Sadhara Vol. 27, Part 2, April 2002, pp. 209-250. © Printed in India

Distributed automata in an assumption-commitment
framework*

SWARUP MOHALIK! and R RAMANUJAN?

1Sasken Communications Technology Ltd, Bangalore 560 071, India
2The Institute of Mathematical Sciences, Taramani, Chennai 600 113, India
e-mail: swarup@sasken.com; jam@imsc.ernet.in

Abstract. We propose a class of finite state systems of synchronizing distributed
processes, where processes make assumptions at local states about the state of
other processes in the system. This constrains the global states of the system to
those where assumptions made by a process about another are compatible with
the commitments offered by the other at that state. We model examples like reli-
able bit transmission and sequence transmission protocols in this framework and
discuss how assumption-commitment structure facilitates compositional design of
such protocols. We prove a decomposition theorem which states that every pro-
tocol specified globally as a finite state system can be decomposed into such an
assumption compatible system. We also present a syntactic characterization of this
class using top level parallel composition.
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1. The assumption-commitment framework

Compositionality is a desired criterion for verification methodologies, particularly for
the development and analysis of large systems. The idea is to decompose a system into
smaller subsystems; then the specification for the system is verified (with respect to its
implementation) using only the specifications of the subsystems without referring to their
internal structure. This idea is suggested by Dijkstra (1965), who discusses hierarchi-
cal decomposition and verification of a given program, and formalized by Floyd (1967),
where properties of @equentialprogram are derived from the properties of its atomic
actions.

Compositional verification oparallel programs, on the other hand, adds substantially
many complications, mainly because of the complex interaction of independently exe-
cuting entities. The first proof systems for parallel programs of the Bt --- || P,
were suggested by Owicki & Gries (1976) and Agit al In the former, the central
idea was that ofinterference freedom tesind in the latter it wascooperation test

*The main results here were first reported in an earlier paper (Mohalik & Ramanujam 1998). We thank the
anonymous reviewers for detailed comments that helped to improve the presentation
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Both these needed to probe into the body of the component programs to verify these
tests. In this sense, they were not compositional proof systems. Misra & Chandy (1981)
provided the foundation for the much-studiadsumption-commitmerfitamework (AC-
framework) for compositional verification. The main idea is to specify a system as a
module such that if some assumptions about the external environment are satisfied then
the module commits to some desired behaviour. When one has a number of such mod-
ules acting together, then each module is effectively in the environment created by the
other modules. If this environment satisfies the assumptions, then the module delivers
the right behaviour. Thus for the desired behaviour of the global system, assumptions
and commitments of the components must mutually satisfy each other. This facilitates
compositional reasoning: we can reason about the behaviour of each component sepa-
rately, assuming that others maintain relevant properties and reason globally about their
compatibility.

In the work by Misra & Chandy (1981), in order to capture the assumptions of the envi-
ronment and commitments of the modules, one has predicatescom@nunication his-
tories Communication histories encode the kind of interaction a module undergoes with
the environment. Assumptions on communication histories are essentially constraints on
the environment (in case of systems of modules running in parallel, they are constraints
on the communication behaviour of other modules). But the framework itself is very gen-
eral and can be applied in various ways to prove global system properties (Jones 1983;
Barringeret al 1984; Pandya & Joseph 1991; Abadi & Lamport 1993, 1995; Quiwen &
Mohalik 1997).

In this paper, we consider a kind of reasoning for distributed systems that is somewhat
different in spirit from the classical compositional reasoning mentioned above. In the latter,

a component is looked upon as a black-box that maintains some invariant when the envi-
ronment guarantees some properties. Then, one hopes to derive system properties from the
compatibility of assumptions and commitments of components, without looking into internal
structure.

This black-box approach works very well as long as we are composing safety properties
of the system (Owicki & Lamport 1982; Abadit al 1991; Manna & Pneuli 1992; Abadi
& Lamport 1993, 1995). On the other hand, it is generally agreed that composing liveness
is hard. This is because, in distributed systems, local enabling of actions does not ensure
global enabling. It depends crucially on the internal structure of components in the system.
Therefore, for liveness it looks as if one needdak intothe black-boxes and keep some
global information as part dbcal structureqeither states or local transitions). If one does
this judiciously, then alhecessary global information has been distributed so that global
behaviour can be obtained by a product of component processes. Our thesis is that this global
information can be distributed in the local structures by suitable assumptions about other
processes and commitments. Thus, a process does not have to know the detailed structure of
other processes in so far as it can make suitable assumptions about others, and rely on the
protocol to ensure that in the global execution these assumptions are met by the commitments
of other processes.

This kind of distribution through assumption and commitment is not novel. This hap-
pens routinely when one develops subsystems without having access to a global view
of the system, for example, when different groups develop parts of a large program.
For instance, suppose we are designingeeeiver that receives a bit from a sender
and processes it. Then independent of the sender, the receiver can be designed as
follows:
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(Assume there is a bit in the chanpel
Receive the bit;
Process the bit.

The internal actions of components change their state or the state of the environment. These
effects can be said to be commitments of the components. Thus the components go on making
assumptions about environments and make commitments as well. When such components are
put together, one gets compatible behaviours where, as intended, the assumptions of a process
are met by commitments of the other processes that constitute its environment. Consider the
design of the sender too.

Send the bit;
(Commit that a bit is in the channel

When we put the sender and receiver together, we expect the normal sequence of transfer
of the bit. Notice that the receiver cannot receive the bit before it is sent because then its
assumption about the bit in the channel can not be met. In this way, causal dependence can
beencodedy assumptions.

(Sender) Send the bit;
(Receiver) Receive the bit;
(Receiver) Process the hit.

We call this way of reasonirigcal reasoningince each componentreasons “locally” about
the environment (other processes in the system) to make appropriate assumptions. Observe
that this view is different from the compositionality principle since here one looks into the
internal design of components. Our concern is to model one aspect of system design that
occurs in many situations, notably in distributed algorithms and program development, as we
tried to illustrate in the example above.

Note also thatocal reasoningin the sense described above is very different from what
researchers cathodular reasoningemployed in modular model checking (Kupferman &
Vardi 1997; Vardi 1997). In modular reasoning there is no constraint at all on the environ-
ment of the module. This makes perfect sense because one is concerned about design of
modules as open systems, systems that can potentially be embedaiegenvironment.

On the other hand, in local reasoning we are interested in closed systems where the envi-
ronment of a process is the set of other processes in the system and the processes know the
protocol of interaction. Thus, the environments here are very much constrained and the pro-
cesses know a lot about the environment. Therefore, while modular reasoning is hard (Pneul
& Rosner 1990; Kupferman & Vardi 1997; Vardi 1997), one can expect local reasoning

to be simpler.

While a number of researchers seem to have studied the AC-framework in the context of
programming methodology, process algebras or temporal logics, there seems to have been
little effort in formulating it from an automata—theoretic viewpoint. Implicitly, these models
assume each process to be a machine of some sort, but studying formally the implications of
each process being a finite-state machine is a different exercise altogether. There have been
efforts in modular model checking (Kupferman & Vardi 1997; Vardi 1997), but the kind of
complex interaction and compatibility that is reflected in the behaviour of parallel systems is
not quite transparent.
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Why should one look for an automata theoretic account of the AC-framework? Animportant
reason is that these automata can serve as natural models for temporal logics based on local
reasoning (for instance the one by Ramanujam (1996b)). Compositional model checking is
one of the major goals of computer-aided verification (Alur & Henzinger 1995), and we
believe that local reasoning with automata as the component processes (particularly over
infinite words) may help.

In order to “locally reason” about the process model, we attach assumptions and com-
mitments to local states and stipulate that only those global states of the system are
valid where assumptions and commitments of local states are mutually compatible. A
valid behaviour of the system is determined only by compatible global states. In the
next section we show that such modelling is natural, by describing systems like the
sequence transmission protocol. We then go on to formally define the class of automata
and show that the modelling is expressive enough to captiimegular behavioursthat
is, every (globally specified) finite state system can be decomposed into an assumption
compatible system suitably. We refine this observation further to show that the decom-
position can be carried out atsyntacticlevel as well. We close the presentation with a
discussion.

The paper presents only automata—theoretic results on the assumption compatible
systems defined here. While the definition of the model is clearly inspired by compo-
sitional verification, this paper does not address the related logical issues, except for a
minor discussion.

2. System examples

In order to express assumptions and commitments at local states of processes, alongwith a
distributed alphabet of actions in the system, we have an alphabet wecoalirait alphabet
Itis a tupleC = ((C1, <1), -+, (Cs, X,)). WhereC;'’s are nonempty alphabets called local
commit alphabets and; is an order orC;. The intention is to have boolean formulas over
some finite set of propositions as commitment alphabet and logical implication as the partial
order: P =; Q, iff Q = P. Thus we can think of a commitment at a state as saying
which propositions hold at that state. Moreover, suppose pro¢essan assumptiarn about
process; at a local statep;. Sincec; € C; can be seen as a boolean formulassumes
that j is in some state which satisfies. If actually j is in such a state;, then it will be
compatible withp;; in other words, the commitments at should logically implyc; for
compatibility. The commit alphabet is essentially an abstraction of this idea. We may also
think of commit alphabets as denoting subsets of local states with compatibility defined by
set-inclusion.

For instance, in a system of two processeg,and P,, at a local state of Py, the
assumption-commitment pair may e, A,) and similarly(ys, y») for processpP; in state
t. At states, P, commits to maintaining.; assuming that?, would commit toA,, and
at stater, P, commits to maintaining» assuming that; would commit toy;. Then the
global state(s, ) is compatible iffA; < 3, andy; < A;. We may think ofi, as a log-
ical assertion whose invariance is maintained Byylocal states in all global states that
map tos for P;.

Our formulation is partly inspired bknowledge-based programg¢Fagin et al 1995),
where atomic statements of a process are of the f&gm — a. These statements are
called knowledge statementnd they are read as “if knows ¢ then execute:”. The
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usual semantics oK; is on Kripke models of global state&’;¢ is true at a global state

s if ¢ holds at all the global statesconsiders possible at However, for local reason-

ing, we need a notion of knowledge based on local states. Ramanujam (1996a) gives
the semantics oK; at local states of: K;¢ is true at ani-local statep if ¢ holds at

all the global states considers possible gi. While the connection is intuitive, we do

not have a formal result relating knowledge-based programs with the automata studied
here.

There is one relevant observation regarding the commit alphabet to be made here. It is
not necessary that the commit alphabet be fixed universally for the system, as we have done
above. This is because different processes may have access to different variables of a process
i, hence their assumptions about the statésmll vary from each other. We can define each
process with its own-tuple of assumption alphabets and subsequently ensure in the definition
of systems that for all, j € Loc, the jth assumption set of automatéiis contained in the
jth commit set of automatop. But such fine structure plays no technical role and clutters
up notation considerably. Hence, we stick with the (more restricted) notation of a globally
determined commit alphabet.

A theoretically simple framework for assumption-commitment in automata is when
processes make assumptions only about those other processes that they communicate
with. This is naturally modelled by having assumption and commitment on synchroniza-
tion transitions. Here an automatety may synchronize with another automatdn on
an action(a, A1, A2),a € X1 N I, where we seed; as committing tor; provided A,
commits toi,. Symmetrically, for such a synchronization to occdg, must have a tran-
sition ona where it commits tov,. (In this case A, may not require the.; commitment
from A;.)

2.1 A mutual exclusion example

In order to motivate the kind of framework we are leading to, we give an example of a
simple two-process mutual exclusion problem. For simplicity, we abstract away the internal
computational states and assume that the processors are always requesting for or executing
in the critical section. We model this as follows.

Each processcan either be in stat#; (process waiting to enter the critical section) or in
stateC; (process is in the critical section) state. In order to gain access to the critical section
from the wait state, the processes do a joint acticActionsa andb are actions taken by
processes in the critical section. When an internal action is taken, the process in the critical
section goes back to the waiting state.

We set the commitment alphab@t=< C1 = ({p1, np1}, <1), C2 = ({p2, np2}, <2) >.
Here,p;,i = 1, 2 denotes that processs permitted access to critical section ang denotes
that it is not permitted to enter the critical section. The commit alphabet is shown in figure 1.

The design of process 1 can then be as follows: when 1 is in thé/gtaitestays in the same
state if it is not permitted entry to critical section. When it is permitted entry, assuming that
process 2 is not permitted entry, it can go to the stateenoting access to critical section.
Process 2 is designed in a symmetric way. Figure 1 shows the two processes and also the prod-

uct showing the global behaviour. See that the assumptions at the local trafigition, Cy
are (p1, np») and those at,—>,C, are (np1, p2). These assumptions are not compatible

becausep, £» p» andnp, £1 p1. Hence the global transitiofWy, Wo)==(C4, C>) is not
possible; so that at no point both the processes can be in the critical section, thus satisfying
the safety requirement.
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Figure 1. Two-processor mutual exclusion.

It is possible to formally define a class of automata where assumptions and commitments
are associated with synchronizing transitions like in this example, along the lines followed in
the next section. It then turns out that the class of languages accepted by such systems is the
same as the so-called classrefjular consistent languagéMohalik & Ramanujam 1997).
However, we will not do so, but define a larger class of automata from which these can be
obtained by suitable restrictions.

In general, a process may make assumptions about other processes in the system even in
the absence of any communication from them. This leads us to a type of systems where at
a local state a process makes assumptions about the states in which other processes may be,
and in the product only mutually compatible states are admissible. We call these systems
Assumption-Compatible Systems (ACS).

We now show how the formal model of assumption compatible systems helps in reasoning
about typical problems in distributed computing. For this we choose simplified versions of two
well-known problems, namely, that afliable bit transmissiomndsequence transmission
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2.2 Bit transmission problem

There are two processesender &ind areceiver RAssume that they communicate by asyn-
chronous message passing over a possibly faulty channel. Further, we assume that message
loss in the channel is the only kind of fault in the system and that the number of such faults

is finite (but unbounded) in any execution sequence.

The sender wants to send one bit (0 or 1) to the receiver. Since messages may get lost, there
is no guarantee that a message sent by either of the processes will be received. The problem
is to ensure that tilR receives the bit$ has to go on sending the bit .

Finite state solutions for the above problem are simple. The main idea isRaéztd back
an acknowledgmentwhen itreceives the bit. WEegets the acknowledgment it stops sending
the bit. We illustrate how the design can be done in an assumption-commitment framework.

The sender: (See figure 2). The alphabgt of senderS'is {s, g}, where

e s Ssends the bitt® , and
e g: Sreceives the acknowledgment.

S has three states. At the initial state (calfgy), it is yet to send the bit and hence it knows
that R cannot have received the bit. So it commits that it has not sent the bit and assumes
thatR is in a state where it has not received the bit. At the second state (galletlhas
sent a bit and is waiting for acknowledgment. Now that the bit is s&mipes not know
whetherR has received the bit or not andrfhas received the bit then whether it has sent any
acknowledgment or not. In short, it can assume “nothing” about the stafebutfcommits
to having sent the bit and not having got any acknowledgment. At the third state (gglled
it commits that it has got an acknowledgment from the receiver. Further this can happen only
with the assumption tha has received the bit and has sent an acknowledgment.

The receiver: (See figure 3) The alphabEt of senderR is {r, a}, where

e r: Rreceives the bit fron$' , and
e a R sends the acknowledgment.

S Figure 2. The sender.
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R Figure 3. The receiver.

The receiver also has three states. At the initial state (cadlgdk is yet to receive the bit,
at the second state (callgg) it has just received the bit and at the third state (cajlgdt has
sent acknowledgment 9. At go, R commits (naturally) that it has not received the bit. Also,
since itis yet to send back an acknowledgment, it assumes that a state where it has not
got any acknowledgment. Note thatgt the receiver cannot assume anything about whether
the sender has sent the bit or not. At R commits that it has received the bit and has not
yet sent the acknowledgment. Clearly, the assumption isSthatst already have sent the bit
and that the latter has not yet got the acknowledgmeng; AR commits to having received
the bit and sent an acknowledgment. While it cannot assume that the sender has received this
acknowledgmentR assumes that the bit has been sent (othen&seuld not have sent any
acknowledgment).

The commitment alphabet Sfcan then be taken &8;, <;) whereC; is the boolean closure
of the set of propositiongack_recd, bit _sent}, where the meaning of the propositions is
obvious. Similarly, the commitment alphabet$€an then be taken &€, <,) whereC; is
the boolean closure of the set of propositigb& _rec, ack_recd}, In both cases the orders
<, are logical implication.

With this the assumptions and commitments of the sender at its states can be summarized
in the following table. tbit_sent means “bit is not sent” etc.)

Commitment Assumption
(S) po —bit_sent and—ack_recd by S —bit_recd by R
p1  bit_sent and—ack_recd by S R may be in any state.
p2 bit_sent andack_recd by S bit_recd andack_sent by R

Similarly, the assumptions and commitments of the receiver at its states are given in the
following table.

Commitment Assumption
(R) gqo —bitrecd and—ack_sent by R —ack_recd by S
q1 bit_recd andack_not_sent by R bit_sent and—ack_recd by S

q2 bit_recd andack_sent by R bit_sent by S
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Product Figure 4. ACS for bit transmission.

Product automaton and global behaviourFigure 4 gives the product automaton of the
ACS consisting ofS andR . Notice that the global staig@g, ¢1)(which saysR has received
the bit before it has been sent) is ruled incompatible since the assumptigrabbut S
iS A = bit_sent A —ack_recd, the commitment apg is u = —bit_sent A —ack_recd
but © # A. Similar compatibility considerations rule out global states, go), (p2, 1)
and(po, q2)-

Then, we see from the product automaton that with the final dtate (p2, g2), the
behaviour of the ACS is*rs*a(s + a)*ga*, which captures the desired behaviour of the
system, namel\§ sends the bit till it receives an acknowledgment and then s®parts by
receiving the bit and then goes on sending acknowledgments.

2.3 Sequence transmission problem

We now study a slightly more involved protocol, namely 8exjuence Transmission Problem
and discuss how it can be modelled naturally in the assumption - commitment framework.
The problem is as follows.

As before, there is a send& and a receiverR . The sender now wants to send
a bit-stream to the receiver. For each message bit, the bit transmission protocol is
used. EssentiallyS goes on sending théth message bit till it receives an acknowl-
edgment and then it starts sending tie+ 1)th bit and so on. On the other hand,
R initially waits till it gets the first bit. After this, for each bit (say it is thi¢h bit),
it goes on sending the acknowledgment till it receives thet+ 1)th bit. There are,
of course, some other requirements of the problem that makes the design slightly
harder.

o Totality. Allthe bits of the stream are delivered.

e SequentialityThe bits are delivered in the order in which they occur in the stream.

o Non-duplicationA particular bit may be delivered many times over the channel because
S might not have got any acknowledgment for the bit, but oRaeceives the bit and
sends acknowledgment, it does not receive the same bit from the channel.

From the description above, one can design the protocol as a series of bit transmission
protocols foreach bitinthe stream. For each bit, if we label the actions and also the assumptions
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Figure 5. An infinite state protocol for STP.
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and commitments with the position of the bit, we get an infinite state protocol which is given
in figure 5 with the assumption and commitments from figure 6. (Note that there are now
infinite number of elements of the commitment alphabet; in the table astatienotes the

i-th p, state. In the figure it is given as the statewith i quotes.)
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Commitment

Assumption

(S) | po

—bitg_sent and—ackq_recd by S

—bityg_recd by R

pii

bit; _sent and—ack;_recd by S

R may be in any state.

pai

bit; _sent andack; recd by S
—bit; 1_sent and—ack; 1 recd by S

bit; recd andack; sent by R

—bit;y1.recd by R

(R) | g0

—bitg_recd and—ackg_sent by R

—acko_recd by S

q1i

bit; _recd andack; _not_sent by R

bit; _sent and—ack

;_recd by S

qoi

bit; _recd andack; _sent by R
—bit; 1 recd and—ack; 1 _sent by S

bit; _sent by S
—bit; 1. recd by R

Figure 6.

Infinitely many assumptions and commitments for the infinite state protocol.

The product shows that the requirements are actually satisfied, namely, fori evedy
the actiory; (receive biti) takes place (totality), it occurs only once (non-duplication) gnd

occurs strictly before, whenj < k (sequentiality).

Now, we want tofold this protocol so that the sender and receiver actually have finite
number of states. Since the states are determined by their assumptions and commitments
and the actions, this folding would have to bound the labels attached to the letters of the
commitment alphabet and also the actions. As afirst attempt, if we banish the labels altogether,
we get a protocol as in figure 7. Immediately we see that this protocol does not satisfy
the requirements.

e Since there is no distinction between consecutive messageigiht be sending thiah
message even after it gets an acknowledgment fRanBut this is a minor difficulty
because we can always ensure thatoves to thdi 4+ 1)th bit after it gets an acknowl-
edgment for theéth message. Hence, sequentiality is ensured.

e But one can see that in the product, betweeacabir by R andrec_ack by S, there are
otherrec_ack’s, which means duplication takes place.
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Po q0

g a |,

o a<>o 0
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. 40)
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aTr
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Figure 7. An incorrect folding of the infinite state protocol for STP.
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Figure 8. A correct folding of the infinite state protocol for STP.

o Also, there is loss of message bits in this design for the following regsmateives an
ackand sendsth messageR does not receive it and sends anothek corresponding
to (i — 1)th messages receives thisackand assumes that this is an acknowledgment of
theith message. Hence it then starts sendingthe 1)th message. Thus the message
i is never received bR. The problem arises because whesends message + 1), it
assumes thak has already received messagéut then the protocol assumptions and
commitments do not reflect this.

In order to remedy this deficiency, we have one bit (0 or 1) attached to the actions of
sending and receiving message and acknowledgments and also to the assumptions and
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Commitment Assumption
(S) | po | —bitg_sent and—ackg_recd by S —bitg_recd by R
p1 | bitg_sent and—ackg_recd by S R may be in any state.
p2 | bitg_sent andackg_recd by S bitg_recd andackg_sent by R
—bit;_sent and—ack;_recd by S —bity_recd by R
p; | biti_sent and—acky_recd by S R may be in any state.
Py | bity_sent andacki_recd by S bity_recd andack,_sent by R

—bitg_sent and—ackg_recd by S —bitg_recd by R
(R) | go | —bitg_recd and—ackg_sent by R —ackg_recd by S

q1 | bitg_recd and—ackg_sent by R bitg_sent and—ackg_recd by S
q2 | bitg_recd andackg_sent by R bitg_sent by S

—bity_recd and—acky_sent by S —bity_recd by R
qy | bity_recd and—acky_sent by R bity_sent and—acky_recd by S
g5 | bity_recd andacky_sent by R bit;_sent by S

—bityg_recd and—ackg_sent by S —bity_recd by R

Figure 9. Assumptions and commitments for a correct finite state protocol for STP.

commitments. This is essentially to distinguish between consecutive messages and acknowl-
edgments. Thus, we get a protocol as in figure 8 with the assumptions and commitments as in
the table in figure 9 and the product shows that this satisfies all the requirements of sequence
transmission problem. This, in fact, is the Alternating Bit Protocol (ABP) for the sequence
transmission problem.

The above analysis does not give any clue as to why only two distinguishing sets of
states were sufficient for the sequence transmission problem. In fact it looks a bit like an
accident that we hit upon the ABP. But, at the least, this guides us to have more states to
capture relevant assumptions and to design the protocol correctly. While it is not argued
here that this transformation presented here makes it easier to design the components (it
does not), we remark that it illustrates a paradigm: design the components loally assum-
ing an infinite number of assumptions first and then fold it. The structure of ACS’s offers
the possibility of designing components ‘bearing in mind’ global requirements, and trans-
lating them into local dependencies. In general, this may involve the construction of an
infinite state space (which may be conceptually easy) and then folding it to obtain a
finite system.

3. Assumption-compatible systems

We now formally define the class of assumption compatible systems that we have discussed
intuitively so far.

Notation.Let X be a finite and nonempty alphabettrAnsition systen(TS) overX is a tuple
M = (Q, —, ¢°), whereQ is afinite set of states— C (Q x ¥ x Q) is the transition
relation and;® € Q is the initial state. The tuplg@ = (M, F), whereM isa TS andF C Q,
is called afinite state automato(FA). Whengo==¢; andg, € F, we say that the string
is accepted by (where— is the transition relation extended Iy). The set of all strings
accepted byA (also called the language df) is denoted ad.(A) or L(M, F). Let Regs
denote the class of languagegA) accepted by finite state automata.
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We model the distribution of actions among the processesiistrdbuted alphabek. It is
atuple(Xy, --- , X,), where eaclx; is a finite nonempty set of actions and is callddcal
alphabet The local alphabets are not required to be disjoint. In fact, wherk; N %, i # j,

we think of it as a potential synchronization action betweand;.

Given a distributed alphab&, we often speak of the sé&t def ¥1 U ... U X, asthe

alphabet of the system since the overall behaviour of the system is expressed by strings from
>*. For any action inZ, we have the notion of processes participating in this action. Let

a”) gives the set of processes that participate (or, synchronize) in the actiyndefinition,
foralla € X, loc(a) # V. Whenloc(a) Nloc(b) = @, we think ofa andb asindependent
actions, as they can be performed concurrently by disjoint sets of processes.

A distributed system over ¥ is a tupleM = (Mg, ..., M,), where for alli in Loc, M; =

(0;, —i,q?) is a TS overy;. Global transitions off are given by groduct transition
system(product TS): let) &' 0y x -+ x 0,. ATSM = (0, —>, (g%, - -- .q0)), where
0CQ,—C((OxXxQ) and(qf, e ,q,?) € Q, is called goroduct TSof M on X if it

satisfies thasynchronygondition:(p1, ..., pn) —> (q1, - - ., qn) iff Vi € loc(a), pi—>iqi,

andv; ¢ loc(a), p; = g;. The language accepted bfis L(M) &' L(M, F). We usep, g

etc. to denote elements ¢f. For any global state = (p1, p2, ..., p,), s[i] denotes thé-th
componenip;. ~ -
Fix a distributed alphabeL=(%,, ---, ¥,). We also have @ommitment alphabel =

((C1, =%1), - -+, (Cy, %»)). EachC; is anonempty setand fordlk: j,C;NC; = {L}. x;isa
binary relation orC; such thatl. <; ¢ for eache € C;. The elementl is the null assumption

(or commitment). We call = C; U --- U C, thecommit setSince we work with finite state

systems, it suffices to consider finite Let ® def {¢: Loc+> C|Vi e Loc, ¢(i) € C;}.

In specific systems, the relatiors may have more structure. For example, if the commit-
ment alphabet is constructed from boolean formulae with implication as the ordering, we get
a partial order on the alphabets. In fact, in all our figures of commitment alphabets, we treat
them as pre-orders (reflexive and transitive relations) for ease of depiction, but such ordering
is not mandatory by definition.

DEFINITION 1

Leti € {1,2,...,n}. An AC transition systefC-TS) over(X;, C)is atuple(M;, f;) where
M; = (Q;,—,qY) isaTSoverz; andf; : Q; — @ is called anassumption map

Atastatep € Q;, if f;(p) = ¢ theng (i) is the commitment oM; at p ando (), j # i,
is the assumption af/; aboutM ; at p.

DEFINITION 2
An Assumption-compatible system (A@SQr(i, C)is given by a tuple
MZ(M].!MZv”' ’an<f1’f2"" 1fn >7F)’

where for each € Loc, (M; = (Q;, —>,~,q?), fi) is an AC-TS over(Ei,g), andF C
(Q1 %X ...x Q).

Global behaviour ofi/ is given below as that of the product automaldrassociated with
the system.
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DEFINITION 3

Given an ACSM = (M1, Mo, -+, My, < fi, fo,---, f» >, F), a global state(ps,
p2, -+, pn) € Q is calledcompatibleiff

foralli, j € Loc: fi(p)(j) 2 fi(p))().
DEFINITION 4
The product automaton af is defined to bQ]VI, F) where

(1) M = (Q,—. @ .q%) is a product TS of¥f over = with Q as the set of all
compatible global states,

(2) (q](?7 A s ‘1,?) € Q1 and

) Fco.

The class of languages ovﬁraccepted by ACS’s is denoted HSACSE).

L(ACSg) ={L € =" 3C and an ACSM over (%, C) s.t.L = L(M, F)).

Thus the behaviour of ACS’s is given by a product construction. Note that the product
contains compatible global states, and the rest are eliminated.

It is worth noting here how an apparent circularity between assumptions and com-
mitments is resolved. If we were to consider a commitment as an ‘offer’, we could
consider the following situation. Process 1, at local stateommits toc assumingd
to be available from process 2. If, simultaneously, 2 in local stat#fers d’ assum-
ing ¢’ to be available from 1, we can have circularity or ‘deadlock’ whemnd ¢,
as well asd and d’ are incompatible. However, the way compatible global states have
been defined here, a global state consisting of local stataed ¢+ would simply be
declared incompatible. Operationally, this can be seen as both processes making their
offers first, and then checking whether what is on offer meets with the assumptions
made.

The use of compatible states adds a great deal of modelling power. For instance, define

the relation~ on ¥* as: forallx,y € X*,x ~ y gef x[i =yJ[iforalli € Loc, whereT:

(Z* x Loc) — X* is the component projection map giving the maximal subsequence over
any local alphabet. It is easy to see thais an equivalence, and it can be verified that y

holds exactly when: can be obtained by commuting independent actions. ifthis is a
relation of crucial interest in concurrency theory (Mazurkiewiez 1989). Languages accepted
by product TS’s (defined earlier) are closed unelebutﬁ(ACSi) need not be closed under

~. As an example, we describe an ACS in figure 10 that accepts the langLiagewhere

n =2 andX = ({a}, {b}) (hencea andb are independent). Note that this language is not
closed under-.

Examplel. LetC = (C1, C2) where the commit alphabét are as shown in figure 10. For
ease of reference, we have annotated the local states by the resggefivd/e see that of
the possible 9 global states, only 6 are compatible. For example, the globalstaje) is
compatible because g, agent 1's assumption about agent 21i&2) (2) = v4, atge agent2’s
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251 M2 M3 V1 V2 V3
" Ws N WS
1L L
C]_ CZ
M1 M2
I (i1, ve) q1(ua, v1) -
a b
a P2(i2, va) q2(j1s, v2) b
a b
P33, vs) q3(it6, v3)

a b
P pLg)——= (P2, ¢)>——=> (py, q)
b a A a\l/
(P1; g3)e=—— (P3,q3) =—— (P3,92)

PRODUCT
Figure 10. An example ACS acceptin@b)* over the alphabeat{a}, {b}).

commitment isf2(g2)(2) = v, andvs <5 vo. Also, atgo, agent 2’s assumption about agent 1
is f2(g2)(1) = us, agent1's commitment ak is f1(p2)(1) = u andus <1 wo. Onthe other
hand the global statgs, ¢2) is not compatible becaus& (p1)(2) = vs £2 v2 = f2(g2)(2).
The final states aré(p1, q1), (p2, q2), (p3, 43)}-

Inthe design of ACS’s, a crucial decision relates to the choice of commit alphabets. In effect,
elements of commit alphabets code up sets of local states or regions of transition systems.
That is, when we writef1(p2)(2) = v4 above, it is an assumption by process 1 at state
that process 2 is in a set of states codedyl his approach, as opposed to the ‘black-box’
way of defining assumptions and commitments over the entire system behaviours, makes it
possible for us to reason with a limited form of liveness. We can use commit alphabets and
the assumption map to code up situations whereby process 1 eventually makes a condition
p true, assuming that until then, 2 is in a region of its transition system, where it eventually
gets to a state making a conditigrirue. We can symmetrically build a similar condition for
process 2, and then the product eventually reaches a global state where Iprtraleeznd 2
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makes; true. However, formalizing such reasoning as a liveness composition rule in a formal
logic is left to future work.
The following theorem constitutes the central result of the paper:

Theorem 1. E(ACSi) = Regs.

The inclusionﬁ(ACSi) C Regy is easy and follows from the fact that the product
automata of ACS’s are just finite state automata. The other inclusion, showing that every
regular language ovex is in /:(ACSi), is (understandably) complicated because when
we want to accept arbitrary regular languages we need the ability to ‘force’ specific inter-
leavings. For instance, whenandb are independent actions the langudgk)* specifies
that a is always preferred oveb; coming up with product constructions on automata
that achieve such forcing systematically is the difficulty. Hence the problem here is dif-
ferent from that in the construction of, say, asynchronous automata (Zielonka 1987) or
cellular asynchronous automata (Ceti al 1993), where global states are decomposed
preserving concurrency.

The proof is in two stages. First, we construct an automaton for the given regular language
where the states are distributed but the transitions are globally specified hence it is not locally
presented. From this automaton, we compute the assumptions and commitmentd ©§the
and distribute the transitions as well so that the product oAtfi§ accepts the same language.
The detailed proof is given in appendix A.

4. Behavioural analogue of compatible products

A product operation on finite state automata corresponds to a shuffle operation on regular
languages. Thus we can ask, what manner of shuffle corresponds to the compatible product
of automata with assumption and commitment on states? We first answer this question below,
and then present a distributed version of Kleene's theorem. For this section, fix a distributed

alphabe® = (T4, ..., $,) and afinite commitalphabét Recallthat & (¢ : Loc > C
| Vi € Loc, ¢ (i) € C;}. Since eaclt; is finite, |®| is finite.

Note that in AC-transition systems local transitions are labelled by letters from the local
alphabet, butthe product ofthese TS's crucially depends on the assumptions and commitments
assigned to local states through assumption maps. Hence, if we want to have a shuffle operation
corresponding to the product, local languages must encode assumptions and commitments.
Then the shuffle operation on these languages should generate stringsfomerlocal ones
by using this information.

In order to bring assumptions and commitments into languages over distributed alphabets,
we extend any given alphabet using assumption maps so that we have actions of the form
< a, ¢ > whereg € .

DEFINITION 5

Given a distributed alphabe¥, and a commit alphabet, we define extended alphabets as
follows:

¥ = {<a,¢p> |lae;, ¢cd)
L FTREEI L L [ 1

ieLoc
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4.1 Compatible shuffle

We want to define:-way shuffle for stringsy, - - - , x,,, wherex; € £7*,i € Loc. By their
structure, each; has an assumption map at every point essentially denoting the assumptions
of the local state corresponding to Hence, globally, at every point one hasissumption
maps, one for each string, denoting a global state. For a valid shuffle of the given strings, the
global states that occur at each point have to be compatible. In terms of strings, the collection
of local assumption maps have to be compatible.

Let E denote the set of all possible assumption-commitment tuples for all the agents in the
system. FormallygE = {&§ | £ : Loc — ®}. For anyi, j € Loc, £(i) is an assumption map,
and&(i)(j) € C; isi’s assumption about. We speak of as anassumption environment

DEFINITION 6

Leté € E. £ is said to bdeasibleiff Vi, j € Loc, £(i)(j) <; E(j)(j).
DEFINITION 7

Y:={<a,& > |ae X and¢ € B}

We usex, v, ... to denote strings ovex® which, intuitively, stand for sequences of global
states. Since our goal is to establish a correspondence between the global strings and the runs
of a compatible product automaton, these strings must somehow capture the compatibility
condition internally. We call these stringsod Formally, we have the following.

DEFINITION 8

Letx =< a1,&1 >< az & >,...,< a, & > %= Then,x is good w.r.t. aninitial
environmengy iff

Q) foralll<!i <k, forall j &loc(a)), &_1(j) = &(j), and
(2) forall0 <1 <k, §& is feasible.

As a minor observation, note tha{the null string) is good w.r.t. some initial environment
iff £ is feasible.

Now we define the notion of when strings over local alphabets can generate global strings.
For this we need two projection maps. T¢tmmmit erasurenap.o : ¥°* — X* is defined as

def . .
co(<ai, 1> <ap, ¢ >) = ai---a,. We uses as a commit erasure map on strings
overX® as well since there is no scope of confusion here.

The second projection map is tikemponent projectiomap: [: (X°* x Loc) — X°¢*

defined by:

m

’
~

R if x =¢,
x[i = 37&, ifX=9 <a,&>andi ¢loc(a),and
Oli) <a, &) > fx =79 <a,& >andi €loc(a).

DEFINITION 9

Astringx € X" is called awitnesgor x € ~* underf € Eif X is good w.r.t£ ando (x) = x.
Letx; € 7%, i € {1,...,n}. Astringx € X* is said to begeneratedy (x1, x2, ... , x,)
underé if there is a witnes§ for x under¢ such that for alf € Loc, x; = XTi.
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Notice that whenx € ¥* is generated byxy, xz, ... , x,) underé, x[i = o(x;). Thisis
becausey (x;) = o (x[i) = o ®)[i = x[i.

We now define the compatible shuffle of languages over local extended alphabets using the
definition of generation.

DEFINITION 10

Foralli € Loc, letL; € X7*, and letf € E. We define the:-ary compatible shuffle of

these languages under the assumption environénbnt

(LallL2]] ... Ly)e def {x € ¥* | xisgenerated by atuple, xo, ... , x,) under¢, where

foralli, x; € L;}.

We are interested in the compatible shuffle of regular languages over the local alphabets. So
we define the following class of languages.

DEFINITION 11

Let L(AC — shuffle)i denote the least class that includes the{getc X* | for some

commit alphabe€ and¢ overC, there exist regular languages € =¢* such that. = (L ||
... I Ly)¢} and is closed under union.

A language inC(AC — shuffle)i will be referred to as an AC-shuffle language (wih
implicit).

4.2 ACS’s and commitment structure

There is a fairly obvious association between states and runs of an ACS and good
strings over X°. We make it explicit in the following. LetM = (My,...,M,, <

fi,o++ . fo >, F) bean ACS and! = (Q, —>, < ¢}, ,q4 >, F) be the compatible
product of M.

DEFINITION 12
Let(q1, -~ ,q.) €. Thenenvqa, --- ,g.) & & whereg(i) = f,(q)), forall i  Loc,

Let (g1, - ,qgn) be a compatible state arld = envqs, -+, ¢g,). Thené is feasible.
This is because of the following reason. Singe, - - - , ¢,) is compatible, for alli, j €
Loc, fi(q)(j) =; fi(gj)(j). Then by the construction, for all j in Loc, £G)(j) =<;
£(j)(j)- This implies feasibility ok. R

We can associate strings o™ with runs ofM in a canonical fashion. Fix = aja, . . . a;,
andarunp = (¢%....¢% = (¢L....qh ... =5 (k. ... . ¢} onx in M. Define
clp)=<ap, & >...<a, &> X by forl< <k, &= en\(qll, ,qf,).

Note that wherk = 0, that is, whenx = ¢, ¢(p) = €. The initial environment associated

with the run is defined aanu(q?, . . . , ¢%). Note thaenug?, ... , ¢°) is a feasible assumption
environment (becausg?, ... , ¢°) is compatible.)

PROPOSITICN 1

Let p be a run in(qs, -+, g.)=(p1,--- , pn). Then,c(p) is a witness forx under

envgi, -, qn).
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Proof. By definition, o (c(p)) = x. Hence it suffices to show thatp) is good w.r.t.
envqi, -+, gn)-

Let the runp be(qf,... ,qn) N (ql, ,qn) PN (q’l‘, o ,q,’l‘).

Fix I such that 1< / < k. For all j ¢ loc(a)), ¢ = 4% by asynchrony. Hence, by
definition ofc(p), &-1(j) = fi(q}™) = fi(a)) = &0).

Also, since all the states on the run are compatible, as we have observed before,
the assigned assumption environments are feasible. This proves(thaits good w.r.t.

en\(qla ) Qn) o

PROPOSITION 2

Let p denote a run(qy, - - - ,qn):>(p1,- -, pp) in M. Then for alli Loc, there exist

x; € Xf* such thatq,:> pi; and x is generated by the tupléxy, xo, - -+, x,) under

en\(qlv ) qn)

Proof. By the previous propositiom(p) is a witness forx underenvgqs, - - - , g,). Take

x; = c(p)[i, for all i € Loc. Then,x is generated by the tupléxs, xz, - - - , x,) under

enuqsi, - - - , g»). From the definition of and— ¢, one can carry out an induction argument
Xi

on the length of to show that;,=—p;. O

PROPOSITION 3

LetX =< a1, & >< ax, & >, ..., < ai, & >€ = be good w.r.téy = envgy, -+ - , q,)

i
such thaly;=={p;. Then&.(i) = fi(p;). (Since is feasible this implies thdlpy, - - - , pn)
is compatible.)

Proof. Let! be the lasi-action inx. If I = 0 (meaningxT[i is empty), therp; = ¢; and by
goodness of, & (i) = &(i) = fi(p:)-
y < a E(z) >
If I # O, then there is an; € Q; such thatg;=r; ; Di» wherexrz =

y- < a,§(@) >.Hence,fi(p;) = &(i). By goodness of, £(i) = &(i). Therefore,
fi(p;) = &(i) and we are done. O

PROPOSITICN 4

Xi
Supposex € £* and for alli € Loc, there existy; € X¢* such thatg; =—{ p; and x
is generated by the tuplexs, xz, - - - , x,) underenvigs, - -+ , g,). Then(gy, -+, gx) =
(pla ’Pn) In M

Proof. (by induction on length of) The assumptions of the claim are rephrased as follows:

there existy; € X" such thaty, :> pi and there exists a witnedsec X=* of x under
envqa, - - - , gn) such thatt[i = x;. We have to show thaly, - - - , gn) = (p1, - » Pn).
Note that sinc& is good w.r.tenvqs, - - - , g,.), (g1, - - - , g,) is compatible from the definition
of goodness. From Proposition(3s, - - - , p,) is also compatible, so botlgy, - - - , ¢,) and
(p1,-++, pn) are inM.

Let x = €. Then the witness must bee sinceo (X) = x. This implies, for alli € Loc

x; = €. Henceg; = p; foralli. Then, it is obvious thatgs, - - - , g2) == (p1, -+ , Pn).
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For the induction step, let = ya. Then the witnes§ for x must be of the fornk =
y- < a,& >, whereo (y) = y. Sincex is a witness undeenuqs, - - - , g,,) it is good w.r.t.
envqi, - , qn)- Henceymustglso be good w.leN\Wqs, - - - , g,,). Thereforey is a witness
of yunderenvqy, - - - , g,). Lety[i = y; foralli € Loc. Then,yis generated byys, - - - , y,)
underenMqgs, - - - , gn)- R R R

Itis given that for ali € Loc, X[i = x;. Hence for every & loc(a), x; = X[i =Y[i = y;
and for everyi € loc(a), x; = y;- < a, &(@) >.

Xi i
Itis also given that for all € Loc, g;=="p;. Hence, for ali & loc(a), qi:y>fpi and for
Vi <a,§(1)>
alli € loc(a), there is anr; € Q; such thaqiﬁfri i)f pi. Therefore,f; (p;) = £(i).
Since we have:

Vi
(1) foralli & loc(a), = p; and

Vi
(2) foralli €loc(a), gi=ri,

by induction hypothesisgs, - - - , gn)==(s1, - - - , s), Where foti & loc(a), s; = p; and for
i €loc(a)si =ri.
SinceM satisfies the asynchrony condition (definition of Product TS), from the fact that

<a,£(i)>
fori € loc(a), s; = r; —{ p;, it follows that (sq, - - - ,s,,)i>(p1, -+, pn). Therefore,

4.3 Equivalence of AC-shuffle and AC-systems

We now establish a correspondence between AC-shuffle of languages>gvend
languages accepted by ACS’s. Note that the local automata are XjveHow does

one relate languages oveély and local automata oveEg;? This is simple: since the
states are annotated with assumption maps flbmwe take these into account (like

in Moore machines) alongwith the labels of transitions so that languages accepted

by local automata are actually oveE¢. For example, ifgo—sig1—=>q2, qo is the
initial state andg, is the final state, then we say that this is an accepting path for
< a1, fi(q1) > - < az, fi(g2) >.

Since the local automata are FSAs, languages thus accepted by these are regular over
X¢. But, is the reverse true? In other words, for any regular langudageer 7, is there
an AC-automaton oveE; that acceptd.? We show in the following that this is indeed the
case.

We first define language acceptance (in the above sense) of AC-automata/;Let
(Q;, — i, q?), fi) be an AC-transition system ovél;. We transformy; into a TSM; =
(0, —¢, ¢°) over =¢ where,0¢ = Q;, ¢/° = ¢ and—¢ € Q¢ x ¢ x Qf is defined

<a.¢> a . .

as follows:p—¢q iff p—;q and¢ = f;(¢). This one step transition can be extended to
= for strings fromX;*.

Then given an AC-automataiiM;, f;), F;), we define:

Lo((M;, £). F) € LM, F).

PROPOSITICN 5
L € Regyc iff there is an AC-automato(V/, F') over; such thatL = L, (M, F).
1
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Proof. One direction of the proof follows immediately from the definitionZ/gf.
For the other direction, suppogec Regyc. SinceL is regular oveixy, there exist some

FSA(A = (Q, —,¢"%, F) suchthatlL = L(A, F).

Note that in this FSA, two transitions with different assumption maps may be pointing to
the same state. So we refine the states so that transitions that point to a state have the same
assumption map. This is possible because the number of assumption maps is finite. We do
this as follows.

Define the AC-automato@(M, f), G) as follows. LetM = (P, =, p°) where,

- P=1{g"U Jlg.9)| thereis a transitiop <% ¢ in A},
qeQ

~ 0=

— (P pD=5(q. $2) ifft p™% g andg, = ¢, and

— for all states(p, ¢), f((p, $)) = .

Finally, G = {(p, ¢)|p € F}.
In order to check thaL,,((M, f), G) = L, we transformM in to the following TS

(M€ = (Q°—<, ¢*%), F°) overx¢, where

- QC = P!
_ qco — pO
<a,p>

— (p, d1)—>°(q, $2) iff (p, p1)==>(q, ¢2) andep = f((q, ¢2)) = ¢,
— Finally, F© = G.

By definition,L,,(M, G) = L(M¢, F¢). So it suffices to show thdt(M¢, F¢) = L(A, F).

We note thatV/¢ simulatesA via the map®, where® ((p, ¢)) = p and®(¢°) = ¢°; that
is, states of/¢ map to states ofA so that transitions o#/¢ on an action map to transitions
on the same action, and initial and final states map to initial and final states respectively. It is
then routine to show language equality and the proposition follows. a

We prove the following proposition which is used later to show that languages obtained by
AC-systems and shuffle coincide.

PROPOSITICN 6

Suppose, forall € Loc,L; = L,,((M;, f;), F;). Take anAC—systefu = (M, My, ..., M,,

< fi,o, fu >, Microc Fy) withthe initial stateg?, - - - , ¢0). Letéo denoteenvg?, - - - , ¢0).

ThenL(M) = (|| Li)g.

Proof. (C:) Letx € L(M). Then there is a final sta(qlf, e ,q,{‘) € I;er,cF; such that
@, . q0=(q! .- . q]).Byproposition 2 there exist € £¢* suchthay’=¢4 and
x is generated by the tupley, x2, - - - , x,) undergo = envg?, - - - , ¢2). Since eaclql:f isin

F;, eachy; isin L;. Hence by definition of shuffle, € (|| L;)¢,. Therefore L(M) C (|| L;)g,.
(2:) Letx € (|| L)g. By definition, there exisk; € X7 such thaty; € L; andx is
generated by the tuple, xo, - - - , x,,) under&o.

Xi

Sincex; € L;,foralli € Loc, there is somg’ e F; such thay®=—>¢g/ . By proposition 4
we have(¢?, -, ¢9==(f1, ..., fu) € MicrocF;. Hencex e L(M). Therefore(|| L;)s, €
L), 0
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We state the main theorem connecting AC-shuffle and languages accepted by AC-systems.

Theorem 2. E(AC—Shufflei) = Regy = E(ACSi).

Proof. Consider L € £(ACS§). Then for some ACSM = My, My, --- . M,,

< fi,oooufu > F), L = L(A7I). One can then writd. as L = U £(A7iqf) where
q/eF

My = (M1, M), < fi,-, fi > 1¢'). Let ¢/ = (¢f,q3. - . q!) and

L; = L,((M;, ), {qt:f}). By the previous proposition there is an assumption environment

& such thatL(IVqu) = (|| Li)g. This pIacesL(A7qu) in E(AC-Shufflei). Then, since

£(AC-Shuffle§) is closed under uniorT, also is placed in it.

LetL = (|| L;)g. SinceL;’s are regular oveE¢, by proposition 5, there are AC-automata
((M;, ), F;) such thatL; = L,,((M;, f;), F;). We show that. € Regs. By proposition 6,
the ACSM = (Mq,--- ,M,, < f1, -+, fu >, icroc F;) acceptsl. SinceM is an FA over
¥, L € Regs. Since any language iﬁ(AC-Shufflei) is either an AC-shuffle language
or a union of AC-shuffle IanguageS(AC—Shufflei) C Regs. The theorem then follows

from theorem 1. O

5. A Kleene theorem for ACS'’s

We now consider the question of syntax for IanguageS(imcsi). The syntax is given in
two layers, one for ‘local’ expressions and another for parallel composition. Fix a distributed
alphabetz, a commit alphabet, and the associated extended alphabet.

ACREG; := 0| <a, ¢ > Xf | p+q|piqlp*
ACREG := (|[l_yri)e-ri € ACREG;, £ € E
| Ri+ Ry, R; € ACREG.

The semantics of these expressions is given as follows: for e&clioc, we have a map

;: ACREG; — 221'6*, and globally a map [ ACREG — 2*". These maps are defined
by structural induction:

- [7]; = 0.

—[<a,¢>],={<a, ¢ >}

- [p+4li =[pl; Ylgl;

- [p: ql; = [pl; - [4];-

- [p*l; = {plD" R N .

= [Gollr2ll - el = Irala N [r2d2 Il -+ 1 [rad e
— [R1+ Ro] = [R1] U[R;].

Thus, theACREG; expressions give languages oWt and thenAC RE G expressions are
given semantics via AC-shuffle of these local languages and their unions.

The class of regular languages generated by AllBREG expressions is denoted as
L(ACREQG). Formally,E(ACREG)E ={L C ¥*| for some commit alphabée?, there is

anR € ACREG overx¢ such thatL = [R]}.
Then, from the semantics and theorem 2, we get the following characterization.
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Theorem 3. E(ACS)i = £(ACREG)§ = Regs.

5.1 A different syntax

The syntax presented above is not entirely satisfactory, since every expression in the language
necessarily involves assumptions and commitments. Typically we wish to make assumptions
only atsomecontrol points rather than at all control points. Moreover, §hgarameter in

the parallel composition operator is awkward. As it turns out, these are not serious problems.
Consider the modified syntax (wheFfAC R EG stands for assumptions and commitments
occurring ‘free’ within expressions):

FACREG; :=0|acX;|¢e®|p+ql|p;q]lp*
FACREG :=r1||ra |-+ | rn.ri € FACREG, | R1+ Ry, R; € FACREG

We wish to mapFAC REG; expressions via a functiof); to languages oveE¢ so that
at the global level FAC REG expressions can be given semantics by AC-shuffle of local
languages as before. The natural semanti¢saf R E G; expressions give regular languages
overX U @ (call the semantic function J]. We translate these languages to languages over
X¢ in a systematic way, preserving regularity.

We describe a translation scheme that uniformly translates each string of the given lan-
guage. We illustrate this with a running example to make the basic ideas clear. et
a1p1¢razazpzas € (X U ®)*. The basic idea is to first convert every string oyEru @) to
one where the letters and assumption maps alternate.

(1) if there are consecutive letters we insert.an between them. Thus we translateo
arp1¢2az Lazpzay.

(2) if there are consecutive assumption maps then retain only the last one in the sequence.
Thus we getiypoar L azpzas.

(3) ensure that there is an assumption map at the beginning and at the and. If there are not
any, we putL. Thus, we getLai¢oar Lazpzas L.

(4) from the first letter onwards, pair up consecutive letter and assumption map. Thus, finally,
l-<ai, o> -<ap, L > -<az ¢3>- - <ag, L >.

For some more examples, note the following:

(1) arprax¢; is translated tal- < ag, ¢1 > - < az, ¢ >,
(2) araspr¢pois translated tal- < ag, L > - < ap, ¢ >, and
(3) poarp1ar is translated @ < a1, 1> -<az, 1L >.

Itshould be clear that this translationis actually a function, cabiich that : (X;U®)* —

@ - X", Also following the steps described above, one can showitibah be expressed as
a composition of homomorphisms, herices itself a homomorphism.

Supposel. € (X U ®)* is regular. ThenL’ = h(L) is a regular language over U x¢.
Moreover, since for any string ib’, only the first element is i and|®| is finite, L’ can be
expressed a@ ¢-Ly whereLj is regular oveix?.

ped

DEFINITION 13

Letr € FACREG;:. Then(r), = n(r]).
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Consider the languageg - L;,i € Loc. The shuffle of these languages is given as:
(L1 Nl -+ I Lu)(gy, . Which is the AC-shuffle of the.;’s with the initial environment

(¢1’ ) ¢n)
The FACREG expressions are now given semantics via AC-shuffle.

DEFINITION 14

LetR = (ril - | pra) € FACREG and(r;); = |J #ixLix. Then,
kEF,‘

(R) = | @ai 1 T Luj) @y -

jielleLoc

By very definition,ﬁ(FACREGi) - L',(ACREGg).

In order to show that the other inclusion also holds, we need to prove that fafGRYE G
expressiomn, there is aF ACRE G expression’ such thatr’) = [r].

From the wayh is described above, it is easy to see that the alphabetic homomorphism
d: X — (¥ - ?) defined asi(< a,¢ >) = a¢ suffices for the proof, because then
h(p-d(x)) = ¢-x. We omit the monotonous technical details and summarize the result below.

Theorem 4. L(ACREG<) = L(FACREG

5 5

6. Discussion

We have proved that ACS’s ove characterize all regular languages ow®r Hence,
languages accepted by ACS's are closed under complementation, union and concatena-
tion. Indeed, the construction givesdaterministicACS for any regular language, hence

we have determinization as well. We can also directly define constructions on ACSs to
show closure under boolean operations though we do not as yet have a direct proof of
determinization.

A natural extension of the notions here relatesntinite behaviour of ACS’s. We can
indeed show that using appropriate Muller acceptance conditions, the results here extend
to w-regular languages as well (Mohalik 1999). This is of importance in the context of
verifying liveness properties of systems, which are specified on infinite system computa-
tions.

An interesting consideration on ACSs relates sab-regular languages. It is easily
seen that the class of languages obtained by shuffle or synchronized shuffle is but a
small subclass of regular languages. A larger class of sub-regular languages are those
regular languages closed under the equivalencelefined in 83. We can show that
these classes can be obtained by simple restrictions on the structure of the commit
alphabets of ACS’s. Proceeding along these lines, we can study ACSs with a spe-
cific commit structure and we find new classes of sub-regular languages (Mohalik
1999).

It should be clear that ACS’s have strong relationships with structures studied in concur-
rency theory. In fact, the technigues that we use while constructing distributed state automata
in the process of decomposing regular behaviours arise mainly from partial order models
of concurrency. It is also worth noting here that the study of ACSs arose from the initial
work (Ramanujam 1995) where we studied such a decomposition theorem in a categorical
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framework, obtaining local presentations for a subclass of event structures. We first proved
(Mohalik & Ramanujam 1997) a decomposition theorem only for the class of regular trace
languages, and only later generalized it to the results here. Thus, it seems evident that ACS’s
bear a formal relationship to automata over partial orders, but a precise elucidation of such a
relationship seems difficult.

These remarks are intended here to emphasize the fact that the automata thory of ACS'’s
does seem to be rich in interesting notions. The study of these, particularly the complexity of
decision questions on ACS’s, is important for the design and verification methodology that
we outline here.

We conclude the paper with some remarks on the relevance of ACS’s in the context of
compositional verification introduced in 81. Note that each prociesan ACS over alphabet
¥; is describing a regular subset &f*. Consider a linear time temporal logic defined as
follows (along the lines of Ramanujam 1996b): IBebe a set of atomic propositiorise Loc.

The formulas ofd; are defined by:

xed, i=peP|-a|la1Var| <a>a, ani|a1Ua2
| [now] (¢ @)), j € Loc, o € ®;.

The semantics of these formulas can be defined easily on runs of ACS'’s. Note that formulas of
®; are interpreted on time instants on the ‘local clock’ of proéeaad how]a@; constrains

any global state to be such that the local instant for progesdisfiesy. Thus, this modality

acts like an assumption specification; the commitment made by a process is simply whatever
is true at that state. Now Idt define the syntax of global formulas:

peV i =a@j, jeLoc, x € ®;|—d |1V o

Now, we can associate an ACS with every formgilsuch that the language it accepts exactly
corresponds to the models of the formglaSuch aformula automaton constructiois at

the heart of automata based model checking procedures. We are currently investigating how
we can exploit the structure of the constructed formula automaton for compositional model
checking.

Appendix A. Proof of completeness

Here we prove the main result, that all regular behaviours on a distributed alphabet can be
accepted by Assumption-Compatible systems.

Theorem Al. Regs C E(ACSE).

We first define an automaton for the given regular language where the states are distributed but
the transitions are globally specified hence it is not locally presented. From this automaton,
we compute the assumptions and commitments forti§ and distribute the transitions as

well so that the product of th&C S accepts the same language.

A.1 Distributed state automaton

A Distributed State Automaton (DSA) dis a tupled = (Ay, ..., A,,—> 4, F), where

(1) foreveryi € Loc, A; = (Qi, —> 4;, s0) is thei-th TS onx;,
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(2) O = Mic1,.Q; is the state space of,

(3) (s2,---, 59 is the initial state,

(4) F C Q isthe set of final states, and

(5) — .4 C (0O x T x Q) satisfies the following condition:

If ((plv p2, ey pn)9 a9 (C]L q21 L] CIn)) € _)A then

(a) foralli € loc(a), (pi,a,q;) € — 4;, and
(b) forall j &loc(a), pj = q,.

Notice that the transition relatior— , satisfies only one half of the asynchrony condition.
This is the crucial difference between DSA's and locally presented systems. In DSA's global
transitions are givem priori while in locally presented systems, global transitions for the
product areconstructedy the asynchrony condition. We emphasize that DSA's are intended
only as intermediate representation for a given regular language. We believe that this gives
some structure to both the construction of the ultimate locally presented automaton and the
proofs needed to show language equivalence. (We will continue refer to condition (5) above
as the asynchrony condition.)

When(p, a, §) € —> , we writeitasp—> ,7. A isdeterministidf —> , is a deterministic
relation.

A.2 Properties of DSA

Fix adeterministidDSA 4 over . Recall the projection operatdr (£* x Loc) — *.

€, if x =e,
x[i =13 y[i, if x = ya andi € loc(a),
(y[Da, if x = ya andi € loc(a).

Recall also that for a non-empty string= as - - - ax, last (x) gef a.
Now we define| : (X* x Loc) — ¥* as follows.

DEFINITION Al

€ ifx[i=¢
. def | y suchthaBu € X* : x = yu,
b= last(y) € =; andu[i = €
if x[i # €.

x Ui gives the maximal prefix of ending in ani-action. For example, leE =
{{a, c}, {b, c}}. Thenab | 1 = a, abcaa || 2 = abc andabcaac |} 1 = abcaac.

We make a couple of simple observations aljpioth of them follow from the maximality
ofx Jiinx.

(1) Forallx € *,i, j € Loc, if x |} i isaprefixofx || jthenx i = (x| j)Ui.
(2) Forallx € *,i,j € Loc,if x | i = yaandx || j = y'a,thenx || j = x | i and
hencey = y'.

Let, forallx € %, (x) 4 def (g1, -+, qn) € Q such that
(2, 5= 4(q1, -+, gu). SinceA is deterministic(x) 4 is well-defined.
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DEFINITION A2

Theeventsassociated with strings ovér are defined inductively as follows:

def | ((€)g.€,(6)y) ifx=e
event(x) = {((y)A,a,<ya)A> if x = ya

An event, sayvent (x), is called an-event if eithetx = € orx = ya anda € ;. Inthe DSA
A there is a precedence relation among the events associated with strings. The definition
below says when aitevent precedes aevent.

DEFINITION A3

event (u) i->-j event (v) iff there is arv € * such that |} i isaprefix ot || j, event (u) =
event (r |} i) andevent(v) = event(r | j).

It is clear from this and definition of thatevent (u) i->-j event (v) iff there is anr € X*
suchthat =r || j, event (v) = event (r) andevent (u) = event(r |} i).

We prove certain properties of DSA's in terms of the definitions above. An immediate
corollary of the asynchrony condition o is the following.

PROPOSITION Al

Forall x € £*, (x { i) 4 [i] = (x) 4 [i].

PROPOSITION A2

Leti, j € loc(a). event (xa) i->-] event (ya) implies(x) 4 = (y) 4 -

Proof. Supposervent (xa) i->-j event (ya). By definition, there exists an e X* such that
event (r |} i) = event(xa) andevent (r || j) = event(ya) andr | i is a prefix ofr || j
(see figure Al).

From the definition otvent, we have

- () g.a,(xa)4) = () 4. ¢, (r'c) ), wherer | i =r'c, and
— (Mg.a.va)g) = (") 4. d, ("d) 4 ), wherer | j =r"d.

From these conditions, we get= d = a. From the observation about we immediately
getthatr 4 i = r | j, or, equivalently,’a = r”a. This means”’ = r” and therefore

DA =0y =0 =04 - O
DEFINITION A4
A DSA A is stutter-free if for every p, 7 € 0,
7p—> g implies for alli € loc(a), pli] # qli].
Informally, this means that transitions change the local states of all participating agents.

PROPOSITION A3

Supposed is stutter-free. Ler, w € X*, a € ¥; andk € Loc. Thenevent(ua) i->-K
event (w) andevent (u | i) i--k event (w) can not both be true simultaneously.
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r Figure Al. event(xa) i->-j event (ya).

Proof. Suppose thatvent (ua) i->-k event (w) andevent (u || i) i->-K event (w) simultane-
ously.

Claim. Let x,y,z € ¥* i,k € Loc and suppose bothvent (x) i->-k event(z) and
event(y) i->-K event (z). Then,(x) 4 [i] = (v) 4 [i].

Assume the claim. Theriua) 4 [i] = (u I i) 4 [i] = (u) 4 [i], thus violating the stutter-
free condition. But4 is given to be stutter-free, hence we get a contradiction, thus proving
the proposition.

Proof of claim.Supposecvent (x) i->-k event (z). Then, there is an € X* such that =
r | k, event (z) = event(r) andevent (x) = event (r || i). Hence, from definition of event,
we have(r) 4 = (@) 4 and(x) 4 =@ U i) 4 -

Therefore, (x) 4 [i] = (r | i) 4[i] and using Proposition Al we getx) 4 [i] =
()4 [i] = (@ 4 [i]-

Arguing similarly, we have(y) 4 [i] = (2) 4 [i]. Therefore,(x) 4 [i] = (y) 4 [i]. This
proves the claim and the proposition. a

DEFINITION A5

A is four-alternation-freeif for all i,k € Loc, fora,cin X; \ X, b,d € Z; \ Z; and
reX(rli=ra, il k=rb, roli=rs, rs{ k=rsdandry i = rs)implies
(rs) g4 # )y -

Thefour in the definition is becausetransitions and-transitions alternate four times in
the loop (see figure A2).

This definition says that a particular kind of “bad” loops are not present in a four-alternation-
free DSA. This characteristic of a DSA helps in synthesizing a behaviour preserving ACS as
we will see in the next sectioh.

We really do not have any intuition to offer as to why only “four” works. This seems to be connected to
some kind of minimal unfolding of the DSA necessary for the synthesis
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noi-transition rs

v -
noi-transition

Figure A2. WhenA is four-alternation-free, such loops are not presemt in

PROPOSITION A4

Suppose DSA is four-alternation-free. Let, y € X*,a € ¥, i € loc(a), k € loc(a) such
that

(event (ua) i->-K event (y) andevent (y) k+-i event (u |} i)).
Then,(y) 4 [k] = (u) 4 [k].
Proof. By definition of +-, we have

(1) 3Ir € X* such thakvent(ua) = event(r || i), event(y) = event(r | k) andr |} i isa
prefix ofr || k. Hence,

rli=0 Uiy = Uiy, andy)g =g (AL

(2) I’ € T* such thatvent (y) = event (r’ | k), event(u | i) = event (v’ || i) andr’ || k
is a prefix ofr’ || i. Hence,

rlk=0"4bk, Mg =" Lk gand@ i)y =040y (A2)

Claim. u |} kis a prefix ofu |} i.
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Figure A3. Thecaser | k # (u | i) | k.

Assume the claim. Them, || k = (u | i) | k. (recall the simple observation we made
aboutl}). Then,

() g [k] = @ k) 4[] (from proposition A1)
= (i)Y k)4 [k] (bythe claim)
= (u i)y [k] (from proposition Al again)
=" i)y [k] (from (A2) above)
= ((r' 4 i) U k) 4 [k] (from proposition Al yet again)
= (" J k) 4 [K] (from (A2) above)
= (y) 4 k] (from (A2) above)

and thus we prove the proposition.

Proof of claim.Supposex | k is not a prefix ofu |} i. This implies(u | i) is a prefix of
u { k or, in other words,

ulli=wlk i (A3)
We show that this leads to a contradiction. See figure A.2.

e Because of (A3)y can be written as;cxodxs, for somex; € X*, xoin (X \ X;)*, x3 €
(Z\ (Z; UZp)* whereu || i = xic,c € i, d € T\ T

e Sincer | i = (r | k)i, we canwriter | kas(r | i) - x4b, for somexs in (X \ X;)*
andb € X\ %;, by (Al) above.

e Finally, sincer’ | k = (+' |} i)Uk, we can writer’ || i as (+’ | k) - xsc, for some
x5 € (X \ Zp)* andce ¢ %;, by (A2) above.

Note that

(u i)y, from item 1 above,
Uiy, sinceevent (u || i) = event (¥’ |} i),
(r'" U k- xsc) 4, fromitem 3 above

(x10) 4
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By (Al) and (A2) above(r k)4 =y Uk g4 =" L k) 4.
Hence, we get

(x10) 4 = (r ¥ k-xs50) 4 (from preceding observation)
= ((r Ji-x4b)-x50) 4 (from item 2)
= (((ua) - x4b) - x5¢) 4 (from (A1) above)

= (x1c-x2d - x3a - x4b - x5¢) 4 (from item 1)
Let ys = xyc andy = xjc - xad - x3a - x4b - xs¢. Then what we have got here is

Mg =054 - (A4)
Also, one verifies that

(1) y Ui =x1¢-x2d - x3a - x4b - x5¢, Sincec € ;. Let y1 = x1¢ - xod - x3a - x4b - xs.

(2) y1 I k = x1¢c-x2d-x3a-x4b, SiNCED € T andxs € (T \ Zp)*. Letyy = x1¢-x2d - x3a - X4.
() y2 Ui =x1c-x2d - x3a, sincea € T; andxy € (X \ Z;)*. Let y3 = x1¢ - xod - x3.

(4) vz i k = x1c - xod, sinced € PP andx3 e(X\ DI Lety4 = X1C - X2.

(5) Finally,ys | i = x1¢ = ys, Sincec € T; andx;, € (T \ X;)*.

But sinceA is four-alternation-free ang and ys satisfy the assumptions of for four-
alternation-freenessy) 4 # (ys) 4 - Hence, from (A4) we get a contradiction. Thus we
settle the claim and hence the proposition. a

A.3 From DSA to ACS

The idea behind introducing the notionsgtbitter-freenesandfour-alternation-freenesis

that DSA's with these properties facilitate construction of equivalent ACS’s. We demonstrate

this construction first. Then, given a regular language, we will show how to construct a DSA

with the above-mentioned properties. Thus we will getan ACS for the given regular language.
The following theorem establishes the required correspondence between DSAs and ACS'’s

overx.

Theorem A2. Let A be a stutter-free and four-alternation-free deterministic DSAShN
Then, there exists an AQ% on X such thatL(A4 ) = L(M).

Proof. We first define some sets that will be used to construct the commit alphabet and local
states of the ACS.

DEFINITION A6
Fori € Loc, S; gef {event(x) | x e ¥*,x | i = x}.

The commit alphabetis defined as follows: foralle Loc,C; = 25 andx = wiff A 2w

Now we constructan ACY = (M1, --- , M,,, < f1,---, fn >, F)over(X, C) from the
DSA A as follows.

For eachi € Loc, i-local TSM; = (Q;, —>, ¢°) where

- Q; =38,
— qio = event(¢), and
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- p—”>,-q iff there is au € X* such thatp = event(u || i) andg = event (ua | i).
— Local assumption maps are defined as follows.

For everyevent(x) € Q;, fi(event(x))(j) = {event(y | j)|event(y Ji) =
event (x)}.

Lastly, the set of final states is defined to be
F = {(event(x } 1),...,event(x | n)) | x € L(A)}. _
Let(M = (Q, —, (qf, e ,q,?)), F) be the compatible product automatonMfwhere

@ is the set of all compatible states. Sinl:eﬂ) gef L(M, F), we show in the following

thatL(A) = L(M, F).
We first observe some properties of the assumption maps.

(1) Foralli € Loc, f;(event(x))(i) = {event(x)}.

Proof. Forevent (x) € Q;, x || i = x. Hence, by construction,

fi(event (x))(i) = {event(y | i) | event(y | i) = event(x)} = {event(x)}.
O
An immediate consequence is the following.

(1) Foralli, j € Loc,

fi(event (x))(j) =, fj(event(y))(j) iff {event(y)} S fi(event (x))(j).
(2) Foralli, j € Loc andg € Q;,

i@ () =1{p € Q; | eitherp j->-i g orq i->-j p}.
Proof. Lets € f;(g)(j). Then, there is an € X* such thats = event(x || j) andg =
event (x |} 7). Since eitherx || j < x | i or vice-versa, we have eithel->-i g or g i->-j s
and hence € RHS.

The other inclusion follows from the definition of assumption maps. O

We now observe some properties of the compatible product.
(1) Forallx € X*, (event(x | 1), ..., event(x | n)) is compatible.

Proof. We need to showthgt (event (x | i))(j) =; fij(event(x | j))(j)foralli, j € Loc.
This is equivalent to showingpent (x || j) € fi(event(x | i))(j) (by the observation about
assumption maps above).

By definition,

fiCevent(x Y i))(j) = {event(y | j) | event(y | i) = event(x | i)}.
Therefore, the property is proved by settingp bex. O
(2) Forallx € =*,

(event(x | 1), ..., event(x | n))==(event(xa | 1), ..., event(xa || n)).
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Proof. Notice first that the given states are compatible by the preceding result. One just has
to check that the asynchrony condition holds for the transition.
(1) Fori €loc(a),x | i =xa | i, hencegvent(x || i) = event(xa | i).
(2) From the definition of—;, it directly follows that for alli € loc(a),
event (x | i)—>;event(xa || i), and we are done. i

In the light of the above, by a simple induction on the length of strings we get foralL*,

(event(€), ..., event(e€)) = (event(x UD,...,event(x | n)).
These observations immediately give us the following lemma proving one direction of
theorem A2.

LemmaAl. L(A) C L(M).

Proof. Letx € L(A). Then,(event(x | 1), ..., event(x |} n)) € F by construction. Also,
from the observation above,

event(€), ..., event (€)== (event (x J12),...,event(x | n)).
Hencex € L(M).

We now prove the more difficult direction, which uses the special properties of the given
DSA.

LemmaA2. L(M) C L(A).

Proof. Letx € L(A7I). Then there is @ € L(A), such that there is a pathvent (¢), .. .,
event (€)) = (event(u | 1), ..., event (u || n)).

Claim. Vx € *, (event(€), ..., event (€)== (event(z1), . .., event(z,)) implies for all
i € Loc, event(z;) = event(x | i).

Assuming the claim, for all € Loc, event(x |} i) = event(u || i). This implies for all
i €Loc, (xyi)q = wmli)y,andhencéx) g [i] = () 4[i]. So(x) 4 = (u) 4. This
means that both andu lead to the same state. Sincex € L(A ), andA is deterministic,
(u) o € F4 .Therefore(x) 4 € F4 whichmeans € L(A).
Proof of claim.The proof is by induction onx|. The base case is trivial. Assume that the
claim holds for all strings of length. Takex = ya.

Suppose(event (€), . . ., evep\t(e))%(event(zl), ...,event(z,)). Then there is a state
(event(y1), ..., event(y,)) € Q such that

(event(e), ..., event(e)):y>(event(y1), ...,event(y,)), and
(event (y1), . .., event (y,)) —> (event(z1), . . ., event (z,)).
By induction hypothesis
event(y;) = event(y | i) foralli € Loc . (AB)

We have to show thatvent (z;) = event(ya | i) foralli € Loc.
Case 1i ¢ loc(a). Then,event(z;) = event (y |} i), by asynchrony and induction hypothe-
sis. Sinceevent (y || i) = event(ya | i) fori & loc(a), we are done.
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Case 2i € loc(a). Sinceya || i = ya, we have to showvent (z;) = event (ya).
By asynchrony, foralj € loc(a), event (y;) -5, event(z;). Hence, from the construction
of —i>, we have, for allj € loc(a), a stringu; € X* such that
event(y | j) = event(u; | j),and (A6)
event(uja) = event(z;). (A7)

So it suffices to show thatvent (u;a) = event (ya). From the definition okvent, it suffices
to show that(u;) 4 = (y) 4 or equivalently,

] (to show) for allk € Loc, (u;) 4 [k] = (») 4 [K]. \

We do this separately for two casésZ loc(a) andk € loc(a).

Letk € loc(a). Because the statevent (z1), .. ., event(z,)) is compatible, we know that
event (z;) € fr(event(zi))(i). Henceevent (u;a) € fi(event(ura))(i) by (A7).

From the property of assumption maps, it follows that either

event(u;a) i->-K event (ura) or event (uia) K->-i event (u;a).

In both the cases, from proposition AZ,) 4 = (ux) 4 - Hence(u;) 4 [k] = (ur) 4 [k].
By (A6) and using proposition A1 we get, for all € loc(a), (un) 4 [m] = () 4 [m].
Therefore(u;) 4 [k] = (y) 4 [].
Now, letk & loc(a).

(1) By compatibility of(event(z1), ..., event(z,)), event(z;) € fy(event(zx))(i).
Therefore, by property of assumption maps,
[eitherevent (z;) i->-K event (zx) Or event (zi) K->-i event (z;)].
(2) By compatibility of (event (y1), ..., event(y,)), event (y;) € fir(event(y))(i).
Therefore, by property of assumption maps
[eitherevent (y;) i->-K event (z;) or event (z;) K->-i event (y;)].

We consider the possible cases. Remember that we are considering the case \idwgn)
andk ¢ loc(a). Hence, in the followingevent (z;) = event (y;).
Case evert;) k->-i even{z;): There is arnv € X* such thatr | i = r, event(z;) =
event (r) andevent (z;) = event (r | k).

From this and (A7), we getvent (u;a) = event(z;) = event (r) and from asynchrony, we
getevent (yy) = event(z;) = event (r |} k).

Then

WM A k] = (v U k) 4[k] (by proposition Al)

(i) 4 [£] (by induction hypothesis (A5))
(r 4 k) g [k] (sinceevent(yy) = event(r | k))
(r) 4 [k] (by proposition Al)

(uja) g [k]  (sinceevent (u;a) = event(r))

(ui) 4 [K] (sincek ¢ loc(a)),
which is the required result.

Case evert;) i->-k eventz,) and eventy;) i->-k eventz,): We have event(z;) =
event (u;a) by (A7) andevent (y;) = event (u; || i) by (A5) and (A6). Hence, for this case,

event(u;a) i->-K event (z;) andevent (u; | i) i->-K event (z;).
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Then, since we assume thétis stutter-free by proposition A3 this case is not possible.

Case evert;) i->-k eventz,) and eventz;) k->-i eventy;): Recall that for the case under
consideration(namely,e loc(a), k & loc(a)),

— event(z;) = event (u;a)(from (A7)),
— event(z;) = event (y;)(by asynchrony) and
— event(y;) = event (u; | i)(from (A5) and (A6)).

Hence,event (u;a) i->-K event (y,) and event (y;) k->-i event (u; | i). Then, since the
DSA A is four-alternation-free, from Proposition A4, we haue) 4 [k] = (yx) 4 [k]. Then,
from (A5), applying Proposition A1, we finally gét;) 4 [k] = (v) 4 [k].

Thus we have proved that for all locatiohs= Loc, (u;) 4 [k] = (¥) 4 [k]. Thereby we
prove the claim and the lemma. ]

Lemmas Al and A2 prove theorem A2, stated below again.

Theorem A2.Let A be a stutter-free and four-alternation-free deterministic DSAShN
Then, there exists an AQ% on X such thatL(A) = L(M).
A.4 Regular languages and DSA

Because of theorem A2, in order to show that ACS’s oXecharacterize the class of all
regular languages ovét, it suffices to prove the following theorem.

Theorem A3. Let the class of deterministic DSA’s ovErthat are stutter-free and four-
alternation-free be denoted as FDSA. Tma(rFDSAi) = Regs.

Proof. Sincethe globalautomaton ofa DSA (hence that ofan FDSA) is a finite state automaton
over X, languages accepted by DSA's are regular el hus we get the easy direction.

For the other direction, let € Regs. We construct a deterministic FDSA ¥ such that
L(A) = L andA has the required properties.

DEFINITION A7 (A labelling scheme)

Let/ : X* — (Loc x Loc — {0, 1, 2}) be a labeling function defined inductively as follows:

l(e) gef C whereC(i, j) = 0 for everyi, j € Loc. Leti(x) = C. Thenl(xa) def C’ where

Ca, j) Vi ¢ loc(a)
C'i,j) =10 Vi, j € loc(a), and
(C(j,i) +1)mod 3 Vi € loc(a), j & loc(a).

(When for somer € X%, I(x) = C, we use the notatiod;; to denoteC(i, j)).
Note that, by definition](x) (i, i) = 0 for all x andi € Loc.

ExampleAl. LetS = {{a, c}, {b, c}}. Then,

o) = (8 8)11(0): (8 é),l(ac) _ (g 8),1(ab)= (g é),l(aba): (g 8),

l(abab) = <2 8)
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PROPOSITICON A5
Forall x € &*,i,j € Loc, L(x)(i, j) =1(x { i), j).

Proof. (by induction on|x|)

Whenx = ¢, l(x)(Q, j) = 1(e)(i, j) = I(x J i)(, j). Supposex = ya. By induction
hypothesis, for all, j € Loc, L(y)(, j) =1(y § i), j).
Casel.a € ;. x = x | i and hence the proposition holds.

Case2.a ¢ X;. Then, by definition ofl, I(y)(i, j) = I(ya)(, j) = l(x)(, j). Since
y{i=yali = x{i, using induction hypothesis we halex)(i, j) = I(y)(, j) =
Iy 40 j)=1x 4D j). O

PROPOSITION A6
If x | jis a proper prefix ok || i thenli(x)(i, j) =1(x)(j, i) + L mod 3.
Proof. By the preceding result,
1)@, ) =1x 4 DG, j)andl(x)(j, i) =1(x U j)(j, D).
By the given conditiony | i = (x | j) - ua, for somea € (%; \ ;) andu € X* such that
ul[j=c.Hencex || j = (x | j-u) | j. Then from previous observation we can derive:
L)@, j) =1x 4 D, Jj),
=Ilxyj-u(,i)+1mod3
=4 j-wl )G, i)+1mod3
=Ix 1 j)(,i)+1mod 3
=1(x)(j,i) +1mod 3 |

Let L be a regular language ov&r. We define the following relations oB*. It can be
easily checked that these are equivalence relations of finite index.

DEFINITION A8

Let x\L ot {y € ¥* | xy € L}. Foralli € Loc, x=;y iff I(x i) = I(y i) and
(x4 iN\L=yi\L.

LemmaA3. If (for all x, y € X* and for alli € Loc, x=;y) thenx\L = y\L.

Proof. Casel. x = € andy = €. Lemma holds trivially.

Case2.x = e andy # €. Letj € loc(last(y)). Theny || j = y. Alsox || j =€ = x. By
the assumption of the lemmas=;y. By definition of=;, x\L = y\L.

Case3. x # € andy # ¢. Consider the following claim.

Claim. Letx, y be non-empty strings ov&r*suchthatforalk € Loc x=;y. Letlast(x) = a
andlast(y) = b. Thenloc(a) Nloc(b) # .

Assuming the claim, there iskac Loc such thak € loc(last(x)) Nloc(last(y)). Hence,
x J k=xandy | k = y. Then, sinca=;y (by the antecedent of the lemma), by definition
of =, thenx\L = y\L.
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Proof of claim.Supposdoc(a) N loc(b) = @. Takei € loc(a) andj € loc(b). Then,
x{i=xandy| j=y.Letx | j =x"andy | i = y'. By our assumptiony’(respy’) is
a proper prefix of(resp.y).

Sincex=;y,l(x) = I(x Ji) = I(y Ji) = I()). Leti(x) = C = I(y'). Then, by
proposition A6/(y) = C’, whereC’; = Ci; + 1 mod 3.

Further, since=;y,I(x") =1(x § j) =1y | j) =1(y). Nowl(x") = C" = [(y). Again,
by proposition A6C;; = C’; + 1 mod 3.

From the previous paragraph, we then @&t,= C;; + 2mod 3, which is a contradiction.
Thus we prove the claim and the lemma. a

The labelling above is so designed as to construct a DSA that is four-alternation-free. In
order to ensure that the DSA is also stutter-free, we introduce an obvious notion as below.

DEFINITION A9 (i-parity)
Definei-parity : ©* — {0, 1} as: for allx € X*,
i-parity(x) = x[i| mod 2.

For example, lett = {{a,c}, {b, c}}. Then, 1-paritya) = 1, 2-paritybab) = 0 and
1-parity(abab) = 0.

The following proposition regardingparity of strings follows easily from the definition
of |J.
PROPOSITION A7
Forall x € X* andi € Loc, i-parity(x) = i-parity(x | i). Therefore, for alli ¢ loc(a).
i-parity(x) = i-parity(xa).

Now we define, for eache Loc, equivalence classes that are to be the local states of the
DSA.
DEFINITION A10
Forallx,y € &*,i € Loc, x~;y iff x=;y andi-parity(x) = i-parity(y).
Let [x]; denote the equivalence class undercontainingx.

The following results follow directly from definition of; and lemma A3.
COROLLARY Al

(1) [xa]; = [x]; forall i € loc(a).
(2) If (forall x,y € ¥* and for alli € Loc, x~;y) thenx\L = y\L.

The local automata; of the constructed DSAd are defined asQ;, — .;, sio), where
0i = {[xli |x € =}, s = ([e];, 0) and —>,; = {([x];, a.[xa]) | x € £*}. Finally,
A = (A4, Ay, ..., A,, —> 4, F), where
—a = {(([x]1, [x]2, - . . [x]n), @, ([xa]u, [xd]2, . . ., [xa]n)) | x € %} and
F = {([x]a, [x]2, ..., [x]n) | x € L}.

ExampleA2. Let T = {{a}, {b}}. In figure A4 we construct a DSA for the langua@e)*.
Thei-equivalences are computed from table 1.

S0, 01 = {[e]a} U {[(ab)"a]1 | m < 5}, and Q> = {[e]2} U {[(ab)"]2 | m < 6}.
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Table A1. Computation of-equivalences.

X I(x) 1-Parity(x) y 1(y) 2-Parity(y)

€ l(e):<8 8) 0 € I(e) = (8 8) 0

a l(a) = (8 é) 1 ab I(ab) = (g é) 1

aba l(aba) = (g 8) 0 (ab)?  1((ab)?) <2 8) 0
(ab)a  1((ab)?a) = (2 (2)) 1 (ab)®  1((ab)®) = <8 S) 1
(ab)3a  1((ab)2a) = (8 é) 0 (ab)*  1((ab)*) = <g é) 0
(ab)*a  1((ab)*a) = (‘2) 8) 1 (ab)® 1((ab)®) = (2 8) 1
(ab)®a  I((ab)®a) = (2 g) 0 (ab)®  1((ab)®) = (8 S) 0
(ab)®a  1((ab)®a) = (8 é) 1 (ab)"  1((ab)") = (g é) 1

A.5 Properties of the constructed DSA

(1) We observe that by construction> , is deterministic.
(2) A is stutter-free.

Proof. Suppos@—-> .g. We need to show that for alle loc(a), P[i] # gi].

By our construction, there is an € ¥* such thatp = ([x]1, [x]2, ..., [x],) andg =
([xals, [xal2, - . ., [xal,). Foralli € loc(a), i-parity(x) # i-parity(xa), hence £]; # [xa);.
Therefore p[i] # q[i]. O

(3) A is four-alternation-free.

Proof. Letr € *besuchthat || i = ria,ri 4 k =rob,ro y i =rsc,r3 |l k = rsd and
r4 4 i = rs. Further, leta, c € %; \ X andb,d € %; \ X;. We show thatrs) 4 # (1) 4
which showsA is four-alternation-free.

We show that(r) (i, k) # L(rs)(i, k), which gives us the result. Létrs) (i, k) = ¢ mod 3.
We know that for allk € X*,i, j € Loc, [(x)(i, j) = 1(x | i)(i, j). We repeatedly use this
observation below.

Lra)(i, k) =1(ra 4 D, k)

=1(rs)(, k) (assumption)

=cmod 3, (say)
l(r3)(k,i) =1(r3 4 k)(k, Q)

= 1(rad)(k, Q) (assumption)

= (I(rg)(i, k) + 1) mod 3 (sinced € ; \ Z;)
= (c+ 1) mod 3,



248

Swarup Mohalik and R Ramanujam

(Lela,

(lala,

([ab]s,

([aba]a,

([(ab)?],

([(ab)?a]s,

([(ab)®]4,

[e]2)

a

[a]2)
b
[ab]2)

a

[abal]>)

b
[(ab)?]2)
a
[(ab)?aly)
b
[(ab)?]2)

a
_—=

(ab)" | 1= (ab)" 1a
(ab)™ | 2= (ab)™
(ab)"a | 1 = (ab)"a
(ab)"a | 2 = (ab)™

Figure A4. A DSA for the languagéab)*.

L(r2) (i, k)

L(ro)(k, i)

L(r)(i, k)

=1(r2 4 )i, k)
L(rac)(i, k)

(c 4+ 2) mod 3,
I(ry J k)(k, D)
[(rab)(k, ©)

cmod 3,
=I(r i) k)
= Il(ra)(i, k)

([(ab)®]1, [(ab)®]2)
b
([(ab)®al1. [(ab)®a]2)
a

([(ab)®]1, [(ab)®]2)
b

([(ab)*a]y, [(ab)*a]2)

a

([(ab)¥1, [(ab)¥]2)
b

([(ab)3a]1, [(ab)3a]y)

(assumption)
(I(r3)(k,i) + 1) mod 3 (sincec € Z; \ i)

(assumption)
(I(r2)(i, k) + 1) mod 3 (sinceb € I \ %;)

(assumption)

= ((r1)(k,i) +1) mod 3 (sincea € X; \ %)

= (c+ 1) mod 3.
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Hencel(rs)(i, k) # I(r)(i, k), as required. a

LemmaAd. Vx € =% : (([e]1, 0), ([€]2, 0), . . ., (€]n, 0= . ([x]1, [x]2 - - ., [X]n)-

Proof. By the construction— , is deterministic and by corollary A1(H— , satisfies the
asynchronyproperty. Hence we get the result by induction|eh O

PROPOSITICN A8
L(A)=L.
Proof. (2): Letx € L. Then, by the previous lemma

(els. [elz. -, [el)=allx]a, [¥2, - [x]0) € F.

Hencex € L(A).
(S): Letx € L(A). Then,([x]1, [x]2, ..., [x],) € F. This implies

([x]1, [x]2. - .o [x]) = (]2, DY]2e - DY)

for somey € L.
By corollary A1(2),x\L = y\L.Sosincey € L, x € L. O

This proposition completes the proof of theorem A3, which, along with theorem A2, gives
us theorem Al.
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