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Abstract.  This paper deals with the effect of temperature on gravity waves in
a compressible liquid layer over a solid half-space. It has been assumed that the
liquid layer is under the action of gravity, while the solid half-space is under the
influence of initial compressive hydrostatic stress. When the temperature of the
half-space is altered, gravity waves propagate through the liquid layer along with
sub-oceanic Rayleigh waves in the system. A new frequency equation has been
derived here for gravity waves and sub-oceanic Rayleigh waves.

It has been shown graphically that the phase velocity of gravity waves is influ-
enced significantly by the initial compressive hydrostatic stress present in the solid
half-space, for a particular value of the phase velocity of sub-oceanic Rayleigh
waves and different coupling co-efficients of the temperature.
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1. Introduction

Recently the propagation of thermo-elastic waves has been discussed by many authors such
as Chandrasekharia (1996) and Ahmed (2000). They have shown how the phase velocity
of thermo-elastic waves is influenced by the nature of the solid medium or the initial stress
present in it. This paper has discussed the effect of temperature as well as initial compressive
hydrostatic stress on the propagation of gravity waves in a liquid layer over a solid half-
space and sub-oceanic Rayleigh waves in the system. It has been assumed that the liquid
layer is under the action of gravity, which is over an initially stressed solid half-space. When
temperature of the solid half-space is altered, gravity waves propagate through the liquid
layer underlain by the solid half-space along with sub-oceanic Rayleigh waves propagating
through the system. A new frequency equation of gravity waves and sub-oceanic Rayleigh
waves has been derived here. The values of phase velocities of gravity waves have been
computed for different values of initial compressive hydrostatic stress of the solid half-space
in dimensionless form for a certain value of the phase velocity of sub-oceanic Rayleigh waves
and different coupling co-efficients of the temperature. The results are plotted in graphs. The
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graphs show how the phase velocity of gravity waves alter with respect to different values of
initial compressive hydrostatic stress and the coupling coefficient of the temperature.

2. Formulation and solution of the problem

Let us consider a compressible liquid layer of thickness H over a solid half-space (figure 1).
The surface of the half-space is located at Y = 0, the Y-axis is directed vertically downwards
and the X-axis is taken in the direction of wave propagation. The liquid is under the action of
gravity that does not practically affect the solid half-space, unless the waves are much longer
than ordinary earthquake Rayleigh waves. The half-space is under an initial compressive
hydrostatic stress S at an initial temperature 7,. When the temperature of the half-space is
changed, incremental stresses, s;;, together with incremental strains, e;;, are produced in it,
which are measured with reference to the rotated axes as explained by Biot (1965).

The wave equation, satisfied by the velocity potential ¢, in a liquid is given by (Ewing et al
1957)

3*¢1/0t* = af V3 + g(d¢1/01), (1)

where af = X1/p1; A1 being Lame’s constant and p; the density of the liquid.
For plane harmonic waves propagating along the x-axis in the liquid layer, we take

é1 = fi(y)expli(wr — kx)]. 2)
Substituting the value of ¢; into (1) we get

ai (& fi/dy?) + g(dfi/dy) — (KPof — ) fi =0 (3)
The solution of (3) is

fiy) = e @4 [Ae7 ™ 4 Be™], 4
where

n= (k2 —k*— (g2/4a}))'/?, where ky = w/a;.
From (2) and (4), we get

¢ = exp[—(gy/2e7) +i(wt — kx)| [Ae™™ + Be'™]. (5)

Y=-H
Liquid layer under gravity
0 Y=0

Figure 1. Solid half-space under initial hydro-
static stress.
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The velocity components in the liquid along the X and Y-axes respectively are given by

23
i = ﬂ = —ikexp |i(wt —kx) — == [Aeimv + Bemy] (6)
0x 2‘)‘1
3y . gy } [( ) -
= —_ t —kx) — == — ) Ae™™
o % exp |:z (w x) 202 in+ 2a? e

. 8 i
—\in— =5 | Be'™|.
(-5 ) 7]

For the solid half-space, the dynamical equations of equilibrium are given by (Biot 1965)
(@511/3x) + (3s12/9y) = p2(9°u/01°),

(3512/3%) + (3522/3y) = p2(3*v/01?), (7)

where p; is the density of the solid half-space.
The thermal stress-strain relations with incremental isotropy are given by (Nowacki 1975)

s11 = Ao(exx + e_vy) + 2pzex — ¥ T,
522 = Aa(exy + eyy) + ZMZeyy —yT, ()
S12 = ZIUQexya

where T is the incremental change of temperature from the initial state, y = (3A; +
22, Ay, o are Lame’s constants and «; is the coefficient of linear expansion of the solid
half-space.

The incremental strain components are given by (Biot 1965)

exy = dup/0x,
eyy = 0v2/0y,

ery = 5 [(Jv2/9x) + (Juz/3y)], €)

where u, and v, are the displacement components in the solid half-space along the X-axis
and Y-axis respectively.
Equations (7) with the help of (8) and (9) change to

(2 +2 )2 + (2 + >2 R RS,
2 M2 2T K2 %0y + n2 e P2 312 ax vi),
82122 321/!2 321)2 821}2 0
A+ 200) — + (A = — 7). 10
(A2 +2p2) 8y2+(2+u2)8x8y+max2 P25 +8y()/ ) (10)

Displacement components u, and v, may be expressed in terms of the functions ¢, and yr,
as follows:

uy = (3¢ /9x) — (9vr2/0y),
vy = (d¢p2/dy) + (32/0x). (11)



4 Sushil Kumar Addy and Nil Ratan Chakraborty

Equations (10) and (11) show that the functions ¢, and v, satisfy the wave equations:

9? T

S S S (12a)
Ay + 2y Ot A+ 210
P2 9%

Vi, = ——=, 12b

(43 PTE (12b)
where V2 = (32/9x?) + (3%2/0y?).
The heat conduction equation in the solid half-space is given by (Nowacki 1975)
oT Ti d

V2T—ﬁ—— uvz ﬁ =0, (13)

8 ot ) ot

where s is the specific heat capacity and § is the thermal conductivity of the solid half-space.
Eliminating T from (12a) and (13) and retaining (12b), we get

1 92 3 27, 9
() (728 () =
Ci at? 5 ot (A + 2u7)8 ot

and
1 92 )
Vi —— ) =0, (14)
( C3 or?
where
Ay +2
oy ac e e SN, B (15)
02 02

The solutions of (14) are chosen in the form:
(/1)2()@ Y, t) - f2(y) exp[l(wt - kx)]7
Vo(x, y, 1) = g2(y) expli(wt — kx)]. (16)

Putting these values of ¢, and v, in (14), we get the following differential equations:

92 92
<a—y2 - 5%) <a—y2 - 5%) fH(y) =0,

82
<8—y2 — vz) 2(y) =0, an

where 87 = k> — k?,85 = k* — k3, v = k* —T? and I'> = 0?/C3.
Here k7 and k3 are the roots of the biquadratic equation.

74— 706+ q(1+ €)1+ 0%¢g =0, where Z?>=-V? (18)

which are given by k¥ = ¢ [1 + q‘i%] and k2 = o2 [1 _ qfﬂ]-



Thermal effect on gravity waves

Also 02 = w?/C?, g = —iwsp,/8 and €= y2Ty/[sp2(As + 2u2)].

The stresses and hence the functions ¢, and ¥, vanish as x> 4 y? tends to infinity. Hence

we get the following solutions of (17):
fr(y) = (Cliw)e™ 4+ (D/iw)e ™™,
82(y) = (E/iw)e™™.
Combining (16) and (19), we get
$2(x,y,1) = (1/iw) [Ce™®? + De ] exp[i (ot — kx)],
Yo(x, y,1) = (E/iw)e” " exp [i (wt — kx)].
Equations (11) and (20) together give
uy = (1/iw) [—ik(Ce™ + De™) + vEe " ] exp[i(wt — kx)],
v =—(1/io) [ikEe™ + 8 Ce " + 8, De™ "] exp [i(wt — kx)].
Velocity components in the solid half-space are given by

ity = Jup/dt = — [ik(Ce ™™ + De™™) —vEe™ | expi(wt — kx)],

Uy = vy /3t = — [8;Ce™™Y + 8, De™™ + iKEe™ "] exp[i(wt — kx)].

T is given by

A +2 1 9?
T:M vz__z_z b>.
y Cy ot

Combining the first equations of (20) with (23), we get

e LY

e mCe ™ + nzDe_‘szy)] exp [i (wf — kx)],

where ) = 0% — k} and )y = 0% — k3.

3. Boundary conditions

(19)

(20)

2L

(22)

(23)

(24)

Boundary conditions require that pressure is zero at the free surface of the liquid, whereas
the vertical velocity component together with the tangential and normal forces per unit area

is continuous at the surface ¥ = 0. These conditions are equivalent to
p=0,atYy =—H,
U =1y, atY =0,
Afy =812+ S0@vy/0x) =0, atY =0,

pP= _Afy7

(25a)

(25b)

(25¢)
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where
Afy =52 — S0uz/9x) — gp,(v2) o, (25d)

(3T /3y) + hT =0, atY =0, (25¢)

where Af, and Af, are the incremental boundary forces per unit initial area and 4 is the ratio
of the co-efficient of heat transfer and thermal conductivity.

Considering the deformation of the free surface and denoting the vertical displacement by
v1, the first boundary condition (25a) becomes

—(3¢1/31) + gvi = 0. (26)
Using (5), (6) and v, = iwv; at y = —H, (26) becomes

2 2
A (—a)2 +ing + g—2> ¢ + B (—a)2 —ing + g—2> e~ — . (27)
20 20
Using (6) and (22), the second boundary condition (25b) becomes
—(in+i2>A+(in—%>3+5lc+5zp+ikE=0. (28)
2a 207

Using (8), (9), (11) and (21), the third boundary condition (25c¢) becomes
(1+0)ik$1C + (1 + )ik, D + [(T2/2) — (1 + DI E =0, (29)

where { = S/2u.
Now the tangential force per unit area on the side of the liquid is given by (Ewing et al 1957)

p =—p1(3¢1/01) + p1g(v1)y—o,

ie

2 2
p=|:—p1(iw+@+.g 2>A—p1(ia)—ﬁ+,g 2)B]
w iw2a; w iw2a;

x expi(wt — kx).

Using (8), (9) and (21), the fourth boundary condition (25d) becomes

g2

2
pl[ia)—i—gn—l-, 2j|A+,01|:ia)—§77+,g 2:|B
w iw2ay w iw2aj

[ 22\ igs,  iSK*]
. iw(l——)—lg—l—l— c

w P
B 2\ igs, Sk

(30)

- P2
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Using (24), the fifth boundary condition (25¢) becomes
(h = 8)mC + (h — 8)mD = 0. (1)

Thus the boundary conditions yield a system of five homogeneous equations (27)—(31).
Eliminating the constants A, B, C, D and E from these equations, we get a fifth-order vanishing
determinant. Expanding the determinant, we have the following frequency equation:

| ngtannH+ ¢ tannH 262 12+22k2 %
w7 207 1 2 r2 \ r ¢

k4
+ 4ﬁ§2} X {h(ny — m) + (811 — 82m2)}

8 4k 2 24172 2
15+t C"=THA+ )7 x {hGimz — 82m) + 8182(m — m2)}
w r

p1 tannH gK 2
+ P 1— ) [A(81m2 — 82m1) + 61820m — )] =0,  (32)

where we use v = (k> — I'?)1/2,
Since g /kfl] <« 1 for naturally occurring waves, (32) reduces to

¢K2tany'H 26> k2 k2 K

8 4k* 2 20172 2
X Ah G2 = n0) + Gum = 8o} = § 55+ - (F =T+ )
tan ' H K\’
x {h (812 — 83m1) + 818,07y — nz)}i| + T [1 - (g_2> }
P, 1N w
x [h(81m2 — 82m1) + 81620 — m2)] =0, (33)
where ' = (k2, — k*)!1/2.
Let
Bt =1—(G/K), B3 =1—(K3/k") and B3 =1 — (I"*/k?). (34)

Expressing 41, 82, n1 and 1, in terms of B;, B, and B3 and using the approximation

(ktann'H)/n' — 1 as H — oo,
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we find that (33) reduces to the following form:

c2\’(c?
{2(1 +&) - E} (E_ 1 +/312+ﬂ22+ﬂ1ﬂ2) — 40+ BiBaBs (Br + B2)
2 1

C* gk

P1 c* P1
+ Ec—gﬂll% B1+ B2) — (1 - —> cl )

02

B1B2 (B1 + B2)

h c)? C?
=% “2(1 +C)—E} Br+p2) —4(1+0) B (1 +ﬁ1/32—c—12>

2

p C* Cz) ( m> gk C* ( C2)
22 (- ) o (1-2) 8 (18- E) . as
poQ‘( B1B2 c2 ) o C B1B2 c2 (35)

From (18), we get

ki +k=0>+q(+ €),

and
kik; = oq. (36)
In view of (34) and (36), we have
Bt + B =2—(C*/CD) — (iC?/ fCDH(1+ €)
and
BiBs =1—(C*/CD) — (iC*/fCDH(1+ € —(C*/CD)) (37)
where f = dw/spC 12 is the reduced frequency. Substituting (37) into (35), expanding the

quantities B; and f, in a series of f and neglecting the terms of the order of f!/2, we get a
complex frequency equation, the real parts of which yield

C2 2 5 CZ C2 1/2
{Z(IH)_C_%} BARRAY [(1—C—22>{1_(1+€)C12”

O e o
B p) @ ;) C3 (+e)c|

Taking C3/(1+ €)C7 = 0, (39) reduces to

C2 2 5 C2 1/2 C2 1/2
2+0) =~ 51—+ (15 - f

2

C4 2 1/2
o s_ml(_C, (39)
C; p2) @ P c3
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10 1 0 0.881029994
8 4 02 2422193061
6 04 4583205744
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1

1.5

049935525
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5778089733
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11,93940045

1.5

Bl
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0.349043945
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2

0.6 515200377
. 0.8 7.737636089
0 : |1 10.81544121
' Figure 2. Graphs showing the variation of
0 0.5 1 1.5 velocity of gravity waves (in dimension-
g less form) with initial stress.

Here C?/ C% represents the phase velocity of Rayleigh waves in the system formed by a
liquid layer underlain by a solid half-space (sub-oceanic Rayleigh waves), whereas gk/w?
represents the phase velocity of gravity waves, both in dimensionless form. The separation
into two types of propagation arises from the great disparity in phase velocities of Rayleigh
waves and gravity waves.

We have assumed that p;/p> = 1/3, and C?/C3 = 0-8453. For different values of ¢ and
6, corresponding values of gk/w? are calculated and these are plotted in graphs shown in
figure 2.

The graphs show that as the initial compressive hydrostatic stress increases, the phase
velocity of gravity waves increases in nonlinear form. They also show that when the
value of the coupling coefficient of the temperature increases, then the phase velocity of
gravity waves also increases, provided the initial compressive hydrostatic stress is not
altered.
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