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Abstract. Functionalized polymer-grafted nanoparticles (PGNs) form bonds when their coronas overlap. The extent of
bond formation between PGNs depends on both the number of grafted arms (grafting density) and the strength of bonds.
Using computer simulations, based on a multicomponent model, we examine the role of grafting density in local dynamics
of the PGNs. The simulation results show that grafting density has a significant effect on local dynamics in such systems.
In particular, we show that force–extension curves characterizing local responses, to constant strain rate pulling, of simple
two- and three-particle systems depend on grafting density. Furthermore, by employing oscillatory deformation simulations we show that the local elastic and viscous responses of PGN systems can be nonlinear even at small strain
amplitudes. We characterize the nonlinear response using Chebyshev polynomials of the first kind and determine the
elastic and viscous Chebyshev coefficients for a simple three-particle model system subjected to oscillatory shear.
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Introduction

Steric stabilization of suspension of colloidal particles
against flocculation by grafting of polymers onto the particle surface is a widely studied mechanism [1–7]. It is
known that under good solvent conditions the grafted chains
stretch providing the necessary steric repulsion to stabilize
the suspension [5]. Advances in grafting techniques have
enabled synthesis of new class of nanocolloidal systems
wherein polymers are grafted onto the surface of spherical
nanoparticles [8,9]. Interactions between such polymergrafted nanoparticles (PGNs) have been shown to be
dependent on the grafting density, chain length, temperature
and solvent composition [7]. Furthermore, end-functionalized PGNs are considered as candidates for development of
hybrid materials with desirable mechanical and self-healing
properties [10,11].
Several theoretical, simulation and experimental studies
on interactions between PGNs have been carried out over
the past few decades [12–20]. The studies indicate that
attractive forces between PGNs may be used to build networks using controlled self-assemblies [14]. The dynamic
response of such hybrid networks has recently attracted
considerable attention [10,11]. Here, we study the local
dynamic response of basic constituent units of PGN hybrid
networks using computer simulations. The simulations are
based on a multicomponent model that has been developed
considering the interactions at different length scales
between PGN pairs [21]. In section 2, we provide detailed

simulation methodology for studying local dynamic
responses. In section 3, we provide an overview of the
multicomponent model. In section 4, we present and discuss
the key results obtained from the simulations. Finally, in
section 5 we present a summary of physical insights
obtained from the simulations and their implications for
understanding dynamic responses of PGN hybrid networks.

2.

Methodology

2.1

PGN system

We consider a rigid spherical particle of radius 25 nm with
varying numbers of polymer arms, f (600, 900 and 1,200),
grafted onto the surface of the particle. Each of the polymer
arms are composed of N = 100 Kuhn monomers and endfunctionalized with bonds of energy U ¼ 39kB T. Athira and
Iyer [21] have shown that when two such PGNs overlap
they form bonds under specific conditions. The conditions
chosen in the present work are such that the interacting
PGNs form bonds. To study local dynamics, we study four
different types of local deformations imposed on the interacting particles. The details of these deformations are provided in the next subsection.
The simulations are performed in two steps: an equilibration step followed by imposition of a controlled deformation. In the equilibration step, initially bonds are allowed
to form between the PGNs by fixing their positions at

189

Page 2 of 13

Bull Mater Sci (2020)43:189

equilibrium separation distances. The bond formation is
followed by a force release protocol wherein the force on
the chosen PGNs is released slowly. The evolution of the
PGN position is tracked as the applied force reaches zero.
The system is monitored in the state where no external
forces are applied to ensure that a steady state has been
achieved during the equilibration step. The PGNs are considered to follow overdamped dynamics in this step.
The equation of motion in the overdamped regime is
given by
x_ ¼ lðFrep þ Fcoh þ Nb Fspr þ Fext Þ;

This net force depends on the bond kinetics as the spring
force depends on the number of bonds formed between the
PGNs. The quantities used in simulations are scaled using
appropriate scaling factors given in table 1.

ð1Þ

where Frep , Fcoh , Nb Fspr and Fext are the repulsive force,
cohesive force, spring force due to bonded arms and the
external force applied on the PGN, respectively. The spring
force is a function of the number of bonds, Nb , formed
between the PGNs. Thus, the net force between the PGNs
depends on kinetics of bond formation and rupture between
the PGNs. The equation of motion is therefore solved
simultaneously with the bond evolution equation as follows:
2
 
 
 
N_ b ¼ k~r R~ Nb þ k~f Pc R~ Nmax R~  Nb ;
ð2Þ
~ is
where N_ b ¼ dNb =dt is the rate of bond evolution, k~r ðRÞ
the scaled bond rupture rate, k~f ðRÞ is the scaled bond for~ is the maximum number of bonds that
mation rate, Nmax ðRÞ
can be formed for a given scaled separation distance, R~ ¼
~ is the probability of contact of functionalR=r0 and Pc ðRÞ
ized end-groups. The probability of contact, in the overlapped region between two PGNs, is obtained from the
distribution of free-ends in the PGN corona as follows:
Z


~ ¼
Pc ðRÞ
g~ jR~  r~j~
gðj~
r jÞd~
r ;
ð3Þ
D

where g~ðr~Þ is the normalized free-end distribution in the
corona obtained using self-consistent field theory [21,22].
To determine the evolution of the rupture rate with separation distance, we employ the Bell model [23]:
~ ¼ kr0 expðc Fchain ðRÞ=k
~ B TÞ;
kr ðRÞ

This results in a change in the repulsive, cohesive and
spring forces between the PGNs. We consider the net force
resisting the imposed deformation on the PGN to be given
by


ð5Þ
F ¼  Frep þ Fcoh þ Nb Fspr :

ð4Þ

where c ¼ 5 Å is the bond reaction coordinate and kr0 is the
zero-force rupture rate. The zero-force rupture rate depends
on the bond energy, U0 , and is given as
kr0 ¼ v expðU0 =kB T Þ, where, v ¼ 1013 Hz is the intrinsic
bond frequency [21].
We employ the fourth-order Runge–Kutta method to
numerically solve the equation of motion, and a composite
method for bond evolution, wherein we calculate the
number of bonds for R~  2ðH þ r~0 Þ using the Euler method,
and when R~ [ 2ðH þ r~0 Þ, i.e., when the coronas of PGNs
do not overlap, we use the analytical solution to equation
(2) without the bond formation term. We employ a time step
of Dt ¼ 0:001T0 in all the simulations.
When a deformation is imposed on the PGN system then
the position of a PGN relative to its neighbours is modified.

2.2

Imposed deformation on bonded PGNs

2.2a Constant strain rate pulling: We first consider PGN
pairs, which are initially placed at equilibrium separation
distances from each other, and kept fixed in space for time
t ¼ 10;000T0 to allow for bond formation. The equilibrium separation distances are obtained from the work of
Athira and Iyer [21]. In a controlled force simulation, the
force between the PGNs is calculated and is slowly
released over 10;000T0 time steps, during which particle 0
is fixed in space, and PGN1 is allowed to move in the xdirection. The system is thus equilibrated to ascertain that
there is no net force between the PGNs. At time
t ¼ 30;000T0 , PGN1 is pulled at a constant pulling
velocity of 0:001v0 , until tf ¼ 50;000T0 . The separation
distance between the PGNs at tf is such that all the bonds
between PGNs rupture. The force and the number of
bonds between the PGNs are determined from the simulations as a function of separation distance. The average
values and standard errors are then estimated from eight
independent simulation runs.
We next perform controlled pulling simulations in threeparticle systems (particles marked 0, 1 and 2 in figure 1a)
using two different protocols. Initially, the PGNs are placed
at equilibrium separation distances from each other and
bonds are allowed to form. An identical protocol is used for
equilibration in all the simulations. During equilibration,
PGN0 is fixed in space, PGN1 is allowed to move only in
the x-direction and PGN2 is allowed to move freely in both
x- and y-directions (figure 1c).

Table 1.

Scaling factors used in the simulations.

Scaling factors
Length
Time
Velocity
Force
Energy

r0 ¼ 25 nm
T0 ¼ 7:04  103 s
v0 ¼ 3:55 lm s-1
F0 ¼ 1:03 pN
E0 ¼ 6:25kB T at T ¼ 300 K
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1(d), and back again from 1(d) to 1(e). The x-component
force on PGN2 is recorded as a function of time t for
various values of c and x, for eight independent runs each.
The average force and number of bonds on PGN2 are
obtained as a function of strain and strain rate from the
simulations.

3.

Figure 1. Three-particle PGN systems: (a) placed at equilibrium
separation distances from each other, such that bonds are formed
between the PGNs. Snapshots of the three-particle system when
PGN1 is pulled at a constant velocity of 0:001v0 in the x-direction.
(b) Here PGN0 and PGN2 are fixed in space. (c) Here PGN0 is
fixed in space and PGN2 is free to move in both x- and ydirections. Snapshots of the three-particle system when an
oscillatory shear, cðtÞ ¼ c0 sinðxtÞ, is imposed on PGN2: (d)
c ¼ c0 , (e) c ¼ 0 and (f) c ¼ c0 .

Multicomponent model

We used a multicomponent model developed by Athira and
Iyer [21] for studying bonded interactions between the
functionalized PGNs. In this model, the interaction between
the particles has three distinct contributions, viz. repulsive,
cohesive and bonded polymer arm interactions. We provide
an overview of each of these interactions in the following
subsections.

In both cases, the PGNs are held together in their
initial positions for time t ¼ 10;000T0 to allow for bond
formation. The net force on PGN1 due to PGN0 and
PGN2 is calculated, and then released over 10;000T0 time
steps. In the first case, PGN1 is allowed to evolve its
position, whereas in the second case, both PGN1 and
PGN2 are allowed to evolve their positions. The system is
equilibrated until the net x-component force on PGN1 is
zero.
The equilibration step is followed by a deformation step
beginning at time t ¼ 30;000T0 . In the deformation step,
PGN1 is pulled at a constant pulling velocity of 0:001v0
until tf ¼ 65;000T0 . The separation distance between the
PGNs at tf is such that all bonds on one of the PGNs, either
PGN0 or PGN1, rupture. The force and the number of bonds
on PGN1 are determined from the simulations as a function
of separation distance between PGN0 and PGN1. The
average values and standard errors are estimated from eight
independent simulation runs.
2.2b Oscillatory shear: We consider a three-particle
PGN system, placed at equilibrium separation distances
from each other (as shown in the schematic of figure 1a),
and held together for time t ¼ 10;000T0 to allow for bond
formation. The equilibration protocol described in the
previous section is employed to equilibrate the system
until t ¼ 40;000T0 to ensure that the net force on PGN1
and PGN2 is zero. An oscillatory shear deformation, given
as cðtÞ ¼ c0 sinðxtÞ, is then imposed on PGN2, which now
moves in the x-direction as shown in figure 1d–f. When
strain is c0 , PGN2 moves closer to PGN0 (figure 1d).
Similarly, when strain is c0 , PGN2 moves closer to PGN1
(figure 1f). One complete oscillation cycle corresponds to
PGN2 moving from state 1(e) to 1(f), then from 1(f) to

Figure 2. (a) Net force on PGN1 vs. strain c. (b) Evolution of
bonds between PGN0 and PGN1 as a function of strain c. PGN0 is
fixed in space and PGN1 (top right) is pulled at a constant velocity
of 0:001v0 in the x-direction (see in laid schematic). The strain is
measured as c ¼ ðR  Reqb Þ=Ri , where R is the centre-to-centre
distance between particles 0 and 1, Reqb is the separation distance
between PGN0 and PGN1 when there is no net force between the
PGNs and Ri is the centre-to-centre distance between PGN0 and
PGN1 at time t ¼ 0. The results are obtained as average over eight
simulation runs.
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Figure 3. PGN0 and PGN2 are fixed in space, and PGN1 is pulled at a constant velocity of 0:001v0 in the x-direction. (a) Net force on
PGN1 vs. strain c. (b) Evolution of total number of bonds of PGN1 with PGN0 and PGN2 ðNb ¼ Nb01 þ Nb21 Þ as a function of strain c.
PGN0 is fixed in space, PGN2 is allowed to move both in x- and y-directions, and PGN1 is pulled at a constant velocity of 0:001v0 in the
x-direction. (c) Net force on PGN1 vs. strain c. (d) Evolution of total number of bonds of PGN1 with PGN0 and PGN2 ðNb ¼ Nb01 þ Nb21 Þ
as a function of strain c. The strain is measured as c ¼ ðR  Reqb Þ=Ri , where R is the centre-to-centre distance between PGN0 and PGN1,
Reqb is the separation distance between PGN0 and PGN1 when there is no net force between the PGNs and Ri is the centre-to-centre
distance between PGN0 and PGN1 at time t ¼ 0. The results are obtained as average over eight simulation runs.

3.1

Repulsive interactions

3.2

The repulsive interactions depend on the number of
grafted arms on the surface of the particle and are given
by [24]
Urep

8
pﬃﬃﬃ 1
>
<  lnðR=rÞ þ ð1 þ f =2Þ
 pﬃﬃﬃ

¼ Uf
pﬃﬃﬃ
 f ðR  r Þ
>
: ð1 þ f =2Þ1 ðr=RÞ exp
2r

Rr
R[r

ð6Þ

where Uf ¼ ð5=18ÞkB Tf 3=2 , R is the centre to centre separation distance between PGNs and r is the effective corona
diameter of PGNs which can be obtained from the Daoud–
Cotton model as follows [25,26]
r¼

2ðH þ r0 Þ
pﬃﬃﬃ ;
1 þ 2= f

Cohesive interactions

Cohesive interactions between the PGNs arise when their
separation distance is given as 2ðr0 þ HÞ, where, r0 and H
are the radius of the core particle and height of the corona,
respectively. It is given by [27]
 

1
RA
Ucoh ¼ C exp
;
ð8Þ
þ1
B
where C is an energy scale that specifies the strength of
cohesive interactions, A and B are length scales that specify
location and width of the cohesive potential, respectively.
The energy and length scales vary with the number of
grafted arms in the system and are obtained from the study
of pair interactions by Athira and Iyer [21].

ð7Þ

where H is the height of corona and 2ðH þ r0 Þ is the
diameter of PGNs.
The form of the repulsive potential in equation (1) was
originally developed for capturing pair interactions between
the star polymers [24]. The use of this potential for capturing pair interactions between the PGNs is justified when
the overlap between the PGN coronas is small and the direct
interaction between the core particles is screened by the
grafted polymer arms [11].

3.3

Bonded polymer interactions

Bond formation between the polymer arms occurs when
coronas of two adjacent PGNs overlap. The bonded arms
resist stretching and the interaction potential associated with
a single-bonded arm is given by [28]
!
r2
L
Uarm ¼ kB T
þ
;
ð9Þ
2lp ð1  r 2 =L2 Þ
2 re2
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where r is the extent to which cross-linked polymers grafted
to the particle surface are stretched, re2 is the mean-square
ideal chain dimension, L is the contour length of the crosslinked polymer chain and lp is the persistence length of the
chain. The contour length and the mean-square ideal chain
dimension of the cross-linked chain depend on the number
of monomers in the grafted arms, N, and are given as L ¼
4lp N and re2 ¼ 2lp L, respectively.

4.
4.1

Results and discussion
Pair response

We first examine pair response to understand the fundamental features of dynamics of bonded PGNs due to an
applied deformation. The PGNs are subjected to a deformation as detailed in section 2.2a (figure 2a, schematic on
top right). The net force between the interacting PGNs is
tracked as a function of the strain. We observe that both the
net force required to rupture all the bonds between the PGNs
and the strain at break decreases as the number of grafted
arms, f , increases (figure 2a). The steep rise observed in the
initial force response to imposed deformation is due to the
non-bonded interactions. The rise is steeper for higher f as a
consequence of pronounced non-bonded interactions
between the PGNs with a large number of grafted arms.
To understand the associated bond rupture characteristics, we examine the evolution of total number of bonds
between the PGNs as a function of strain. It is observed that
bond rupture from equilibrium number of bonds occurs over
a narrow strain range irrespective of the number of grafted
arms (figure 2b).

4.2
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PGN1 due to PGN2 alone. It is lower than the first peak as
the x-component of force acting on PGN1 due to PGN2 is
lower than that between PGN0 and PGN1 (figure 3a).
To understand the associated bond rupture characteristics,
we examine the evolution of total number of bonds on
PGN1, as a function of strain. A key feature in the response
is the existence of two distinct bond rupture pathways
(figure 3b). The first pathway corresponds to rupture of
bonds between PGN0 and PGN1, and the second corresponds to that between PGN1 and PGN2. Both these ruptures occur over a very narrow strain range. The total
number of bonds on PGN1 reduces to half, as the bonds
between PGN0 and PGN1 completely rupture. This is followed by bond rupture from equilibrium number of bonds
between PGN1 and PGN2.

Three-particle response

We examine the effect of introducing a third particle by
using three-particle simulations using the protocols discussed in section 2.2a. The associated results and discussion
for the same are provided in the following sub-sections.
4.2a Fixed PGN2: PGN0 and PGN2 are fixed in space, and
only PGN1 is allowed to move in the x-direction. Figure 3a
shows the net force on PGN1 due to PGN0 and PGN2, as a
function of strain. Similar to pair response, we observe that
the net force required to rupture all the bonds between
PGN0 and PGN1 and PGN2 and PGN1 and the strain at
break decreases as the number of grafted arms, f , increases.
The first peak of the net force on PGN1, however, is higher
in this case as compared to that of the two-particle case
(figures 3a and 2a, respectively). This is a consequence of
force exerted by PGN2 on PGN1. The strain at break
between PGN0 and PGN1 is about the same as that obtained
in the two-particle case indicating that the dynamics
between PGN0 and PGN1 is not affected by the presence of
PGN2. The second peak corresponds to the net force on

Figure 4. Evolution of net force on PGN2 vs. normalized strain
c=c0 . PGN0 and PGN1 are fixed in space and PGN2 is subjected to
an oscillatory strain cðtÞ ¼ c0 sinðxtÞ: (a) x ¼ 102 , (b) x ¼ 104
and (c) x ¼ 106 at a strain amplitude of c0 ¼ 0:05. The strain is
measured as c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of
PGN2, xeqb is the x-coordinate of PGN2 when the net force on
PGN2 is zero and yi is the y-coordinate of PGN2 at time t ¼ 0. The
results are obtained as average over eight simulation runs.
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4.2b Moving PGN2: PGN0 is fixed in space, PGN1 is
allowed to move in the x-direction and PGN2 is allowed to
move both in the x- and y-directions. Figure 3c shows the
net force on PGN1 due to PGN0 and PGN2, as a function of
strain. Similar to previous cases, we observe that the net
force required to rupture all the bonds on one of the PGNs,
either PGN0 or PGN1 and the strain at break decreases as
the number of grafted arms, f , increases. The first peak of
the net force on PGN1, however, is lower than that of both
the two-particle (figure 2a) and the fixed PGN2 cases (see
section 3a). This is a consequence of sliding of PGN2
towards PGN1 which leads to an increased repulsive force
on PGN1. This increase in repulsive force acts to reduce the
resistance offered by PGN1 to the applied deformation. The
strain at break between PGN0 and PGN1 is about the same

Bull Mater Sci (2020)43:189
as that obtained in the two-particle case indicating that the
dynamics between PGN0 and PGN1 is not affected by the
motion of PGN2.
The dynamics when PGN2 is allowed to move is quite
different from that observed when it is fixed (see section 4.2a). Specifically, when PGN2 slides and moves
between PGN0 and PGN1, its motion is affected by forces
from both PGNs. However, as PGN1 is being pulled at a
constant strain rate, PGN2 can either remain bonded to
PGN0 and get separated from PGN1, or it can remain
bonded to PGN1 and move along with it whereas completely separating from PGN0. The multiple peaks in the
plot correspond to these variable dynamics. The first force
drop which corresponds to PGN1 separating from PGN0
occurs again over a very narrow strain range, but it is not

Figure 5. Evolution of elastic force on PGN2 vs. normalized strain c=c0 : (a) x ¼ 102 , (b) x ¼ 104 and (c) x ¼ 106 . Evolution of
_ c_0 where c_0 ¼ c0 x: (d) x ¼ 102 , (e) x ¼ 104 and (f) x ¼ 106 . PGN0 and
dissipative force on PGN2 vs. normalized strain rate c=
PGN1 are fixed in space and PGN2 is subjected to an oscillatory strain cðtÞ ¼ c0 sinðxtÞ at a strain amplitude of c0 ¼ 0:05. The strain is
measured as c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the x-coordinate of PGN2 when the net force on PGN2 is zero
_ i where x_ is the velocity of PGN2 in the
and yi is the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured as c_ ¼ x=y
x-direction. The results are obtained as average over eight simulation runs.

Bull Mater Sci (2020)43:189

Figure 6. Evolution of total number of bonds of PGN2 with
PGN0 and PGN1 ðNb ¼ Nb02 þ Nb12 Þ as a function of normalized
_ c_0 , where c_0 ¼ c0 x: (a) x ¼ 102 , (b) x ¼ 104 and
strain rate c=
(c) x ¼ 106 . PGN0 and PGN1 are fixed in space and PGN2 is
subjected to an oscillatory strain cðtÞ ¼ c0 sinðxtÞ at a strain
_ i
amplitude of c0 ¼ 0:05. The strain rate is measured as c_ ¼ x=y
where x_ is the velocity of PGN2 in the x-direction and yi is the
y-coordinate of PGN2 at time t = 0. The results are obtained as
average over eight simulation runs.
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Figure 7. (a) Evolution of net force on PGN2 vs. normalized
strain c=c0 . (b) Evolution of total number of bonds of PGN2 with
PGN0 and PGN1 ðNb ¼ Nb02 þ Nb12 Þ as a function of normalized
_ c_0 , where c_0 ¼ c0 x. PGN0 and PGN1 are fixed in
strain rate c=
space and PGN2 is subjected to an oscillatory strain,
cðtÞ ¼ c0 sinðxtÞ, at a varying angular frequency, x ¼ 102 , x ¼
104 and x ¼ 106 at a fixed strain amplitude c0 ¼ 0:05 and fixed
number of grafted arms f ¼ 1;200. The strain is measured as c ¼
ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the xcoordinate of PGN2 when the net force on PGN2 is zero and yi is
the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured
as c_ ¼ x=y
_ i where x_ is the velocity of PGN2 in the x-direction. The
results are obtained as average over eight simulation runs.

and PGN1. However, the total number of bonds on PGN1
averaged over eight runs remains finite because in some
runs PGN2 remains bonded to PGN1.

4.3
the case for the final force drop as it depends on the sliding
motion of PGN2.
To understand the associated bond rupture characteristics, we examine the evolution of total number of bonds on
PGN1, as a function of strain. A key feature in this response
is the presence of a relatively long-lived second pathway
(figure 3d) unlike that observed in the system where PGN2
is fixed (section 4.2a). Here, the first rupture pathway corresponds to the bond rupture between PGN0 and PGN1,
which occurs over a short strain range. The second pathway
corresponds to bond rupture between PGN1 and PGN2 and
is modified by the sliding motion of PGN2. The total
number of bonds on PGN1 reduces to half as the bonds
between PGN0 and PGN1 completely rupture. This is followed by the rupture of bonds between PGN1 and PGN2 as
well as PGN2 and PGN0 as PGN2 slides between PGN0

189

Oscillatory response

To understand the effect of time varying strain and strain
rate on local dynamics, we examine the three-particle
system subjected to oscillatory shear deformation (figure 1d–f). We impose an oscillatory shear deformation on
PGN2 as detailed in section 2.2b. The strain amplitude is
fixed at c0 ¼ 0:05 and the net force on PGN2 is tracked as
a function of strain, cðtÞ ¼ c0 sinðxtÞ, for different numbers of grafted arms and frequencies x (10-2, 10-4 and
10-6). We observe that the force required to impose a
strain gradually increases with the number of grafted arms,
f (figure 4). Although the force appears to vary linearly
with the strain at high frequency, nonlinear variations arise
at lower frequency. In particular, pronounced strain stiffening is observed with increasing f at x ¼ 106
(figure 4c).

189

Page 8 of 13

Bull Mater Sci (2020)43:189
strain rate amplitude, c_0 ¼ xc0 , and can be expressed in
terms of Chebyshev polynomials of the first kind as follows
[29,30]:
X
_ c_0 Þ;
Fv ðc_Þ ¼ c_0
vn ðx; c0 ÞTn ðc=
ð12Þ
n:odd

Figure 8. Evolution of net force on PGN2 vs. normalized strain
c=c0 : (a) x ¼ 102 and (b) x ¼ 106 . PGN0 and PGN1 are fixed
in space and PGN2 is subjected to an oscillatory strain,
cðtÞ ¼ c0 sinðxtÞ, at a strain amplitude of c0 ¼ 0:15. The strain
is measured as c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of
PGN2, xeqb is the x-coordinate of PGN2 when the net force on
PGN2 is zero and yi is the y-coordinate of PGN2 at time t ¼ 0. The
_ i where x_ is the velocity of PGN2
strain rate is measured as c_ ¼ x=y
in the x-direction. The results are obtained as average over eight
simulation runs.

We observe hysteresis in the force–strain curves with a
change in frequency (figure 4a–c). In particular, we observe
hysteresis in the force–strain curves when the frequency is
reduced and no hysteresis is observed at high frequency
(x ¼ 102 ). Hysteresis in force–strain curves is an indication of dissipation in the system and may be observed at
higher frequency due to increased viscous dissipation at
higher strain rates. The hysteresis observed at lower frequency suggests that the origin of hysteresis/dissipation is
different from that arising due to viscosity and is discussed
in detail after examining the characteristics of the observed
force response.
To understand the characteristics of the observed force
response, we decompose the composite force into its elastic,
Fe ðcÞ, and dissipative contributions, Fv ðc_Þ:
F ðc; c_Þ ¼ Fe ðcÞ þ Fv ðc_Þ:

ð10Þ

The elastic contribution is proportional to the strain
amplitude, c0 , and can be expressed in terms of Chebyshev
polynomials of the first kind as follows [29,30]:
X
Fe ð c Þ ¼ c 0
en ðx; c0 ÞTn ðc=c0 Þ;
ð11Þ
n:odd

where Tn is the nth-order Chebyshev polynomial of the first
kind and en ðx; c0 Þ are known as elastic Chebyshev coefficients. The dissipative contribution is proportional to the

where vn ðx; c0 Þ are known as viscous Chebyshev coefficients. In the present work, we consider only Chebyshev
polynomials corresponding to n = 1, 3, 5 and 7 to capture
the response of the PGN system. We use MathematicaÒ to
fit the elastic and viscous Chebyshev coefficients using the
data obtained from eight simulation runs for each of the
parameter set values based on the number of grafted arms,
frequency and strain amplitude (f , x and c0 ).
The first elastic and viscous Chebyshev coefficients are
effective at characterizing only the linear viscoelastic
response in the system [30]. The higher order Chebyshev
coefficients are used to characterize the nonlinear response
of the system through the use of strain-stiffening, S, and
shear-thickening, T, ratios given by
S¼

4e3  4e5 þ 8e7
;
e1 þ e3 þ e5 þ e7

ð13Þ

T¼

4v3  4v5 þ 8v7
:
v1 þ v3 þ v5 þ v7

ð14Þ

In particular, S ¼ 0 corresponds to a linear elastic
response, S [ 0 and S\0 indicate intra-cycle strain stiffening and strain softening, respectively [30]. Similarly, T ¼
0 corresponds to a linear viscous response, T [ 0 and T\0
indicate intra-cycle shear thickening and shear thinning,
respectively [30].
To ascertain the contribution of individual force components on system response, we examine the evolution of
elastic force components with strain, and dissipative force
components with the strain rate. It is observed that the
elastic force components are an order of magnitude larger
than the dissipative force components for all frequencies
(figure 5). Furthermore, the rate at which elastic forces
change with strain is enhanced with an increase in the
number of grafted arms, f , at high frequencies (figure 5c).
In contrast, the dissipative forces are negligible at high
frequencies (figure 5d) and increase with a decrease in
frequency (figure 5e and f).
Interestingly, both the elastic and dissipative components
exhibit a complex response with a decrease in frequency. In
particular, elastic components show intra-cycle strain stiffening that is predominant at f ¼ 1;200. The strain-stiffening
ratios for f = 600, 900 and 1,200 at x ¼ 106 are given as
S = -0.08 ± 0.04, 0.04 ± 0.11 and 0.80 ± 0.19, respectively. The dissipative components show alternating shearstiffening and shear-thinning nonlinearities at lower frequencies (figure 5e and f). We note that when the response
is complex, the strain softening or shear-thickening ratios
are not clear indicators of the system response. This is
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clearly observed from the shear-thickening ratios as well as
large deviations associated with them for f = 600, 900 and
1,200 at x ¼ 106 given as T = -0.14 ± 2.24, 0.28 ± 2.94
and -0.71 ± 1.69, respectively, which do not capture
consistently the softening in the system at large strains.
To understand this complex behaviour better, we look at the
evolution of the total number of bonds on PGN2 as a function
of strain rate (figure 6). It is observed that, at frequency
x ¼ 102 , the total number of bonds on PGN2 remains constant irrespective of the strain rate (figure 6a), and at lower
frequencies, the bond rupture enhances with an increase in f
(figure 6c). The modification of bond evolution dynamics with
frequency is an alternate mechanism which is expected to lead
to hysteresis in force–strain curves. We observe that as the
frequency is reduced the number of bonds on PGN2 change
significantly, within an oscillation cycle, indicating an alteration of bond rupture-formation dynamics with lowering of
frequency (figure 6a–c). This indicates that bond evolution at
low frequency (x ¼ 106 ) governs both the complex nonlinear response and dissipative forces in the system.
To understand the effect of frequency better, we examine
the force–strain response for a fixed value of the number of
grafted arms, f ¼ 1;200, as a function of frequency (figure 7a). We observe that the total number of bonds on
PGN2 ðNb ¼ Nb02 þ Nb12 Þ remains constant at high
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frequency (x ¼ 102 ), whereas the bond rupture rates get
more pronounced at lower frequencies (figure 7b). The
associated force–strain curve at high frequency is linear and
at lower frequencies it starts showing a strain-stiffening
behaviour. The force required for displacing PGN2
decreases with frequency confirming that the bond rupture
rate affects the elasticity of the system.
Finally, we examine the effect of strain amplitude on the
net force on PGN2 as a function of strain both at high and
low frequencies. We note that as strain amplitude is
increased intra-cycle nonlinearities are observed at all frequencies. The nature of nonlinearity, however, changes with
the frequency. In particular, strain softening is observed in
the high-frequency limit x ¼ 102 for all values of f (figure 8a). In contrast, strain hardening followed by strain
softening is observed at low frequency ðx ¼ 106 Þ
(figure 8b).
We follow a protocol, similar to that employed in
examining the response in the small strain amplitude limit,
to decompose the composite force curves into their constituent elastic and dissipative force components. It is
observed that the elastic force components are an order of
magnitude larger than the dissipative force components for
all frequencies (figure 9). Furthermore, we observe that the
elastic force components increase with f , and exhibit a

Figure 9. Evolution of elastic force on PGN2 vs. normalized strain c=c0 : (a) x ¼ 102 and (b) x ¼ 106 . Evolution of dissipative force
_ c_0 , where c_0 ¼ c0 x: (c) x ¼ 102 and (d) x ¼ 106 . PGN0 and PGN1 are fixed in space and PGN2
on PGN2 vs. normalized strain rate c=
is subjected to an oscillatory strain, cðtÞ ¼ c0 sinðxtÞ, at a strain amplitude of c0 ¼ 0:15. The strain is measured as c ¼ ðx  xeqb Þ=yi
where x is the x-coordinate of PGN2, xeqb is the x-coordinate of PGN2 when the net force on PGN2 is zero and yi is the y-coordinate of
_ i where x_ is the velocity of PGN2 in the x-direction. The results are obtained as
PGN2 at time t ¼ 0. The strain rate is measured as c_ ¼ x=y
average over eight simulation runs.
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Figure 10. Evolution of total number of bonds of PGN2 with
PGN0 and PGN1 ðNb ¼ Nb02 þ Nb12 Þ as a function of normalized
_ c_0 , where c_0 ¼ c0 x: (a) x ¼ 102 and (b) x ¼ 106
strain rate c=
at a strain amplitude of c0 ¼ 0:15. PGN0 and PGN1 are fixed in
space and PGN2 is subjected to an oscillatory strain,
cðtÞ ¼ c0 sinðxtÞ, at a strain amplitude of c0 ¼ 0:15. The strain
is measured as c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of
PGN2, xeqb is the x-coordinate of PGN2 when the net force on
PGN2 is zero and yi is the y-coordinate of PGN2 at time t ¼ 0. The
_ i where x_ is the velocity of PGN2
strain rate is measured as c_ ¼ x=y
in the x-direction. The results are obtained as average over eight
simulation runs.

Figure 11. (a) Evolution of net force on PGN2 vs. normalized
strain c=c0 . (b) Evolution of total number of bonds of PGN2 with
PGN0 and PGN1 ðNb ¼ Nb02 þ Nb12 Þ as a function of normalized
_ c_0 , where, c_0 ¼ c0 x. PGN0 and PGN1 are fixed in
strain rate c=
space and PGN2 is subjected to an oscillatory strain
cðtÞ ¼ c0 sinðxtÞ, at a fixed angular frequency of x ¼ 102 and
varying strain amplitude c0 ¼ 0:05, c0 ¼ 0:10 and c0 ¼ 0:15 for a
fixed number of grafted arms f ¼ 1;200. The strain is measured as
c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the
x-coordinate of PGN2 when the net force on PGN2 is zero and yi is
the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured
_ i where x_ is the velocity of PGN2 in the x-direction. The
as c_ ¼ x=y
results are obtained as average over eight simulation runs.

nonlinear response (figure 9a and b) identical to that of the
composite force curves (figure 8a and b). In contrast, the
dissipative forces are negligible at high frequencies and
increase with a decrease in frequency (figure 9c and d).
The nature of response as a function of frequency at large
strain amplitudes is similar to that observed in the low strain
amplitude cases. However, the nature of the intra-cycle
nonlinearity is modified with an increase in the strain
amplitude. In particular, strain softening at large strains is
observed at both low and high frequencies (figure 9a and b).
At high frequency (x ¼ 102 ), the strain-stiffening ratios
for f = 600, 900 and 1,200 are given as S = -0.355 ± 0.009,
-0.402 ± 0.01 and -0.375 ± 0.014, respectively, indicating uniform strain softening for all values of f (figure 9a). However, at low frequency (x ¼ 106 ) the
nonlinear response is complex. Specifically, it is observed
that there is an initial strain stiffening followed by strain
softening (figure 9b). At low frequency, the strain-stiffening
ratios for f = 600, 900 and 1,200 are given as S = -0.135 ±
0.145, 0.18 ± 0.17 and 0.095 ± 0.1, respectively, and are
not clear indicators of the complex response of the system.

In addition, transition from shear thinning to shear thickening is observed from the averages for the dissipative
components at lower frequencies with an increase in the
number of grafted arms (figure 9d). The shear-thickening
ratios for f = 600, 900 and 1,200 are given as T = -0.79 ±
3.06, 0.16 ± 0.65 and 1.13 ± 0.45, respectively, indicating
progressive stiffening with an increase in f . Large deviations associated with the ratios, however, indicate that the
nonlinear viscous response is complex.
To understand the response better, we examine the
associated bond evolution as a function of strain rate. We
note that the bond evolution is similar to that observed in
the low strain amplitude studies (c0 ¼ 0:05), i.e., the total
number of bonds on PGN2 remains constant irrespective of
the strain rate at high frequencies (figure 10a) and the bond
rupture gets more pronounced as f increases at lower frequencies (figure 10b). The observed trends indicate that
bond evolution affects the dissipative contribution. However, it does not explain the strain softening in the force–
strain curves observed in the large amplitude studies.
To understand the effect of strain amplitude, we examine
the evolution of net force on PGN2 as a function of strain
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Figure 12. (a) Evolution of spring force on PGN2 vs. normalized strain c=c0 . (b) Evolution of non-bonded interaction force on
PGN2 vs. normalized strain c=c0 . PGN0 and PGN1 are fixed in
space and PGN2 is subjected to an oscillatory strain
cðtÞ ¼ c0 sinðxtÞ, at a fixed angular frequency of x ¼ 102 and
varying strain amplitude c0 ¼ 0:05, c0 ¼ 0:10 and c0 ¼ 0:15 for a
fixed number of grafted arms f ¼ 1;200. The strain is measured as
c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the
x-coordinate of PGN2 when the net force on PGN2 is zero and yi is
the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured
_ i where x_ is the velocity of PGN2 in the x-direction. The
as c_ ¼ x=y
results are obtained as average over eight simulation runs.

amplitude for a system with a fixed number of grafted arms,
f ¼ 1;200. We first consider the response in the high-frequency (x ¼ 102 ) limit. In this limit it is observed that as
strain amplitude increases, the response becomes nonlinear
with strain softening observed at larger strain amplitude
c0 ¼ 0:15 (figure 11a). The associated bond evolution
(figure 11b), however, shows that irrespective of strain
amplitude, the number of bonds remain constant. This
indicates that bonded interactions may not be the origin of
strain softening.
To understand the origin of strain softening at high frequencies better, we decouple the net force into its constituent bonded and non-bonded interaction force
components. We observe that the bonded spring forces
increase linearly with the strain amplitude at high frequencies (figure 12a). The non-bonded interactions, however, are observed to exhibit the characteristic strain
softening observed in the composite curves (figure 12b).
We infer from these observations that the non-bonded
interactions in the system give rise to the observed strain
softening.
We next consider the force–strain response at lowerfrequency (x ¼ 106 ) limit as a function of strain amplitude. It is observed that the response to applied deformation
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Figure 13. (a) Evolution of net force on PGN2 vs. normalized
strain c=c0 . (b) Evolution of total number of bonds of PGN2 with
PGN0 and PGN1 ðNb ¼ Nb02 þ Nb12 Þ as a function of normalized
_ c_0 , where c_0 ¼ c0 x. PGN0 and PGN1 are fixed in
strain rate c=
space and PGN2 is subjected to an oscillatory strain
cðtÞ ¼ c0 sinðxtÞ, at a fixed angular frequency of x ¼ 106 and
varying strain amplitude c0 ¼ 0:05, c0 ¼ 0:10 and c0 ¼ 0:15 for a
fixed number of grafted arms f ¼ 1;200. The strain is measured as
c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the
x-coordinate of PGN2 when the net force on PGN2 is zero and yi is
the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured
_ i where x_ is the velocity of PGN2 in the x-direction. The
as c_ ¼ x=y
results are obtained as average over eight simulation runs.

is complex with strain stiffening at low strain amplitudes
(c0 ¼ 0:05 and 0.1), and strain stiffening followed by strain
softening at high strain amplitude (c0 ¼ 0:15) (figure 13a).
The associated bond evolution as a function of strain rate
shows enhanced rupture rates as the strain amplitude
increases (figure 13b). However, the qualitative trends of
bond evolution remain similar with variation in the strain
amplitude and do not clearly explain the observed nonlinear
response and transitions with change in the strain amplitude.
To understand the origin of the observed nonlinear
response at lower frequencies better, we decouple the net
force into its constituent bonded and non-bonded interaction force components. We observe that the bonded spring
forces at low frequencies show a trend that is quite different
from that observed in the high-frequency response (figure 14a). In particular, they seem to increase at small values of strain, and decrease as the strain increases.
Furthermore, the spring force exhibits hysteresis and is in a
direction opposite to that of the force arising from the nonbonded interactions. In contrast, the non-bonded interaction
forces are observed to be independent of the frequency and
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Figure 14. (a) Evolution of spring force on PGN2 vs. normalized strain c=c0 . (b) Evolution of non-bonded interaction force on
PGN2 vs. normalized strain c=c0 . PGN0 and PGN1 are fixed in
space and PGN2 is subjected to an oscillatory strain
cðtÞ ¼ c0 sinðxtÞ, at a fixed angular frequency of x ¼ 106 and
varying strain amplitude c0 ¼ 0:05, c0 ¼ 0:10 and c0 ¼ 0:15 for a
fixed number of grafted arms f ¼ 1;200. The strain is measured as
c ¼ ðx  xeqb Þ=yi where x is the x-coordinate of PGN2, xeqb is the
x-coordinate of PGN2 when the net force on PGN2 is zero and yi is
the y-coordinate of PGN2 at time t ¼ 0. The strain rate is measured
_ i where x_ is the velocity of PGN2 in the x-direction. The
as c_ ¼ x=y
results are obtained as average over eight simulation runs.

show strain softening at both low and high frequencies
(figures 14b and 12b, respectively).
The hysteresis in spring force observed at low frequency
(x ¼ 106 ) (figure 14a) is accompanied by bond-rupture
formation events at lower frequencies (figure 13b). Such
hysteresis is not observed at high frequency (x ¼ 102 )
(figure 12a) as the total number of bonds remains unaltered
within a single oscillation cycle at high frequencies (figure 11b). We infer from these observations that non-bonded
interaction forces lead to strain softening in both the lowand high-frequency regimes and bonded interactions give
rise to strain stiffening and hysteresis in the low-frequency
regime.

5.

Conclusions

In summary, using simulations based on a multicomponent
model we have examined the local dynamics of bonded
PGNs with varying number of grafted arms. The local
dynamics have been analysed using different types of
imposed deformations on two- and three-particle PGN
systems. From the analysis, we have shown that the number
of grafted arms modifies the rupture pathways between the
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PGN pairs when a constant strain rate deformation is
applied. Furthermore, we have also shown that in a threeparticle system there are distinct rupture pathways which
depend on the extent of relative motion between the bonded
PGNs.
Shear deformations provided a more comprehensive
understanding of the local dynamics. In particular, the
response to the applied deformation was complex and
depended on the number of grafted arms, frequency of
oscillation and amplitude of applied strain. The results were
analysed using Chebyshev representation to decouple the
elastic and dissipative contributions. From the analysis it
was shown that both the elastic and the nonlinear responses
were pronounced when the number of grafted arms was
large. In contrast, the dissipative response was observed to
be governed by the bond kinetics which depended on the
frequency of oscillation. Interestingly, although the general
trends discussed above were not modified by strain amplitude it was observed that non-bonded interactions altered
the local nonlinear response with an increase in strain
amplitude. The study provides valuable insight into the role
of bonded and non-bonded interactions in determining the
local dynamics between PGNs as we vary the grafting
density.
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