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Abstract. In this study, the lattice dynamics and thermal characteristics of thorium dioxide are calculated using the firstprinciple calculations based on the density functional theory (DFT). The Gibbs free energy, isothermal bulk moduli,
Debye temperature, thermal Grüneisen parameter as well as vibrational contributions of Helmholtz free energy, internal
energy and entropy of thorium dioxide are studied for the first time under high temperatures and pressures. Thermal
properties are compared using generalized gradient approximation (GGA) and local density approximation (LDA) under a
novel model based on the quasi-harmonic Debye–Einstein method. The results of the simulation reveal that the lattice
constant calculated by LDA is less than the one calculated by GGA, while the Gibbs free energy, Debye temperature,
adiabatic and isothermal bulk modulus obtained from LDA are greater than ones obtained from GGA. The volumetric
thermal expansion coefficient and vibrational contribution of entropy obtained from GGA and LDA increase with rise in
temperature.
Keywords. Density functional theory; quasi-harmonic Debye–Einstein model; lattice dynamics; vibrational entropy;
Grüneisen parameter; Debye temperature.

1.

Introduction

Thorium dioxide (Thoria) is a ceramic material and is
characterized by a number of specific thermophysical
properties such as high thermal conductivity, high melting
point and low thermal expansion coefficient [1–3]. Thorium is nearly 3–4 times more abundant in nature than
uranium; nevertheless, thorium-based materials are of no
commercial use [4]. ThO2 has a melting point of
3573.15°C as well as a strong insulation property [5].
Thus, it can be used as pellet fuel in the nuclear reactor
core, which is commonly coated with zirconium alloys in
nuclear fuel rods [6,7]. To date, nuclear reactors have
been regarded as one of the most important resources of
energy, which consume uranium dioxide as fuel [8].
Therefore, the increasing number of nuclear fission
reactors in the world results from the growing demand for
energy. During the uranium fuel loading of reactors, a
considerable number of radiative elements appear in
nuclear wastes that must be stored for long term, which is
a difficult task [9]. Based on these facts, thorium dioxide
can be a suitable candidate for mixed oxide (MOX) fuels
in Gen-IV reactors and it provides desired safety advantages [10–12]. To develop the nuclear fuel cycle technology based on oxides, it is necessary to recognize the
thermal characteristics of these oxides. Obtaining new
information on their thermal properties using a new

computational model can help design and prepare nuclear
fuels with better thermal performance.
In recent years, nuclear engineers have conducted
experimental and theoretical studies to evaluate the electronic and structural properties of thorium-based fuels. For
instance, Atta-Fynn and Ray [13] investigated the magnetic
and electronic properties of actinide nitrides by the allelectron full-potential linear augmented plane wave method
using the Wien2k software package. Lim and Scuseria [14]
reported the band structure, bulk modulus and density of
states (DOS) of thorium carbide using the density functional
theory (DFT) with regard to the periodic boundary conditions. Thermal conductivity of ThO2 samples with different
lengths was calculated by Park et al [15] using non-equilibrium molecular dynamics. The band structures, electron
DOS, and optical absorption spectrum of actinide dioxides
were considered by Pegg et al [16] using DFT?U for different functionals (local density approximation (LDA),
Perdew–Burke–Ernzerhof and Perdew–Burke–ErnzerhofSol). Shields et al [17] studied the effect of uranium substitution on three miller index planes of ThO2 to calculate
the energy levels of surfaces and scanning tunnelling
microscopy images. The Debye temperature and Grüneisen
parameter of ThO2 were calculated experimentally using
X-ray [18] and neutron diffraction [19] methods. In addition, bulk moduli, linear thermal expansion, crystal structures and pressure-induced phase transition of actinide
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dioxide were studied using full-potential-linear-muffin-tinorbital (FPLMTO) and energy dispersive X-ray diffraction
methods [20–24]. The thermal characteristics of ThO2 using
a novel model based on the quasi-harmonic Debye–Einstein
method have not been studied to date.
The present work is aimed at investigating the lattice
dynamics as well as the thermal and structural properties of
thorium dioxide using the first-principle calculations within
the DFT and density functional perturbation theory frameworks based on generalized gradient approximation (GGA)
and LDA estimations. The thermal properties are investigated using the quasi-harmonic Debye–Einstein model. In
this method, all contributions from both optical and acoustic
phonon dispersion are considered.

This can be minimized as follows:
 

oG ðV; P; T Þ
¼ 0;
oV
P;T

where V is the volume of unit cell, (Esta(V)) is the static
energy in the ground state, and F vib ðhðV Þ; TÞ is the atomic
vibrational energy. The Helmholtz free energy, (F(V,T)),
and internal energy can be expressed as follows:
F ðV; T Þ ¼ Esta ðV Þ þ F vib ðhðV Þ; T Þ;

ð3Þ

F vib ðhðV Þ; T Þ

ð4Þ

F op ¼

3X
n1
j¼1

2.

Computational details

Computations were carried out using the DFT and the plane
wave approach by Quantum Espresso software [25]. GGA
for Perdew–Burke–Ernzerhof [26] parameterization and
LDA under Perdew–Zunger’s framework [27] were
employed for the exchange-correlation potential. To perform self-consistent calculations, mesh sampling was
performed as 18 9 18 9 18 (k-point) in the first Brillouin
zone using the Monkhorst–Pack [28] method, followed by
the integration over the first Brillouin zone using Marzari–
Vanderbilt [29] method. In order to achieve suitable convergence, the kinetic energy cutoff of the wavefunctions
was set to 180 Ry. The convergence rates of energy and
force were selected as 10–4 Ry and 10–3 Ry per Bohr,
respectively. Selection of these settings ensures that the
error occurring between the two self-consistent cycles is
about 10–4 eV per atom. For calculating the phonon frequencies, the atomic positions and Bravais lattice vectors
were relaxed by the ionic relaxation (Broyden–Fletcher–
Goldfarb–Shanno) [30] method to minimize the Hellmann–Feynman force [31] applied to each atom. Phonon
computations were given by applying the density functional perturbation theory [32,33] using the linear response
approach. A lattice of 3 9 3 9 3 (q-points) was selected
within the irreducible first Brillouin zone to calculate
dynamical matrices.

3.

Methodology

3.1

Thermodynamic functions

In order to calculate the thermophysical properties of thorium dioxide, the quasi-harmonic Debye–Einstein method
[34] was employed. The thermodynamic behaviour of the
solids can be described by the non-equilibrium Gibbs free
energy (G*(V:P,T)):
G ðV : P; T Þ ¼ Esta ðV Þ þ PV þ F vib ðhðV Þ; T Þ;

ð1Þ

ð2Þ

¼ F op þ F ac ;


x 
xj
 j
þ K B T ln 1  e K B T ;
2



9
F ac ¼ K B hDE þ 3nK B T ln 1  ehDE =T
8
 nK B TDðhDE =T Þ;


9
U ¼ Esta þ K B T xDE þ DðxDE Þ
8
3X
n3h
xj
xj i
þ
þ KBT
;
2 1  exj
j¼1

ð5Þ

ð6Þ

ð7Þ

where x ¼ hD =T, K B , hDE , xj and DðhDE =T Þ are the
Boltzmann constant, Debye temperature, phononic frequency of the jth mode at C point and Debye integral,
respectively.
The Debye temperature is calculated as follows [35]:
rﬃﬃﬃﬃﬃﬃﬃ
1  2 1=2 1=3
Bsta
hDE ¼
6p V n
f ðrÞ
;
ð8Þ
KB
M
where Bsta and n are the adiabatic bulk modulus and the
number of atoms in the primitive unit cell, respectively.
The function f ðrÞ is expressed as follows:
8 "
9

3=2 
3=2 #1 =1=3
<
2 ð1 þ rÞ
1 ð1 þ rÞ
f ðrÞ ¼ 3 2
þ
;
:
;
3 ð1  rÞ
3 ð1  rÞ
ð9Þ
where r is the Poisson ratio, which is  for the Cauchy
solid.
In the Debye–Einstein model, the optical frequencies at
the gamma point are required. The number of optical
branches is 3n - 3, where n represents the number of atoms
in the primitive unit cell. In the case of thorium dioxide,
there are 6 optical frequencies at the centre of the first
Brillouin zone. The phonon DOS (gDE ðxÞ) and the optical
phonon frequencies (xj ðCÞ) at the gamma point are defined
as follows [34]:
8
9Nx2
>
<
if x\xDE ;
x3DE
ð10Þ
gDE ðxÞ ¼
>
: P3n3
dðx

x
Þ
if
x

x
;
j
DE
j¼1
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1=6  1=2 

Bsta
2 psta 1=2
1
;
3 Bsta
B0
ð11Þ

where x0j ðCÞ and psta are optical frequencies at Gamma
point and static pressure, respectively.
Grüneisen parameter can be used to describe the anharmonicity effect of a crystal. Thermal and optical Grüneisen
ratios are commonly calculated as follows:
cth ¼

cS C v;ac þ cop C v;op
;
Cv

ð12Þ

cop ¼

9Bsta ðdBsta =dp  1Þ þ 2psta
;
6ð3Bsta  2psta Þ

ð13Þ

where cS is the static Grüneisen ratio and is defined as
follows:
1 1 dBsta
cS ¼  þ
;
6 2 dp

ð14Þ

Once the Grüneisen parameter cth is determined, the
adiabatic and isothermal bulk moduli can be calculated as
follows [36]:
Bs ¼ BT ð1 þ cth av T Þ;
 
 2 
op
o F
BT ¼ V
¼V
;
oV T
oV 2 T

ð15Þ
ð16Þ

The vibrational entropy and volumetric thermal expansion coefficient can be expressed as follows:
  
oF vib
Svib ¼ 
oT V


¼ 3nK B T ln 1  ehDE =T þ 4nK B TDðhDE =T Þ
þ

3X
n3

K B ln 1  eX j 

j¼1

av ¼ 

4.
4.1

xj
1

;
2 eX j  1

 
1 oV
:
V oT p

ð17Þ
ð18Þ
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eight O atoms, and each O atom is connected to four Th
atoms to form a tetrahedral structure. The optimized lattice
parameter (a0), bulk modulus (B) and first derivative of bulk
modulus (B00 ) were calculated by fitting the third-order
Birch-Murnaghan [37] equation of state with the energy–
volume data and then, they were compared with other
available theoretical and experimental data [20–22]; good
agreement was observed between the two sides. The results
are given in table 1, and the energy–volume curves obtained
by GGA and LDA are shown in figure 2a and b, respectively. According to the results, GGA pseudopotential calculated the equilibrium lattice parameter of ThO2 and it was
larger than the experimental value [20] by almost 0.21%.
Furthermore, the structural properties measured by the
GGA pseudopotential showed that the bulk modulus and its
first derivative were underestimated by 3.74 and 21.1%,
respectively, as compared to the experimental values [20].
Moreover, the LDA underestimated the equilibrium lattice
parameter and the first derivative of bulk moduli by about
1.39 and 21.48%, and overestimated the bulk moduli by
about 9.84%, compared to experimental values [20].

4.2

Dynamical properties

As shown in figure 3, the phonon band structure for the
same lattice constants was calculated in several highly
symmetrical directions characterized by GGA and LDA
with equilibrium volume. A total of 9 phonon branches (6
optical and 3 acoustic branches) can be observed in the
phonon spectrum, which is consistent with the primitive
unit cell with 3 atoms. The optical branches include two
longitudinal optical (LO) and four transverse optical (TO)
modes. The absence of imaginary phonon frequencies in the
complete first Brillouin zone is characteristic of the
dynamic stability of the crystalline structure; meanwhile,
there was no gap between the optical and acoustic branches;
thus, the crystalline lattice would be suitable for thermal
transfer. The longitudinal and transverse acoustic modes are
characterized by linear behaviour at point C. The TA mode
has two-fold degeneracy along the C ? X direction.

Results and discussion
Structural properties and equation of state

Thorium dioxide is symmetric with the space group Fm3m
(no. 225) and contains three atoms in the primitive unit cell.
Thoria has a face-centred-cubic (FCC) crystalline structure
with fluorite ionic arrangement. Thorium and oxygen are
situated at the atomic positions of (0,0,0), (3/4,3/4,3/4) and
(1/4,1/4,1/4), respectively. Figure 1 shows the conventional
structure of ThO2 in the form of a unit cell and it consists of
four ThO2 formulas containing eight oxygen atoms and four
thorium atoms, such that each Th atom is surrounded by

Figure 1.

Cubic unit cell for ThO2 in space group Fm3m.
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Table 1. Calculated lattice constant (a0), bulk modulus (B) and its first pressure derivative (B00 ) for ThO2 at zero pressure and
temperature.
a0 (Å)
Reference
Present work
Theory (FP-LMTO) [20]
Theory (FP-LMTO) [22]
Experimental [20]
Experimental XRD [21]

LDA

GGA

5.520
5.523
—

B00

B (GPa)

5.610
5.611
—
5.598
5.595(1)

LDA

GGA

214.2
225.0
—

187.7
198.0
220.8
195.0
262(4)

LDA

GGA

4.24
4.20
—

4.26
4.20
3.20
5.40
6.7(5)

Figure 3. Calculated phonon dispersion curve of ThO2 at zero
pressure using LDA and GGA.

Figure 2. (a) Calculated total energy by GGA as a function of
volume and (b) calculated by LDA.

According to figure 3, since ThO2 is an ionic crystal, the
splitting of the LO–TO modes at the centre of the first
Brillouin zone (C point) can be attributed to the Born
effective charge (Z*).
Atomic displacements produce electron polarization,
which is measured to calculate the Born effective charge.
The symmetry of the atomic positions can determine the
shape of Z*. Regarding the structure of fluorite ThO2,
effective charge tensors for Th and O that occupy 4a and 8c
Wyckoff positions are isotropic, respectively. The Born

effective charge calculated by GGA and LDA for Th and O
is equal to Z Th ¼ 5:43; Z O ¼ 2:715 and Z Th ¼ 5:41;
Z O ¼ 2:713, respectively. The difference between the
Born effective charges calculated for thorium and oxygen
by GGA and LDA was about 0.36 and 0.07%, respectively.
In addition, the dielectric tensor e calculated by GGA and
LDA was 4.83 and 4.88, respectively, with a difference of
about 1%. The splitting between LO–TO obtained by GGA
and LDA was 118 and 144 cm–1, respectively, with a difference of about 22%. Figure 4 shows the phonon DOS
obtained by LDA and GGA. As observed earlier, the
vibrational DOS of ThO2 was divided into two zones:
optical and acoustic modes. Analysis of the vibrational
modes showed that the Th atom was heavier than the O
atom; therefore, vibrations of the Th and O atoms were
dominant in the zones of 0–200 cm–1 (mostly acoustic
vibrations) and 200–600 cm–1 (optical vibrations),
respectively. Overall, the vibrational frequencies obtained
by GGA were of higher values than those calculated by
LDA.

4.3

Thermal characteristics

Figure 5 shows the Gibbs free energy for ThO2 with respect
to pressure. The Gibbs free energy increased monotonously

Bull. Mater. Sci. (2021)44:96
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Figure 4. Phonon density of state for ThO2 at equilibrium
volume using LDA and GGA.

Figure 6. (a) Calculated vibrational contribution of the Helmholtz free energy vs. temperature and (b) as a function of pressure.

Figure 5.

Variations of Gibbs free energy vs. pressure.

and slowly upon an increase in the pressure. The G* calculated by GGA was less than that measured by LDA. The
Gibbs free energy calculated by GGA and LDA at P =
10 GPa was –2.93  105 and –2.91  105 KJ, respectively,
with a difference of about 0.68%.
Variations in the vibrational contribution of the Helmholtz free energy with respect to temperature and pressure
are shown in figure 6a and b, respectively. Figure 6a shows
that the vibrational Helmholtz free energy remains constant,
due to small anharmonic effects, with the increasing temperature at temperatures less than 100 K and decreases
uniformly by increasing the temperature above 100 K; in
addition, it remains positive in the temperature range of 0–
400 K and negative beyond 400 K. The vibrational Helmholtz free energy (F vib = Uvib - TSvib) becomes negative
because the product of entropy and temperature (TSvib)
increases rapidly upon increase in the temperature. The F vib
calculated by GGA and LDA were well consistent in the
entire temperature range. Figure 6b illustrates the variations
of the vibrational Helmholtz free energy under pressure at
T = 0 K. As observed earlier, F vib increased linearly under

the mounting pressure. The F vib calculated by GGA was
greater than the ones calculated by LDA at all pressure
rates. The results obtained from GGA and LDA were equal
to 16.8 and 16.1 KJ mol–1 at P = 10 GPa, respectively, with
a difference of about 4.3%.
Figure 7 indicates the vibrational internal energy
(U vib ¼ U  Esta ) with respect to temperature changes. The
vibrational internal energy remained virtually constant at
temperatures less than 100 K; however, it increased rapidly
at temperatures above 100 K. The results obtained from
GGA and LDA were almost consistent. The Uvib obtained
from LDA and GGA at T = 0 K was 15.64 and 15.8 KJ
mol–1, respectively.
The Debye temperature should be determined first to
obtain certain thermodynamic quantities, including the
constant–volume molar specific heat capacity (CV) and the
entropy. Debye temperature plays an important role in
creating a linking bridge between classical and quantum
mechanics. It is the maximum temperature at which materials can have a maximum vibrational frequency. According
to equation (8), the Debye temperature is proportional to the
square root of the adiabatic bulk modulus (Bs), which represents the material hardness. Therefore, it may be taken as
a measure of hardness, also known as Debye hardness.
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Figure 7. Temperature dependence of vibrational contribution of
the internal energy.

Furthermore, at temperatures below hD, the quantum and
harmonic effects play a significant role in examining thermodynamic properties, while at temperatures above hD,
anharmonic effects emerge and quantum effects are
neglected. The quasi-harmonic Debye–Einstein model takes
the harmonic and anharmonic effects into account. Debye
temperature represents a function of temperature and pressure in figure 8a and b, respectively. Figure 8a shows a
uniform decrease in hD with an increase in the temperature.
Temperature rise leads to increase in cell volume. Therefore, material stiffness is reduced, which leads to a reduction in material hardness. The difference between the hD
calculated by GGA and that by LDA is evident in the
temperature range. The values obtained from LDA were
greater than the ones obtained by GGA, due to higher
material hardness (Bs) in LDA than that in GGA. At T = 0
K, the hD calculated by LDA and GGA were 476 and 449 K,
respectively, with a 5.6% difference. The obtained results
were in good agreement with experimental Debye temperatures of ThO2, as reported by Serizawa et al [18] and
Willis [19].
Variations in Debye temperature with respect to pressure
are shown in figure 8b. As seen, hD increased rapidly upon
increase in the pressure and it exhibited linear behaviour.
The values obtained by LDA were greater than the ones
obtained by GGA and they were equal to 517 and 493 K at
P = 10 GPa, respectively, with a 4.6% difference.
The anharmonic effects of solids at high temperatures
and under considerable pressure can be described using
Grüneisen parameter. In fact, Grüneisen parameter explains
lattice vibrations resulting from volume variations. Besides,
it can be used to describe the impact of temperature variations on the dynamics of the lattice. Temperature variations can be investigated by calculating Grüneisen
parameter in a reversible adiabatic process. To date, Grüneisen parameter has not been calculated at high temperatures and pressures for ThO2.

Figure 8. (a) Calculated Debye temperature vs. temperature at
null pressure and (b) vs. pressure at T = 0 K.

Figure 9a and b shows the variations of Grüneisen
parameter as a function of temperature and pressure,
respectively. According to figure 9a, the values obtained by
GGA were greater than those determined by LDA. The
Grüneisen parameter calculated by GGA and LDA experienced a reduction in the temperature range of 0–390 K;
however, c increased monotonously and gradually beyond
390 K with every increase in the temperature because of the
changes in the dynamics or size of the lattice. Hence, the
restoring force behaved nonlinearly on an atom displaced
from its equilibrium position. At T = 0 K, the c obtained by
GGA and LDA was 1.97 and 1.95, respectively, with a
difference of about 1%. The obtained results were in good
agreement with the experimental Grüneisen parameter of
thorium dioxide reported by Serizawa et al [18]. Figure 9b
shows the pressure dependence of Grüneisen parameter.
c decreased gradually upon increase in the pressure and
represented the displacement of the vibrational frequencies along with volume variations within crystalline lattice. The c calculated by GGA and LDA at P = 10 GPa
was 1.85 and 1.84, respectively, with a difference of about
0.55%.

Bull. Mater. Sci. (2021)44:96

Figure 9. (a) Calculated Grüneisen parameter vs. temperature
and (b) as a function of pressure.

Thermophysical properties of solids depend on the
microscopic structure, specifically temperature and pressure. Moreover, material response to the application of
pressure and external force could be examined by calculating the elastic constants. Calculating the elastic constants
facilitates the computation of Cauchy pressure, anisotropy
factor, etc. The adiabatic bulk modulus (Bs) is one of the
important quantities of mechanical properties. Variations of
Bs with respect to temperature and pressure are shown in
figure 10a and b, respectively. According to figure 10a, Bs
decreased monotonically and gradually upon increase in the
temperature and the material compressive strength
increased at high temperatures. At T = 0 K, the values of Bs
obtained by GGA and LDA were 185 and 211 GPa,
respectively, with a 12% difference. Figure 10b shows Bs
under pressure variations. Bs increased linearly upon
increase in pressure. The obtained results indicated that
increase in the pressure would bring the atoms closer to
each other and thus, lattice constant and cell volume as well
as material compressive strength would decrease. The Bs
value calculated by LDA was greater than that by GGA,
equal to 253 and 217 GPa at P = 10 GPa, respectively, with
a difference of about 10%. The isothermal bulk modulus as
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Figure 10. (a) Variations of adiabatic bulk modulus for ThO2 vs.
temperature at null pressure using LDA and GGA, and (b) as a
function of pressure.

a function of temperature is shown in figure 11. The
isothermal bulk modulus was indeed the measured resistance against compression of the material. By increasing the
temperature, BT decreased gradually and the material
hardness decreased. At T = 900 K, the values of BT calculated by LDA and GGA were 193 and 168 GPa, respectively, with a difference of about 12.9%.
Figure 12 shows the vibrational entropy variations with
respect to temperature. Svib increased significantly upon
increase in temperature. It is obvious that the Svib values
calculated by the GGA and LDA methods in the aforementioned temperature range were close to each other; to be
specific, Svib was equal to 143 and 143.7 J mol–1 K–1 at T =
900 K, respectively. To the best of our knowledge, there is
no available data for comparing the vibrational entropy with
our results.
Thermal expansion can be considered as one of the major
parameters for the evaluation of thermal stress of nuclear
fuels. The volumetric thermal expansion coefficient, av,
indicated the changes in volume (size) of a material in
response to temperature variations. The temperature
dependence of the volumetric thermal expansion coefficient
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Figure 11.
LDA.

Calculated isothermal bulk modulus using GGA and
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Figure 13. Volumetric thermal expansion coefficient as a
function of temperature for ThO2 using LDA and GGA and
comparison with experimental data [23,24].

experimental data by Yamashita et al [23] and Belle and
Berman [24] are given in figure 13. Results were in
agreement with the experimental data in the temperature
range of 300–900 K.

5.

Figure 12. Calculated vibrational entropy as a function of
temperature for ThO2.

is shown in figure 13. av increased rapidly in the temperature range of 0–200 K and exhibited linear behaviour, while
it increased gradually at temperatures beyond 200 K. The
increase in av along with increase in temperature implied an
increase in heat transfer on the crystal planes. As observed
earlier, there was good consistent between the results
obtained by LDA and GGA in the temperature range of 0–
50 K due to the insignificance of anharmonic effects.
However, the divergence between LDA and GGA increased
gradually beyond the temperature of 50 K and the av calculated by GGA was higher than the value obtained by
LDA. At room temperature, the av calculated by GGA and
LDA were 2.3  10–5 and 2.1  10-5 K–1, respectively,
with a difference of about 8.6%. This difference widened in
proportion to the increase in temperature such that the
values of av calculated by GGA and LDA at T = 900 K were
2.86  10-5 and 2.59  10-5 K-1, respectively, with a
difference of about 9.4%. For comparison, the available

Conclusion

In this study, the lattice dynamics and thermal characteristics of ThO2 were investigated under DFT based on the
ab initio calculations. The thermal characteristics of thorium dioxide including Gibbs free energy, isothermal bulk
modulus, Grüneisen parameter, vibrational Helmholtz free
energy and entropy were calculated at various temperatures
and pressures for the first time under a novel model based
on the quasi-harmonic Debye–Einstein method. The comparison of calculated structural properties, volumetric
thermal expansion, Debye temperature and Grüneisen
parameter with available theoretical and experimental data
demonstrated the validity and accuracy of given calculations. The phonon spectrum was calculated under density
functional perturbation theory by GGA and LDA. The
results revealed that phonon frequencies calculated by GGA
were greater than ones calculated by LDA. The phonon
calculations showed that the three acoustic branches have a
linear behaviour at the vicinity of the C point, and absence
of imaginary frequencies implied dynamical stability of
crystalline lattice. The GGA and LDA results for the
vibrational contribution of entropy and internal energy were
similar. The results of simulation showed that Gibbs free
energy, adiabatic bulk modulus and Debye temperature
increased by increasing pressure. The Grüneisen parameter
decreased uniformly by increasing pressure, and decreased
in temperature range of 0–390 K by increasing temperature.
It was observed that thermal expansion coefficient (av) in
the range of 50–900 K and Grüneisen parameter calculated
by GGA were greater than ones calculated by LDA.
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