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Abstract. The effect of depression and protrusion of vertical walls and dielec-
tric filling on electromagnetic propagation throughx-band rectangular waveguides
is studied using the finite element method. The effect of these deformations and
dielectric filling on TE10, TE20 mode cutoff frequencies and passband is stud-
ied. The results are compared with those ofx-band rectangular waveguides with
depression and protrusion with air medium. TE10, TE20 mode cutoff frequencies
for waveguides with depression and protrusion and filled with dielectric medium
are less than that for air medium. However, the bandwidth in some cases of dielec-
tric medium is larger than that for air medium.
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1. Introduction

The study of electromagnetic propagation through various guiding structures and devices is of
great significance in the development of microwave communication networks and technology.
However, in the physical development of the guiding structures, there is always a possibility
of the occurrence of some irregularities in these guiding structures. Many workers (Daly
1971; Ikeuchiet al 1981; Mabayaet al 1981) have used the vectorial finite element method
(FEM) in terms of longitudinal electric field(Ez) and magnetic field(Hz) to compute the
mode spectrum of the waveguide accurately, with arbitrary cross-section. The most serious
difficulty in using FEM analysis for waveguides is the appearance of so-called spurious, non-
physical modes (Daly 1971; Ikeuchiet al1981; Mabayaet al1981; Hayataet al1986, 1989).

The vectorial FEM in terms of all three components(Hx, Hy, Hz) of the magnetic field
is proposed by Konard (1977) in which spurious solutions do appear (Rahman & Davies
1984; Koshibaet al 1989). Davieset al (1982) noted that the spurious solutions in the three
component formulation do not satisfy the divergence relation forH, i.e.∇.H = 0. Koshiba
et al (1985) has suggested an improved FEM for analysis of dielectric waveguides in terms
of all three components ofH. Waveguides with arbitrary shapes are analysed by Bulley &
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Davies (1969) using the Rayleigh–Ritz method. Dispersion characteristics of arbitrary-shaped
waveguides with sharp metal edges are determined by Webb (1988). Srbaet al (1994) have
used mediam vectorial FEM for analysing rectangular waveguides half filled with dielectric
media. Rectangular dielectric waveguide structures are analysed by Bierwirthet al (1986)
using the finite difference method. Dielectric strip inserted waveguide is analysed by Chaud-
hari et al (1998). Finite difference method has been used by Schweig & Bridges (1984) for
the analysis of dielectric waveguides. Rectangular waveguides with deformations are studied
by Chaudhari & Patil (1996,1997).

All the above studies are on waveguides which are either partially filled by dielectric,
slab loaded or of arbitrary shape, with air as a dielectric. We have studied the effect of the
depression and protrusion of the vertical wall of the waveguide with air medium, on the cutoff
frequencies for TE10 and TE20 modes in our previous work (Chaudhari & Patil 1996). The aim
of this paper is to study propagation throughx-band rectangular waveguides with depression
and protrusion of the vertical side, as well as with dielectric filling, and to compare these
results with those of waveguides with depression and protrusion, and filled with air. Finite
element method with variational principle is the appropriate choice to deal with the irregular
geometries of waveguides. The TE10 and TE20 modes are worked out by considering the
propagation through waveguides as an eigenvalue problem.

Consider anx-band rectangular waveguide with depression and protrusion of the vertical
wall. Let the walls of the waveguide be perfectly conducting. The waveguide is filled with
dielectric material of dielectric constant 2·5. The cross-section of the waveguide in theX-Y
plane of the Cartesian coordinate system is considered a problem domain�, with deformed
vertical boundaries.

The five cases of deformation considered are: depression on one side, depression on both
sides, protrusion on one side, protrusion on both sides, depression on one side and protrusion
on other side. For each case of deformation, for different deformation lengthL in steps
of 0·15 cm, the eigenvalues and eigenvectors are obtained. The modes TE10 and TE20 are
identified by using the field plots.

2. Variational formulation

The electric and magnetic fields inside the waveguide satisfy Maxwell’s equations. Thus the
problem of electromagnetic propagation under consideration involves solving the Maxwell
equations with suitable boundary conditions at the conducting boundaries, such that the
tangential component of the electric field is zero on the conductor boundaries.

To avoid spurious solutions, a magnetic field vector formulation is used for the solution of
the problem. The details of the formulation can be found in the work by Hayataet al (1986).

The expression for the functional5 is

5 = 1

2

∫

�

[
(∇ × H ∗).

(
ε−1∇ × H

) − K2H ∗.H + (∇.H ∗).(∇.H)
]
d�. (1)

The stationary character of5 requiresδ5 = 0.
The first variation in5 is given by

δ
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The domain, i.e. cross-section of the waveguide, is divided into rectangular elements with
four nodes [Reddy 1996; Akin 1988). The functional over each element is,

5e = 1

2




∫

�e

(∇ × He∗
).(ε−1∇ × He)d�e −

∫

�e

K2He∗
.H ed�e

+
∫

�e

(∇.H e∗
).(∇.H e)d�e


 , (3)

where the unknown vectorHe has three componentsHx, Hy and Hz. Each unknown
componentHx, Hy and Hz is defined in terms of the nodal valuesHex, Hey and Hez

respectively.
A linear mapping function is used, which needs four nodes per rectangular element.
Functional5e can be written as,

5e = (1/2)[{He}T [Se]{He} − K2{He}T [T e]{He}]. (4)

The functional for the whole region� is given by

5 = (1/2)[{H}T [S]{H} − K2{H}T [T ]{H}]. (5)

The condition∂5/∂{H} = 0 leads to the following matrix equation

[S]{H} − K2[T ]{H} = 0. (6)

Equation (6) is the matrix equation to be solved for eigenvalues,K2 = λ and eigenvectors,
i.e.Hfield components.

3. Numerical calculations

The dimensions of thex-band waveguide considered here area = 2·4 cm andb = 1·2 cm.
For deformation, the corner points and the broad walla are kept fixed, while the depression
and protrusion of theb wall are considered. For the first case of deformation, the depression
L from one side is increased in steps of 0·15 cm. For the second case, the depressionL is
increased from both sides in steps of 0·15 cm in opposite directions. For the third case, the
protrusionL on one side is increased in steps of 0·15 cm. For the fourth case, the protrusion
L is increased from both sides in steps of 0·15 cm in opposite directions. Finally, in the fifth
case, the depressionL from one side and protrusionL from another side are increased in
steps of 0·15 cm.

The cross-section of this waveguide is divided into 128 rectangular elements with
four nodes per element. The total number of nodes in the geometry are 153, out of
which 48 are the boundary nodes, on which boundary conditions are specified. For each
node, there are three unknown field components. Therefore, the matrix problem to be
solved for the system, consists of matrices of the order 459× 459. As these matrices
are symmetric, only half matrices are stored in the memory. Skyline storage has been
used for storing these matrices. The subspace iteration method (Bathe & Wilson 1987)
has been used to solve this eigenvalue problem, and consists of the following three
steps.
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Table 1. Bandwidths and cutoff frequencies for TE10 and TE20 mode
in gigahertz for waveguides with depressions on one side(ε = 2·5).

L (cm) TE10 TE20 Bandwidth

0 6·2507 12·5645 6·3138
0·15 6·4744 12·9978 6·5234
0·30 6·7351 13·4718 6·7367
0·45 7·0522 13·9302 6·8780
0·60 7·4343 14·8196 7·3853
0·75 7·8889 15·3966 7·5077
0·90 8·4229 16·4282 8·0053
1·05 9·0417 17·7473 8·7055
1·20 9·7466 18·7569 9·0103
1·35 10·5267 19·4945 8·9678

(1) Establishment ofq starting iteration vectors,q > p, wherep is the number of eigenvalues
and vectors to be calculated.

(2) Use of simultaneous inverse iteration on theq vectors and Ritz analysis to extract the best
eigenvalue and eigenvector approximations from theq iteration vectors.

(3) Use of the strum sequence check to verify whether any eigenvalues are missed in the set
that is calculated.

For each case, for eachL, the eigenvalues and eigenvectors are worked out. The eigenvalues
obtained are the values ofω2µ0ε0. Using these eigenvalues, corresponding cut-off frequencies
f and bandwidth are calculated. For each case, for differentL, the values off for TE10 and
TE20 mode and bandwidth are given in tables 1–5. The variation of bandwidth withL for the
five cases is shown in figures 1–5.

4. Results

For waveguides with depression on one side, depressions on both side and depressions on
one side and protrusion on the other, the cutoff frequencies(f ) for TE10, TE20 modes as

Table 2. Bandwidths and cutoff frequencies for TE10 and TE20 mode
in gigahertz for waveguides with depressions on one sides(ε = 2·5).

L (cm) TE10 TE20 Bandwidth

0·0 6·2507 12·5645 6·3138
0·15 6·7042 13·4549 6·7506
0·30 7·2840 14·1972 6·9132
0·45 8·0487 15·9908 7·9421
0·60 9·0512 17·5050 8·4538
0·75 10·3064 18·3989 8·0925
0·90 12·9155 20·2532 7·3377
1·05 14·1502 21·3168 7·1666
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Table 3. Bandwidths and cutoff frequencies for TE10 and TE20 mode
in gigahertz for waveguides with protrusions on one side(ε = 2·5).

L (cm) TE10 TE20 Bandwidth

0 6·2507 12·5645 6·3138
0·15 6·0814 12·0820 6·0006
0·30 5·9384 11·9004 5·9619
0·45 5·8280 11·6460 5·8180
0·60 5·7455 11·4427 5·6972
0·75 5·6849 11·2814 5·5965
0·90 5·6416 10·9745 5·3328
1·05 5·6117 11·0598 5·4481
1·20 5·5919 11·1925 5·6006
1·35 5·5805 11·2476 5·6671

Table 4. Bandwidths and cutoff frequencies for TE10 and TE20 mode
in gigahertz for waveguides with protrusions on one sides(ε = 2·5).

L (cm) TE10 TE20 Bandwidth

0 6·2507 12·5645 6·3138
0·15 5·9136 11·8668 5·9532
0·30 5·6495 11·2990 5·6495
0·45 5·4537 10·8770 5·4233
0·60 5·3114 10·6896 5·3781
0·75 5·2098 10·5734 5·3635
0·90 5·2024 10·5577 5·3554
1·05 5·1327 10·4811 5·3484
1·20 5·0551 10·3953 5·3403
1·35 5·0347 10·3798 5·3450

Table 5. Bandwidths and cutoff frequencies for TE10 and TE20 mode in
gigahertz for waveguides with depressions on one side and protrusions
on other side(ε = 2·5).

L (cm) TE10 TE20 Bandwidth

0 6·2507 12·5645 6·3138
0·15 6·2845 12·6069 6·3224
0·30 6·3665 12·7008 6·3345
0·45 6·5128 12·8704 6·3576
0·60 6·7277 13·2089 6·4812
0·75 7·0115 13·6171 6·6056
0·90 7·3653 14·9462 7·5809
1·05 7·7909 15·1181 7·3274
1·20 8·2901 15·5089 7·2189
1·35 8·8631 16·0563 7·1932



1016 Ajay Chaudhari

Figure 1. Bandwidths for air and
dielectric media for waveguides with
depressions on one side.

Figure 2. Bandwidths for air and
dielectric media for waveguides with
depressions on both sides.

Figure 3. Bandwidths for air and
dielectric media for waveguides with
protrusions on one side.

Figure 4. Bandwidths for air and
dielectric media for waveguides with
protrusions on both sides.
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Figure 5. Bandwidths for air and
dielectric media for waveguides
with depressions on one side and
protrusion on the other.

well as bandwidth, increase with deformation lengthL compared to those for normalx-
band rectangular waveguides, for waveguides with air as well as dielectric media. However,
for waveguides with protrusions on one side or on both sides, these modes decrease withL

compared to normalx-band rectangular waveguides.
In the case of waveguides with depressions on one side,f for TE10, TE20 are lower for

dielectric medium than for air medium. This decrease inf for TE20 mode is very small but
for TE10 mode, the decrease increases withL. Due to this, the bandwidth for the lower value
of L, for the dielectric medium, is almost the same as that for the air medium. But as decrease
in f for TE10 mode for higher value ofL increases, the bandwidth in this region for the
dielectric medium is larger than that for air medium.

For waveguides with depressions on both sides, as the decrease inf for TE10, TE20 modes
for dielectric medium is less than for air medium, the bandwidth is almost same for both the
media except in the middle region (forL 0·45, 0·6 and 0·75). In this region,f for TE20 mode
is almost the same for both the media butf for TE10 mode, for dielectric medium, is less
than that for air medium which causes greater increase in bandwidth for the former.

In the case of waveguides with protrusion on one side,f for both, TE10, TE20 mode, for
dielectric medium, are much lower than that for air medium resulting in greater decrease in
bandwidth for dielectric medium than air medium.

For waveguides with protrusions on both side, the decrease inf for TE10 mode for dielectric
medium compared to air, is greater afterL = 0·6 (i.e.L = b/2) but the decrease inf for
TE20 mode is not much. Due to this, the bandwidth for dielectric medium up to the length
L = 0·6 cm, is less than that for air medium after which it is greater than for the air medium.

In the case of waveguides with depression on one side and protrusion on the other,f for
the TE10 mode decreases more for the dielectric medium than for air but the decrease inf for
TE20 mode is not much for lowerL values. However at higherL value, the decrease is more,
and causes greater decrease in bandwidth for the dielectric medium in this region than for air.

5. Conclusion

x-Band rectangular waveguides with depressions and protrusions of the vertical sides have
been analysed using Finite Element Method for dielectric medium. These results are compared
with those for air. The cutoff frequencies for TE10, TE20 modes decrease for dielectric medium
compared to those for air. However this decrease is not the same for both the modes. Due to
this the bandwidth is some cases for dielectric medium is larger than that for air medium.
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