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Abstract. In the present work, a new form of a Halpin–Tsai (H–T) micromechanical model is proposed to characterize the
elastic modulus and tensile strength of carbon nanotube (CNT)-reinforced polymer nanocomposites. To this end, three critical
factors, including random dispersion, non-straight shape and agglomerated state of the CNTs are appropriately incorporated
into the H–T model. A comparison of the model predictions with some experiments on the CNT/polymer nanocomposites
serves to verify the applicability of the proposed approach. It is found that the present predictions are in good agreement with
the available experimental data. The results clearly reveal that for a more accurate prediction of the mechanical properties
of the CNT/polymer nanocomposites, considering the random orientation, waviness and agglomeration of CNTs into the
polymer matrix is critically essential. Also, some parametric studies are carried out to show the effects of volume fraction,
non-straight shape, aspect ratio, mechanical characteristics and non-uniform dispersion of CNTs as well as matrix properties
on the elastic modulus and tensile strength of CNT/polymer nanocomposites. The results reveal that it is necessary to
eliminate the agglomeration and use the straight CNTs if the full potential of CNT reinforcement is to be realized.
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1. Introduction
Carbon nanotubes (CNTs) are known to have excellent
mechanical stiffness and strength [1–3]. A review of the computational studies has shown that the CNT elastic modulus
can be in the range of 0.5–5.5 TPa [4–6]. In an experimental
research work, Treacy et al [7] attained the elastic modulus of CNTs ranging from 0.4 to 4.15 TPa with an average
of 1.8 TPa. The tensile strength of CNTs can be as high as
100 GPa [8]. Additionally, the CNTs have a very low coefficient of thermal expansion (CTE) and high thermal and
electrical conductivities [9–12]. Consequently, the CNTs have
emerged as the remarkable reinforcement materials for polymer matrix nanocomposites (PMNCs) mainly due to their
excellent properties [13–15].
Over the past decade, considerable research studies have
been performed on the mechanical behaviour of CNT/polymer
nanocomposites. For example, Schadler et al [16] reported
that with 5% weight addition of CNTs into the epoxy matrix,
the nanocomposite elastic modulus can be improved by as
much as 20% in tension and 25% in compression in comparison with that of the pure resin. Qian et al [17] found that the
addition of 1 wt.% CNTs into a polystyrene matrix enhances
Young’s modulus of the nanocomposite by 36–42% and the
tensile strength by 25%. Also, Allaoui et al [18] observed

twice and triple improvements in the nanocomposite elastic
modulus and yield strength, respectively, with the addition
of 1 wt.% CNTs into epoxy resin. Tai et al [19] indicated
a double enhancement in the tensile strength of the CNTreinforced phenolic nanocomposites by adding 3 wt.% CNTs
into the phenolic resin. Based on the experimental observation
of Sahoo et al [20], the reinforcement with CNTs significantly improves the mechanical characteristics of the shape
memory polymer (SMP) nanocomposites. As compared to
the pure polyurethane (PU) matrix, a 200% increase in the
elastic modulus and a 37% increase in the tensile strength
of the PU nanocomposite containing 2.5 wt.% CNTs have
been observed [20]. Experimental outcomes of Omidi et al
[21] have indicated that the elastic modulus and the tensile
strength of the polymer nanocomposites can be considerably
enhanced by adding a small percentage of CNTs. It was found
that only a 3 wt.% CNT addition can increase the elastic modulus and the tensile strength of the epoxy nanocomposite up
to 43.1 and 55.2%, respectively, in comparison with that of
the pure epoxy resin [21].
It is well established that the efficiency of the reinforcement
in the effective properties of CNT-reinforced nanocomposite
materials strongly depends on various factors such as content,
geometry, dispersion type and properties of CNTs [22–25].
From an experimental point of view, it is difficult to attain
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comprehensive knowledge on the effects of these factors on
the final nanocomposite effective properties. Generally, the
experimental methods to evaluate the overall behaviour of
nanocomposite materials are time-consuming and the results
depend on the accessibility of CNTs with controlled shape and
size. Furthermore, the quality of the experimental outcomes is
critically dependent on the ability in preparing homogeneous
nanocomposites with controlled dispersion of CNTs [26–28].
It should be noted that one of the common features of CNT
morphology is the formation of a CNT agglomerated state into
the matrix which is highly undesirable [29–31]. In this frame,
the utilization of analytical and numerical methods appears
promising [32–34].
Several micromechanical models have been proposed to
predict the mechanical properties of the CNT-reinforced
nanocomposites [35–37]. For example, Fisher et al [38] proposed a model combining finite element (FE) and rule of
mixture (ROM) micromechanical methods to calculate the
elastic modulus of PMNCs reinforced with wavy CNTs. They
concluded that even a slight CNT curvature greatly decreases
the effective reinforcement when compared to straight CNTs
[38]. By the use of the Halpin–Tsai (H–T) micromechanical model, Thostenson and Chou [39] found that the elastic
properties of CNT/polystyrene nanocomposites are sensitive to the CNT diameter. In another study, Anumandla
and Gibson [40] developed a closed form micromechanics scheme to predict the Young’s modulus of polymer
nanocomposites containing CNTs. The influences of volume
fraction, curvature and length of CNTs on the elastic response
of nanocomposites were examined [40]. Also, Seidel and
Lagoudas [41] employed the composite cylinder approach
(CCA), and the self-consistent Mori–Tanaka (M–T) methods to determine Young’s modulus, Poisson’s ratio and shear
modulus of a nanocomposite consisting of aligned CNTs
embedded in a polymer matrix. The mechanical behaviour of
CNT/polyethylene nanocomposites was evaluated by Kanagaraj et al [42] using the H–T model and a modified form
of the ROM. Moreover, Bokobza [43] applied the Guth and
the H–T models to calculate the elastic modulus of elastomeric nanocomposites reinforced with CNTs. Also, the
M–T scheme was used to study the elastic response of SMP
nanocomposites containing randomly oriented CNTs [44].
The role of CNT waviness in the elastic modulus of SMP
nanocomposites was examined [44]. The outcomes showed
that the waviness can drastically decrease the stiffening effect
of the CNTs and is an important factor influencing the
reinforcing efficiency [44]. Ma et al [45] used some simple analytical models, including ROM, H–T and shear lag
approaches to obtain the elastic properties of CNT/polymer
nanocomposites. Also, a literature survey clearly indicates
that the ROM has been extensively employed to predict
the effective thermo-mechanical characteristics of PMNCs
reinforced with aligned straight CNTs [46–48]. In another theoretical study, Mahmoodi and Vakilifard [49] developed a unit
cell micromechanical model to investigate the electro-thermoelastic properties of the aligned straight CNT-reinforced
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smart nanocomposites. The influences of volume fraction,
orientation and aspect ratio on the nanocomposite effective
properties were studied [49]. Yengejeh et al [50] carried out
an excellent survey of the research studies on different modelling methods to calculate the thermo-elastic properties of
CNT/polymer nanocomposites.
The main objective of the present study is to present a new
form of the H–T micromechanical method for a more accurate prediction of the elastic modulus and tensile strength of
the CNT/polymer nanocomposites by adopting the CNT orientation, waviness and agglomeration factors in the model.
Comparative studies are performed with available experimental data in the literature to verify the efficiency of the
presented new form of the H–T model. Then, several parametric studies are conducted to examine the influences of the
volume fraction, non-straight shape, aspect ratio, mechanical characteristics, and non-uniform dispersion of CNTs as
well as matrix properties on both the elastic modulus and
tensile strength of CNT/polymer nanocomposites. The presented results could be beneficial to guide the modelling and
the design of a wide range of PMNCs containing CNTs.

2. New form of H–T model
Generally, most of the proposed models for predicting the
mechanical characteristics of CNT/polymer nanocomposites
are valid only for a low range of CNT wt.% [45–49,51–
53]. At low content of CNTs, the variation of the elastic
modulus and the strength of polymer nanocomposites with
a CNT weight fraction are nearly linear. However, the experimental results obviously indicated a nonlinear increase
in the mechanical properties of CNT/polymer nanocomposites for a high range of CNT content [21]. As has
been extensively reported by previous researchers [29–31],
current processing techniques often lead to an agglomerated state for the CNTs. So, the dispersion of CNTs into
the polymer nanocomposites cannot be entirely uniform.
Besides, another fundamental aspect which influences the
overall behaviour of a nanocomposite is CNT waviness
[14,38]. The CNT waviness is inherent to the manufacturing process of CNT/polymer nanocomposites. According to
the scanning electron microscopy (SEM) and transmission
electron microscopy (TEM) images, CNTs remain vastly
curved when they are embedded in the polymer matrix
[17,38]. Consequently, an acceptable micromechanical model
must consider the non-straight shape and agglomeration of
CNTs.
2.1 Elastic modulus
The dependence of the mechanical response of CNT-reinforced polymer nanocomposites on the volume fraction
and aspect ratio (length/diameter) of CNTs and constituent
material properties can be estimated by the H–T micromechanical method [42,43,45]. The elastic modulus of an
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aligned straight CNT-reinforced polymer nanocomposite can
be calculated by using the H–T micromechanical model, as
follows [42,43,45,54,55].
E = Em

1 + 2RδVCNT
,
1 − δVCNT

R=

L CNT
,
dCNT

(1)

in which
δ=

(E CNT /E m ) − 1
,
(E CNT /E m ) + 2R

the polymer matrix. Thus, an orientation factor f R is added to
equation (2) to account the random orientation of CNTs into
the nanocomposites. It is assumed that the CNTs are randomly
oriented in two dimensions when the CNT length is greater
than the specimen thickness resulting in f R = 1/3 [56] as
indicated in figure 2a. Also, the CNTs are supposed to be
randomly oriented in three dimensions if the CNT length is
much smaller than the specimen thickness leading to f R =
1/6 [56] as illustrated in figure 2b. So, one can write

(2)
δ=

where E m and E CNT denote the elastic modulus of the polymer
matrix and CNT, respectively. Also, VCNT , L CNT and dCNT
specify the volume fraction, length and diameter of the CNT,
respectively.
As mentioned above, the presented model by equation (1)
is only able to predict the elastic modulus of straight aligned
CNT-reinforced nanocomposites as shown in figure 1. The
H–T model assumes a uniform dispersion of the CNTs into

( f R E CNT /E m ) − 1
.
( f R E CNT /E m ) + 2R

(3)

In the present work, the CNTs are assumed to be randomly
oriented in three dimensions. Therefore, the orientation factor
f R = 1/6 is selected to modify the H–T model [56].
Also, the waviness of CNTs is an important factor in determining Young’s modulus of CNT/polymer nanocomposites
[17,38,57]. Therefore, it is necessary to consider a waviness
efficiency factor f W in equation (3), as follows
( f R f W E CNT /E m ) − 1
,
δ=
( f R f W E CNT /E m ) + 2R

Figure 1. A schematic of straight aligned CNT-reinforced
nanocomposites.
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fW = 1 −

A
W


,

(4)

where A and W stand for the amplitude and half-wavelength
of a wavy CNT, respectively, as illustrated in figure 3. It should
be noted that the state of waviness of both single- and multiwalled CNTs can be modelled using equation (4).
The H–T micromechanical model is further modified to
cover the CNT agglomerated state in the polymer matrix.

(a)

(b)

Figure 2. A schematic of (a) a nanocomposite reinforced with randomly oriented CNTs in two dimensions, f R = 1/3 and (b) a nanocomposite reinforced with randomly oriented CNTs in three dimensions,
f R = 1/6.

Figure 3. The model of a wavy CNT.
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Thus, an agglomeration efficiency factor f A is added to
equation (4), as follows
δ=

( f R f W f A E CNT /E m ) − 1
,
( f R f W f A E CNT /E m ) + 2R



β
f A = exp −αVCNT ,
(5)

where parameters α and β are related to the degree of CNT
agglomeration.
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Similar to the elastic modulus, the H–T micromechanical
model can be employed to predict the tensile strength of CNTreinforced polymer nanocomposites. By the use of equations
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3. Results and discussion
It is desirable to verify the validity of new version of the H–T
method as presented in section 2. To this end, the predictions
of the new micromechanical model were compared with the
available experimental data [21]. A nanocomposite system
consisting of multi-walled CNTs embedded into the LY-5052
epoxy resin was fabricated and characterized experimentally
by Omidi et al [21]. The values of E m , E CNT , Sm , SCNT , L CNT ,
dCNT and f W are equal to 3.11 GPa, 800 GPa, 64.51 MPa, 18
GPa, 2 µm, 30 nm and 0.6, respectively [21,58]. Also, the values of α and β are considered to be 10 and 0.9, respectively.
Figure 4 elucidates the comparison between the two sets of
results for the CNT/epoxy nanocomposite. The variation of
the nanocomposite elastic modulus and tensile strength with
the CNT volume fraction is shown in figure 4a and b, respectively. It is observed that the initial form of the H–T model
seriously overpredicts the experimental data of nanocomposite mechanical properties [21]. Although the predictions of the
H–T model considering random orientation factors are lower
than those of the initial form of the H–T model, they are very
far from the experimental data [21] as clarified in figure 4a and
b. Incorporating the CNT waviness and random orientation
factors simultaneously into the H–T model leads to the predictions to be close to the experimental data [21] at low CNT
volume fraction (VCNT < 1.5%). But, the nanocomposite
mechanical properties obtained by the H–T model considering f R and f W are still far from the experimental data [21] at
higher CNT volume fraction. It can be observed from figure 4

Figure 4. Comparison between the results of the presented H–T
model and experiment [21] in the case of (a) elastic modulus and
(b) tensile strength of the CNT/epoxy nanocomposite.

that the new form of the H–T model considering three factors,
including random dispersion, non-straight shape and agglomerated state of the CNTs accurately predicts both the elastic
modulus and tensile strength of CNT/epoxy nanocomposites.
As an important result, to have a more accurate prediction of
the CNT/polymer nanocomposite mechanical properties, considering the random orientation, waviness and agglomeration
of CNTs is critically essential. Thus, it can be inferred from
the comparisons that the presented new version of the H–T
micromechanical model can be reliably applied to predict the
elastic modulus and tensile strength of CNT-reinforced polymer nanocomposite materials. The results in figure 4a and b
exhibits a nonlinear increase in the mechanical properties of
epoxy nanocomposites with an increase in the CNT volume
fraction which is in agreement with experimental observation
[21].
Figure 5a and b illustrates the variation of the elastic modulus and tensile strength of the CNT/epoxy nanocomposite,
respectively, with a CNT aspect ratio (R = L CNT /dCNT ). For
a comparison purpose, the results are provided in the presence and the absence of CNT agglomeration. It is found that
both the elastic modulus and the tensile strength of the epoxy
nanocomposite can be significantly improved by increasing
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Figure 5. Variation of (a) the elastic modulus and (b) the tensile strength of the CNT/epoxy nanocomposite with the CNT aspect ratio.
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Figure 6. Variation of (a) the elastic modulus and (b) the tensile strength of the CNT/epoxy nanocomposite with the CNT waviness factor.

the CNT aspect ratio. Also, it is shown that the mechanical
properties of CNT/epoxy nanocomposites converge to the
threshold value when R>100. The effect of the CNT aspect
ratio on the mechanical characteristics seems to be more
prominent in the absence of CNT agglomeration. For example, on increasing the CNT aspect ratio from 10 to 100, the
values of the tensile strength in the presence of agglomeration
are about 93 and 108 MPa, respectively, corresponding to a
16.12% increment. However, in the absence of agglomeration,
the values of the tensile strength are 103.5 and 141.5 MPa,
respectively, corresponding to a 36.7% increment. The results
clearly show that the mechanical properties of the polymer
nanocomposite without the formation of agglomeration are
greatly improved than those of the polymer nanocomposite
with agglomeration, especially at a high CNT aspect ratio.

Using the new form of the H–T model, a parametric
study is carried out to obtain the mechanical properties
of CNT/epoxy nanocomposites for various waviness efficiency factors. The variation of the elastic modulus and
tensile strength with the CNT waviness efficiency factor is
depicted in figure 6a and b, respectively. The CNT/epoxy
nanocomposite mechanical properties are shown to be significantly sensitive to the CNT non-straight shape. It is observed
that both the elastic modulus and tensile strength of the
CNT/epoxy nanocomposite increase when the CNT waviness efficiency factor increases. In other words, the reduction
of A/W leads to an enhancement in the value of mechanical characteristics. As a result, it is necessary to use the
straight CNTs if the full potential of CNT reinforcement is
to be realized. Moreover, it is noteworthy that the rate of
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increase in the mechanical properties in the absence of CNT
agglomeration is greater than that in the presence of CNT
agglomeration.
Figure 7a and b represents the variation of the elastic modulus and tensile strength of the CNT/epoxy nanocomposite,
respectively, with α. Note that increasing the value of parameter α leads to a greater effect of the CNT agglomerated state on
the nanocomposite mechanical behaviour. The results are presented for three different CNT volume fractions, including 3,
5 and 7%. It is found that decreasing the CNT agglomeration
enhances the mechanical properties. A uniform dispersion of
the CNT into the polymer matrix; i.e., α = 0 or f A = 1,
leads to the highest nanocomposite elastic modulus and tensile strength. As a result, eliminating the CNT agglomeration

is actually essential if the full potential of CNT reinforcement
is to be realized. Also, figure 7 shows that with uniform
dispersion, the CNT volume fraction can significantly affect
the overall mechanical behaviour.
The variation of the CNT/epoxy nanocomposite elastic modulus with the CNT elastic modulus is presented
in figure 8a. Also, the plot of the tensile strength of the
CNT/epoxy nanocomposite vs. CNT tensile strength is shown
in figure 8b. The change of the CNT elastic modulus and tensile strength is in the range of 200–1800 and 15–150 GPa,
respectively. As shown in figure 8, the CNT/epoxy nanocomposite mechanical properties can be significantly improved
when the mechanical properties of the CNT increase. A
nonlinear increase of the nanocomposite tensile strength is
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found with increasing CNT tensile strength, as illustrated in
figure 8b.
A parametric study is performed in the case of the influence
of matrix mechanical properties on the overall mechanical
behaviour of the CNT/epoxy nanocomposite. The variation
of the nanocomposite elastic modulus with the matrix elastic modulus is shown in figure 9a. Furthermore, the plot of
the nanocomposite tensile strength vs. matrix tensile strength
is shown in figure 9b. It can be seen that the mechanical
properties of the CNT/epoxy nanocomposite increase almost
linearly as the matrix mechanical properties increase.
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