
small at low temperatures and increase in the pressure does
not remarkably affect the vibrational Helmholtz free
energy, while the vibration amplitude increases at high
temperatures and increase in the pressure considerably

affects Fvib
since harmonic effects transform to anharmonic
effects at high temperatures.

One of the most important thermodynamic properties is
the Debye temperature. Debye temperature is the connecting bridge between quantum and classical physics. Some
thermophysical properties such as the melting point, the
elastic coefficients and the molar specific heat capacity can
be calculated by using the Debye temperature. Firstly, one
can calculate the adiabatic bulk modulus by fitting a polynomial on the energy–volume curve. Then, the Debye
temperature can be computed by using the obtained adiabatic bulk modulus. Figure 9 shows the Debye temperature
(hD) under the Debye–Grt‹ neisen model at various temperatures with respect to the pressure. It decreases with
increase in the temperature at a given pressure. At P = 0
GPa and room temperature (300 K), we compare the

Bull. Mater. Sci.

(2021) 44:98

Page 11 of 13

98

Figure 13. (a) Calculated vibrational entropy vs. pressure for ThC in Debye–
Grt‹ neisen model and (b) FQHA.

calculated Debye temperature (hD = 336 K) with one
reported by Harness et al [18], hD = 280 K, which has a
good accordance with this experimental value. Figure 10a
and b represents the vibrational internal energy of ThC
under the Debye–Grt‹ neisen model and FQHA, respectively.
It can be observed that Uvib increases insignificantly with
increase in the pressure at a given temperature, while it
increases dramatically with increase in the temperature at a
given pressure.
The thermal Grt‹ neisen parameter may be utilized to
describe the anharmonic effects of solids. Indeed, the
Grt‹ neisen parameter explains the vibrational properties of
the lattice due to its volume changes. The variations of the

Grt‹ neisen parameter under the Debye–Grt‹ neisen model
and FQHA as a function of pressure at different temperatures are illustrated in figure 11a and b, respectively. c
increases with increase in the temperature at a given
pressure, while it decreases with increase in the pressure at
all temperatures, which implies that the restoring force
behaves nonlinearly on an atom displaced from its equilibrium position. The reduction of the Grt‹ neisen parameter
because of applied pressure shows the alteration in phonon
frequencies with changes in the volume of the unit cell.
Moreover, the increase in the Grt‹ neisen parameter because
of temperature rise may be attributed to the change in the
lattice dynamics.
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Figure 14. Variations of volumetric thermal expansion vs. temperature and pressure
in Debye–Grt‹ neisen model.

The adiabatic bulk modulus (Bs) is shown in figure 12a
and b with respect to the changes in temperature and
pressure. Figure 12a and b indicates that Bs increases uniformly and rapidly with increase in the pressure at all
temperatures of interest. Also, the adiabatic bulk modulus
decreases with increase in the temperature at a given pressure. The Bs calculated by FQHA and the Debye–Grt‹ neisen
model at P = 0 GPa and T = 300 K is 123 and 131 GPa,
respectively. The present study results have a good agreement with available theoretical and experimental data [2,15]
in table 1.
The entropy is among the important quantities in thermodynamic properties. The entropy depends on the amount
of material and measures the system disorder. In addition,
the entropy may be considered as a criterion for measuring
the process of reaching thermodynamic equilibrium. The
vibrational entropy under the Debye–Grt‹ neisen model and
FQHA with respect to the changes in the pressure at various
temperatures are shown in figure 13a and b, respectively.
Svib increases significantly with increase in the temperature
at a given pressure. Entropy rise causes an increase in the
vibrations on the crystallographic plates. Svib decreases
slowly with increase in the pressure at all temperatures of
interest. At P = 0 GPa and T = 300 K, the Svib is calculated
by Debye–Grt‹ neisen model and FQHA, such that it is equal
to 62.34 and 61.25 J molK–1, respectively. These results
have a good agreement with experimental value, 60.89 J
molK–1, and has been reported by Danan [19].
The temperature effects on the volume of the unit cell can
be studied by using the volumetric thermal expansion
coefficients. Figure 14 shows the pressure dependence of
the volumetric thermal expansion coefficient under the
Debye–Grt‹ neisen model in several temperature ranges. It is

obvious that av decreases exponentially with increase in the
pressure at a given temperature. The reduction of av slows
down at high pressures (P [ 10 GPa for all temperatures of
interest). Besides, av increases with increase in the temperature at a given pressure that implies an increase in heat
transfer within the crystalline lattice. At T = 300 K and P =
0 GPa, the present study result (2.4 9 10–5 K–1) has a good
accordance with empirical value, 1.95 9 10–5 K–1, previously reported by Street et al [20].

5.

Conclusion

In this study, the vibrational and thermal characteristics of
ThC were investigated by DFT within first principles calculations. The thermal characteristics of ThC under the
Debye–Grt‹ neisen model and the FQHA were examined.
The phonon band structure of ThC was calculated along
several high symmetry directions through the density
functional perturbation theory. The calculated optical phonon frequency (tE) had a good accordance with the experimental value. No imaginary frequency was observed in the
phonon dispersion and the crystalline structure was in
dynamical stability. The Debye temperature was calculated
under Debye–Grt‹ neisen model, which had a good agreement with experimental value. It was observed that the
Debye temperature of ThC decreased with increase in the
temperature at a given pressure and it increased with
increase in the pressure at a given temperature. The vibrational entropy increased remarkably with increase in the
temperature at a given pressure, while it decreased slowly
with increase in the pressure at all temperatures. At P = 0
GPa and T = 300 K, the thermal characteristics such as
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volumetric thermal expansion and vibrational entropy have
a good agreement with empirical values.
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