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Abstract. The study of electronic structure of materials and bonding is an important part of material characterization. The maximum entropy method (MEM) is a powerful tool for deriving accurate electron density
distribution in crystalline materials using experimental data. In this paper, the attention is focused on producing
electron density distribution of ZnSe and PbSe using JCPDS X-ray powder diffraction data. The covalent/
ionic nature of the bonding and the interaction between the atoms are clearly revealed by the MEM maps.
The mid bond electron densities between atoms in these systems are found to be 0⋅⋅544 e/Å3 and 0⋅⋅261 e/Å3, respectively for ZnSe and PbSe. The bonding in these two systems has been studied using two-dimensional MEM
electron density maps on the (100) and (110) planes, and the one-dimensional electron density profiles along
[100], [110] and [111] directions. The thermal parameters of the individual atoms have also been reported in
this work. The algorithm of the MEM procedure has been presented.
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Introduction

The very important statistical approach of maximum entropy
method (MEM), to deal with the various crystallographic
problems was introduced by Collins (1982). The maximization of the initial assumed electron density distribution
through refinements and the building up of the real electron density distribution have gained momentum nowadays in the analysis of crystal structures and bonding
distribution, because the resulting distribution is very precise, highly resolved and very near to the true distribution
(Yamamura et al 1998; Kajitani et al 2001; Saravanan et
al 2002, 2003; Israel et al 2003, 2004).
The precise study of the bonding in materials is always
useful and interesting yet no study can reveal exactly the
real picture, because no two data sets of a crystalline system
are identical. The electron density distribution can be determined experimentally from elaborate X-ray diffraction
measurements, and in some cases it can also be calculated
from theory. There have been theoretical studies (Narayan and Nityananda 1982; Wilkins et al 1983; Navaza
1986; Bricogne and Bayesian 1988) to apply MEM method
to problems in crystallography and in particular, to cases
in crystallography which involve Fourier technique. The
MEM provides us with the least biased deduction, which
*Author for correspondence (saragow@dataone.in)

is compatible with certain given information. The bonding
nature and the distribution of electrons in the bonding region
can be clearly visualized using this technique (e.g. Livesey
and Skilling 1985; Sakata and Kato 1990; De Vries et al
1994; Yamamoto et al 1996; Israel et al 2003, 2004).
MEM electron densities are always positive and even with
limited number of data, one can evaluate reliable electron
densities resembling true densities.
In the present analysis, a study using JCPDS X-ray
powder data has been undertaken to determine the electron density, bonding and radii of atoms/ions in ZnSe and
PbSe. The systems have been analysed in terms of the
structural refinement using JANA 2000, and then the refined structure factors have been utilized for MEM refinements to elucidate the electron density distribution in
ZnSe and PbSe. The MEM algorithm has been presented
in figure 1, for a clear understanding of the methodology
used.
2.
2.1

Methodology
Maximum entropy method

The exact electron density distribution would be obtained
if all of the structure factors were known without any
ambiguities. It is, however, impossible to collect exact
values of all the structure factors by X-ray diffraction
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Figure 1. The algorithm of MEM method. (Fobs = Observed structure factor; λ = Lagrange parameter; σ(k) = standard deviation of
Fobs; Sg = space group; h, k, l = Miller indices; τ(r) = prior electron density; ρ(r) = electron density; F000 = Z = number of electrons
in the unit cell; a0 = the cell; constant; Fcal = calculated structure factors; N = number of observed reflections).

methods. The numbers of observable structure factors
from the experiment are limited and have some errors in
them. From the viewpoint of the information theory, it is
not appropriate to use an inverse Fourier transform to
construct density distribution owing to a limited number
of observed structure factors. A question thus arises as to
how we should construct the most appropriate density
distribution from the limited information obtained experimentally. We must admit that there remain some uncertainties in the results (electron density distribution maps)
due to the incompleteness of the experimental observations. The maximum entropy method (MEM) is one of
the appropriate methods in which the concept of entropy
is introduced to handle the uncertainty properly. The
principle of MEM is to obtain an electron density distribution, which is consistent with the observed structure
factors and to leave the uncertainties maximum.
MEM was introduced by Gull and Daniel (1978) in
radio astronomical image processing. Collins (1982) of
Texas A&M Universities, formulated this method for
crystallographic applications. He introduced an iterative
procedure based on constrained entropy maximization,

which constructs the electron density even from very few
available imperfect X-ray diffraction data.
The entropy is given by
S = −∑ ρ ′(r ) ln

ρ ′(r )
.
τ ′(r )

(1)

In this expression, ρ ′(r ) becomes τ ′(r ) when there is no
information. The ρ ′(r ) and τ ′(r ) are normalized as

∑ ρ ′(r ) = 1,

∑τ ′(r ) = 1.

Let the probability, ρ ′(r ) and prior probability, τ ′(r ) be
related to the actual electron density in a unit cell as,
ρ ′(r ) =

ρ (r )
∑ ρ (r )
r

and

τ ′(r ) =

τ (r )
,
∑ τ (r )
r

when ρ(r) and τ(r) are the electron and prior electron
densities at a certain pixel (r) in a unit cell, respectively.
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In the present theory, the actual densities are treated instead of the normalized densities.
The constraint is introduced as
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and dQ/dρ(r) = 0 yields
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This approximation can be called the zeroth order single
pixel approximation (ZSPA). By using this approximation, the right hand side of (4) becomes independent of τ(r)
and (4) can be solved in an iterative way starting from a
given initial density for prior distribution. For the initial
density of prior density, τ(r), an uniform density distribution is employed in this work. The choice of prior distribution corresponds to the maximum entropy state among
all possible density distributions. It is obvious that there
is no prejudice for the initial density. The algorithm of
MEM has been given in figure 1.
The maximum entropy method is a statistical deduction
that can yield a high resolution density distribution from
a limited number of diffraction data without using a
structural model. It has been suggested that MEM would
be a suitable method for examining electron densities in
the outer atomic region, for example, bonding region. It
gives less biased information on the electron densities as
compared to conventional Fourier synthesis.
2.2

Structural refinement

The raw intensity data of ZnSe and PbSe taken from JCPDS
data base were corrected for Lorenz-polarization, and
multiplicity factor. Other corrections have been given while
refining the structure. The structure was refined using
JANA 2000, that can refine several structural parameters,
the scale, thermal parameters, etc. The results of these
refinements are given in table 1. The unit cell of ZnSe and
PbSe have been given in figures 2(a) and (b), respectively.

→ →

−

where Z is the total number of electrons in the unit cell.
Equation (4) cannot be solved as it is, since Fobs(k) is defined on ρ(r). In order to solve (4) in a simple manner, we
introduce the following approximation

(2)

where V is the volume of the unit cell.
This type of constraint is sometimes called a weak constraint, in which the calculated structure factors agree
with the observed ones as a whole when C becomes unity.
As can be seen in (2), the structure factors are given by
the Fourier transform of the electron density distribution
in the unit cell. Equation (2) guarantees that it is possible
to allow any kind of deformation of the electron densities
in real space as long as information concerning such a
deformation is included in the observed data. We use Lagrange’s method of undetermined multiplier (λ) in order
to constrain the function C to be unity while maximizing
the entropy.
We then have

ρ (r ) τ (r )
∑ ρ (r ) ρ (r )

→ →
1
 λF 
ρ ′(r ) = τ ′(r )  000  ∑ 2
Fcal (k ) − Fobs (k )e −2π i k . r ,
 N  σ (k )
(4)

2

where N is the number of reflections, σ(k) the standard
deviation of Fobs(k), Fobs(k) the observed structure factor,
Fcal(k) the calculated structure factor given by

−∑
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2.3

MEM refinement

= 0,
In the MEM calculations, the unit cell is divided into
64 × 64 × 64 pixels and the initial density at each pixel is
fixed uniformly as Z / a03 . The electron density is evaluated
by carefully selecting the lagrangian multiplier, λ, in each
case such that the convergence criterion, C, becomes
unity after performing minimum number of iterations.
The parameters relevant to MEM computations have been
given in table 2.
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Table 1. Parameters from the least squares refinement using
JANA 2000.
Parameter
BMetal (Å2)
BSe (Å2 )
BMetal (Å2)
BSe (Å2 )
R (%)
wR (%)

ZnSe
1⋅721 (0⋅003)
0⋅801 (0⋅002)
1⋅020 (0⋅005)*
0⋅739 (0⋅008)*
1⋅74
2⋅01

Table 2.

Parameters from the MEM analyses.

Parameter

ZnSe

PbSe

Number of cycles
Prior density, τ( ri) (e/Å3)
Lagrange parameter (λ)
RMEM (%)
wRMEM (%)
Resolution (Å/pixel)
Space group

2170
1⋅466
0⋅02
3⋅10
3⋅46
0⋅0885
F – 43m

2626
2⋅020
0⋅005
2⋅45
2⋅45
0⋅0885
Fm3m

PbSe
1⋅542 (0⋅108)
2⋅149 (0⋅255)
2⋅034**
–
1⋅95
2⋅39

*McIntyre et al (1980); **Peng et al (1996).

Figure 2. (a) Unit cell of ZnSe. Lattice constant of ZnSe is
5⋅667 Å and (b) unit cell of PbSe. Lattice constant of PbSe is
6⋅124 Å.

Figure 3. (a) High density MEM map of ZnSe on (100) plane.
Contour range is from 0⋅05 e/Å3 to 10⋅0 e/Å3. Contour interval
is 0⋅04975 e/Å3. The X and Y axes have been normalized to
unity by the lattice constant (a = 5⋅667 Å) and (b) low density
MEM map of ZnSe on (100) plane. Contour range is from
0⋅05 e/Å3 to 2⋅0 e/Å3. Contour interval is 0⋅0975 e/Å3. The X
and Y axes have been normalized to unity by the lattice constant
(a = 5⋅667 Å).
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3.

Results and discussion

The structure refinement using JANA 2000 gives reasonable values of the Debye-Waller factors for ZnSe obtainable from a powder data set, which can be compared to
those of McIntyre et al (1980). The reliability indices are
also very low indicating the correctness of the refinements.

111

Using the refined structure factor and the phase of each
reflection, the MEM calculations were carried out and the
parameters have been given in table 2, both for ZnSe and
PbSe. The number of refinement cycles is slightly higher
for PbSe than ZnSe, probably due to the higher number of

−

Figure 5. (a) High density MEM map of ZnSe on (110) plane.
Contour range is from 0⋅01 to 9⋅0 e/Å3. Contour interval is
0⋅4495 e/Å3. The X-axis has been normalized to unity by the
lattice constant (a = 5⋅667 Å). The Y-axis has been normalized
to unity by −2a = 8 ⋅ 0131 Å and (b) low density MEM map of
ZnSe on (110) plane. Contour range is from 0⋅05 e/Å3 to
2⋅0 e/Å3. Contour interval is 0⋅0975 e/Å3. The X-axis has been
normalized to unity by the lattice constant (a = 5⋅667 Å). The
Y-axis has been normalized to unity by 2a = 8 ⋅ 0131 Å.

Table 3. The one-dimensional electron density of ZnSe and
PbSe along the three directions in the unit cell.
Figure 4. (a) High density MEM map of PbSe on (100) plane.
Contour range is from 0⋅00 e/Å3 to 8⋅0 e/Å3. Contour interval is
0⋅04 e/Å3. The X and Y axes have been normalized to unity by
the lattice constant (a = 6⋅124 Å) and (b) low density MEM
map of PbSe on (100) plane. Contour range is from 0⋅03 e/Å3 to
3⋅0 e/Å3. Contour interval is 0⋅1485 e/Å3. The X and Y axes
have been normalized to unity by the lattice constant (a =
6⋅124 Å).

ZnSe
Direction
[100]
[110]
[111]

PbSe

Position
(Å)

Density
(e/Å3)

Position
(Å)

Density
(e/Å3)

1⋅859
2⋅004
1⋅074

0⋅246
0⋅274
0⋅545

1⋅435
2⋅165
2⋅652

0⋅665
0⋅119
0⋅261
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electrons in the unit cell, which has been divided into the
same number of pixels in both systems. The RMEM and
wRMEM values are also low for the two systems and
slightly higher for ZnSe than PbSe.
The MEM electron density maps have been constructed
on (100) plane of ZnSe and presented in figures 3(a) and
(b), for the high and low density regions. Similarly, the
high and low density maps on the (100) plane of PbSe
have been given in figures 4(a) and (b), respectively.
The maps on the (100) planes can be visualized and
interpreted considering the unit cell structures of ZnSe and
PbSe given in figures 2(a) and (b), respectively. Figure
3(a) shows perfect spherical nature in the core of Zn atoms.
Figure 3(b) shows a similar trend, and since it deals with
low density regions also, the edge centres show the electron densities of Zn atoms situated at the centres of the
planes perpendicular to the paper. Figure 4(a) for PbSe

shows a clear ionic nature of bonding. The electron densities of both Pb and Se are highly resolved resembling
only electrostatic attractive/repulsive forces. No symptom
of electron sharing is visible. The low-density map shown
in figure 4(b) indicates similar
electrostatic forces. The
−
electron densities on the (110) plane of ZnSe show a more
covalent type bonding in both figures 5(a) and (b). The
tetrahedral symmetry of the structure of ZnSe leads to
aspherical inner core electron
densities. The electron densi−
ties of PbSe on the (110) plane show clear ionic nature,

−

Figure 6. (a) High density MEM map of PbSe on (110)
plane. Contour range is from 0⋅00 to 9⋅0 e/Å3. Contour interval
is 0⋅45 e/Å3. The X-axis has been normalized to unity by the
lattice constant (a = 6⋅124 Å). The Y-axis has been normalized
to unity by −2a = 8 ⋅ 6593 Å and (b) low density MEM map of
PbSe on (110) plane. Contour range is from 0⋅00 e/Å3 to
3⋅0 e/Å3. Contour interval is 0⋅15 e/Å3. The X-axis has been
normalized to unity by the lattice constant (a = 6⋅124 Å) The Yaxis has been normalized to unity by 2a = 8 ⋅ 6593 Å.

−

Figure 7. (a) MEM map of ZnSe on (110) plane, with
enlarged bonding region. Contour range is from 0⋅03 e/Å3 to
3
2⋅5 e/Å
. Contour interval is 0⋅098 e/Å3 and (b) MEM map of PbSe
−
on (110) plane, with enlarged bonding region. Contour range is
from 0⋅095 e/Å3 to 4⋅0 e/Å3. Contour interval is 0⋅195 e/Å3.
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(2⋅454 Å) calculated from the reported cell constant (Wyckoff 1960).
The value of mid-bond density, 0⋅545 e/Å3, along the
[111]
direction and the two-dimensional MEM maps on
−
(110) planes reveal that ZnSe is possibly more covalent
than ionic. The electron density along [100] and [110]
directions are relatively low in conformity with the loosely
packed structure of ZnSe. (The interaction of atomic
charges will be less and hence the electron densities
along directions other than bonding are expected to be
minimum).
Figure 8(b) of PbSe shows unequal electron densities
along the three directions. This is due to the fact that the
structure of PbSe is close packed and obviously there will
be interactions of close charges, which will be different
along different directions. Also, these interactions will
affect the bonding charges. Table 3 shows that the midbond density along [100] direction is 0⋅655 e/Å3 which is
higher due to the charge interactions.
The ionic radii of Pb and Se atoms are found to be
1⋅435 Å and 1⋅627 Å, respectively. This leads to an experimental bond length of 3⋅0617 Å, whereas, the bond
length calculated from reported cell value is 3⋅062 Å
(Wyckoff 1960), highly comparable to present experimental value. Figure 8(b) shows that due to interactions
of charges, the [100] and [110] profile densities vary
markedly from each other. The [111] direction shows no
hump or non nuclear maximum (NNM), (Iversen et al 1995)
indicating highly ionic nature of PbSe.
Figure 8. (a) −One-dimensional variation of electron density
along [100], [110] and [111] directions of ZnSe unit cell and
(b) one-dimensional variation of electron density along [100],
[110] and [111] directions of PbSe unit cell.

since, the repulsion of like charges leads to columns of
‘void’ regions as shown in
figure 6 (a) (in the structure of
−
PbSe, like charges on (110) plane
are arranged in rows).
−
The high-density map on the (110) plane also shows (figure
6(b)) similar trends of voids between like atoms. Figures
7(a) and (b) show the enlarged portions of bonding region
in ZnSe and PbSe, respectively. A more covalent nature in
ZnSe and more ionic nature in PbSe are seen from these
maps.
The one-dimensional electron densities have been shown
in figures 8(a) and (b), respectively, for ZnSe and PbSe
along [100], [110] and [111] directions.
The positions of minimum electron densities and the
density values have been given in table 3. Along the bonding direction in ZnSe, i.e. [111] direction, the mid-bond
densities are found to be 0⋅545 e/Å3 at a distance of
1⋅074 Å. From the cell constant of ZnSe (5⋅668 Å) (Wyckoff
1960), the inter-atomic distance is found to be 2⋅454 Å.
In the present work, the radius of Zn and Se atoms are
found to be 1⋅074 Å and 1⋅457 Å, respectively. This gives
an inter-atomic distance of 2⋅531 Å comparable to the value

4.

Conclusions

A precise analysis has been made using powder data sets
on the elucidation of bonding characters and bond lengths
using the sophisticated MEM technique. The present
report paves the way for the analysis of other important
crystalline systems for bonding using limited available
information.
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