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In m any reallife situations,we have to draw con-
clusions from data w hich are not com plete and
have been a®ected by m easurem enterrors.Such
problem s have been addressed from the tim e of
B ayes and Laplace (late 1700's) using concepts
w hich parallelB oltzm ann'suseofentropy in ther-
m alphysics. The idea is to assign probabilities
to di®erentpossible conclusionsfrom a given set
of data. A critical { and som etim es controver-
sial{ input is a p̀rior probability',w hich repre-
sentsourknow ledge before any data are given or
taken! This body of ideas is introduced in this
article w ith sim ple exam ples.

From the earliest tim es,thinkers have recognised two
distinctwaysoflearningabouttheworld welivein.Our
educationalsystem givesprom inence to the ¯rstone {
d̀eduction'.Thebestexam pleisofcourseEuclid'scon-
struction ofgeom etry from a few innocentlooking ax-
iom s. In theworld of¯ction,Sherlock Holm esclaim ed
to d̀educe'whathad really happened in a crim e from
a few clues. Butin reality,whatm ostofus(Sherlock
Holm esincluded)practise,should becalled ìnduction'.
Logicianshave given thisnam e to drawing conclusions
from observationsorexperim entsby a ratherdi®erent
process.Tostartwith,wehavealargenumberofpossi-
blehypothesestochoosefrom .Observationsand exper-
im entaldata areused to narrow down thepossibilities.
The word h̀ypothesis'isbeing used in a rathersim ple
sense here. Forexam ple,ifwe are trying to determ ine
theellipticalorbitofan asteroid,the h̀ypothesis'isjust
a setofnumbersgiving the plane ofthe orbit,the size
and shape and orientation ofthe ellipse in this plane,
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Figure 1. The (unknown)
orbit of the asteroid is
shown by dashed lines. At
three different times t1, t2, t3,
observations give the three
directions (but not dis-
tances) of  E1 A1, E2 A2, and
E3 A3.  The earth’s orbit E1 E2

E3  is assumed known.

and where the asteroid sits on the ellipse at a given
tim e. W e do not directly m easure these numbers but
rathertheangularposition in thesky atdi®erenttim es,
asseen from theearth which isitselfam ovingplatform .
Thesituation isillustrated in Figure1.

Gaussfaced precisely thisproblem oforbitdeterm ina-
tion in the year1801.A few observationsofCeres,the
very ¯rst asteroid discovered, were available. He in-
vented theso called m̀ ethod ofleastsquares'to choose
the best orbitconsistentwith the m easurem entsavail-
able. W e now explain how hism ethod ¯tsin with our
earliergeneraldiscussion. To sim plify m atters,we will
assum e,asin Figure1,thatthetwoorbits,ofearth and
asteroid,liein aplane.W eshow in Figure2twokindsof
graphs.One,m adeup ofindividualpoints,givestheob-
servations. The continuouscurves,givethepredictions
ofdi®erentpossibleorbits(i.e.,hypotheses).

Our¯rstreaction isthatitneedsonly fournumbersto
specifytheorbitintheplane.Thesecouldbethexandy
coordinatesoftheasteroid,and thex and ycom ponents
ofits velocity,at a given tim e (January 1, 1801, for
exam ple!).Fourm easurem entsoughttobeenough,and
weshould beabletodeducetheorbitwithoutguesswork.

Gauss invented

the so called

‘method of least

squares’ to choose

the best orbit

consistent with the

measurements

available.
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Figure 2. The points show
the actual observations.
The continuous curve A
shows what we might re-
gard as the best orbit. B is
another orbit at a greater
distance than A. The verti-
cal lines through the ob-
served points represent
errors of measurement.

ButGauss,although theprinceofm athem aticians,also
knew the realworld better. M easurem ents are never
exact,and thepointswould notlie exactly on thepre-
dictedcurveevenifweknew theorbit!W ecanstatethis
in anotherway. Foreach m easurem ent,we can draw a
verticalbarwhich representsthepossiblerangein which
the true value (ofthe angle)could lie. Each pointhas
now becom e f̀uzzy'or b̀lurred'in theverticaldirection
(The m easurem ent along the x-axis,viz tim e,is usu-
ally very accurateand wedo notworry aboutitserrors
here.)

Now we can readily see that there is a corresponding
fuzzinessoruncertainty in thecurvedrawn though the
points. W e have m oved from deduction to induction.
Othernam esforthisprocessare ìnversion'(going back
from the data to the hypothesis)and s̀tatisticalinfer-
ence.'

Going back to Figure 2,why do we choose the curve
A ratherthan thecurveB?An experim enterwould say
that t̀he deviationsofcurveA from them easurem ents
areconsistentwith theerrorbars,whilecurveB lieswell
outsidetheerrorbars.

Measurements are

never exact, and

the points would

not lie exactly on

the predicted curve

even if we knew

the orbit!
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Box 1. The Gaussian Distribution

A coin is tossed eight times. What is the most probable number of heads? Four of course. Why is eight

heads less probable than four?  Because there is only one way to get eight heads, HHHHHHHH. But there

are 8C4=70 ways to get four heads, since we now have freedom to choose any four of the eight tosses to

show heads. The full table of numbers is

No. of heads 0       1       2       3       4       5       6      7       8

No. of cases 1       8       28     56     70     56     28     8       1

and they are plotted in Figure A

To get the probability, we have to divide by

256. We have also superposed a bell shaped

curve. This is how the probability for n heads

behaves when the number of tosses is very

large (of course, we have to relabel the axes if

we have 158 tosses instead of 8!).  This is the

famous gaussian distribution. Its mathemati-

cal form is

 P (x)= A exp ¡
(x ¡ m )2

2¾2

!

:

 A is a constant of proportionality.

x = m is the peak of the curve and also the average value of x. s 2 is a constant which is called ‘variance’.

It measures the average of the square of the deviation of x  from m.

Figure A.

Now let us try and be m ore quantitative. Each error
barisreally nota linewith sharp lim its.Largererrors
are less probable,but not im possible. In fact,Gauss
him self,buildingon thework ofdeM oivreand Laplace,
proposed thattheprobability fortheerrorto bex falls
o® proportionally to exp

³
¡ x2

2¾2

´
.Thisisthebellshaped

graph sketched in Figure A.Box 1 gives a few m ore
details about this rem arkable,widespread distribution
which we allcallgaussian.Thebasicm essageofBox 1
isthatthe errorisitselfthe sum ofm any sm allercon-
tributions each ofwhich m ay nothave a gaussian dis-
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But let us

remember that

least squares is

not sacred or

perfect. It is only

as good as the

assumptions that

went into it.

tribution.Butthesum doesapproach thislaw in m any
cases. W e can think ofthe height ofthe gaussian as
m easuring thenum berofwaysthata given errorcould
bebuiltup from theunderlyingindividualcontributions
(\errorlets'?). The logarithm ofthisnumberis,there-
fore,proportionalto

log(exp
³
¡ x2¾i=2¾

2
i

´
)= constant ¡

x2i
2¾2i

:

¾2i is the average ofthe square ofxi:W hy do we take
thelogarithm ? Thisisaconvenientthingtodowhen we
wantto m ultiply numbers! Com e back to ouroriginal
problem ofdeterm iningthebestorbit(Figure2).W hen
we guess a given curve,A or B,we are autom atically
attributing the deviationsofthe pointsfrom the curve
toexperim entalerror.Soweshould beaskingourselves
{ Ẁ hatistheprobabilitythattheerrorstookthevalues
thatwearesuggesting?'Thisprobability isobtained by
multiplying gaussian functionsfortheindividualerrors
ateach m easured point.W enow wantto m axim isethe
jointprobability,i.e.,the product ofprobabilities. So
wem axim isethelogarithm ,which is

log(Probability oferrors)=

const+ anotherconst

Ã

¡
X

i

x2i
2¾2i

!

:

In thesim plecasewhereallthe¾
0

isareequal,thism eans
we have to m inim ise the sum ofthe squaresofallthe
errors(becauseofthenegativesign in frontofit).This
is the fam ous m ethod ofleast squares,and it is em i-
nently sensible. Itprevents us from doing silly things
like drawing the theoreticalgraph wellaway from the
points. Itensuresthaterrorshave both signs. Butlet
usrem emberthatleastsquaresisnotsacred orperfect.
Itisonly asgood astheassum ptionsthatwentinto it.
W hen theerrorsdonothavea gaussian distribution,or
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Box 2. Bayes' Theorem for Conditional Probabilities

One way of understanding this theorem is via

Figure B in which points stand for events and

areas stand for probabilities.

The horizontally striped region A represents all

cases or trials in which some event a occured. The

vertically striped region B similarly stands for all

instances of  b. The intersection C  of these two

regions is cross hatched and represents cases where

both a & b occured. We can now say

Area of  C = p(a,b) = joint probability of a and b

Area of  A = p(a) = probability of a

Area of  B = p(b) = probability of b

Conditional probability of a given that b has occured = p(a |b)

=
   area of C p(a,b) 

.
     area of A    

=
   p(a)

Hence, p(a,b)=p(a | b) . p(a). Similarly, p(a,b) = p(b | a) p(b).

Hence, equating these two,

 p(a | b)  =
   p (b | a) p(a)  

 .
p(b)

Since the left side is a function of a for fixed b, we can treat the denominator as a constant, as we have in

the main text.

Figure B. Venn diagram illustrating
Bayes’ theorem.
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when wehavesom ephysicallim itswhich restrictouror-
bit,wecan,and mustdobetter.Ourexam plewasreally
m eantto introducea broaderfram ework forhypothesis
testing.

Thisbroaderfram ework cam e even before Gauss. Itis
attributed toBayesand Laplace,whoworked in thelate
1700's.1 The basic (̀Bayesic?') idea isto use a sim ple
theorem ofconditionalprobabilityduetoBayes(Box2).
W eneed itin theform .
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Probability of H

(given D) states

the goal of all

experimental

science, viz.,  we

are given data, and

we try to assign

probabilities to

different

hypotheses based

on this data.

Probability ofH(given D)/ Probability ofD (given H)
multiplied by Probability ofH (notgiven anything.)

Ourchoice ofnotation is deliberate. H stands forhy-
pothesis,D standsfordata.Thelefthandsidestatesthe
goalofallexperim entalscience,viz.,wearegiven data,
and wetry to assign probabilitiesto di®erenthypothe-
sesbased on thisdata.Thatiswhatthenotation P(Hj
D)m eans.Therighthand sideofourequation tellsus
how wearetoachievethisgoal.Ithastwofactors.The
¯rstoneistheconditionalprobabilityP(DjH).In words,
given a hypothesis(orbitin ourearlierexam ple)what
isthe probability thatthe given data could arise (e.g.,
angle m easurem entsoftheasteroid)? W ehavealready
talked aboutthiswhen we multiplied gaussian (proba-
bility)distributionsforthe errorsatthevariousexper-
im entalpoints. In general,ifwe know how to predict
with ourhypothesisand weunderstand ourexperim en-
talerrors,we should have no di± culty with P (DjH).
(And ifwedon'tthe¯rstpriority istodoso!).Ourear-
lierdiscussion stopped atP(DjH){ which statisticians
callthe l̀ikelihood function'whenregardedasafunction
ofH {for¯xed D .Ofcourse,itisan honestprobability
distribution forD,when H is¯xed.

Buttherulesofprobabilitytellusthatthisisnotenough.
W ehavetofaceup squarely tothesecond factoron the
right side P(H).This is the unconditionalprobability
that a particular hypothesis H is true. Since this has
nothing to do with thedata,itiscalled the p̀rior'dis-
tribution. Perhapsthe philosophy ofKantshaped this
term inology. He believed that som e things like space
and tim e had to be given to us à priori',rightatthe
beginning.W ealready had som ekind ofpriordistribu-
tion in m ind in ourorbitproblem .W eonly drew curves
like A orB which werebased on Newton'slawsofm o-
tionandgravitation,anddidnottryothers.UsingP(H)
torejectwhatweknow tobeim possibleeven beforethe
observationsaretaken,isagood idea.ButP(H)alsoas-
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signsdi®erentweightstotwohypotheseswhich areboth
possible to startwith. Thisseem slike introducing the
experim entersprejudiceinto theinterpretation ofdata!
Hot debates continue on this point. The ghost ofthe
priorhashaunted Bayesian statisticalinferencefrom its
birth.Laplacehim selfcoined a p̀rincipleofinsu± cient
reason'. It was a way ofm aking the prior a constant
or°atfunction so asto beaseven handed aspossible.
Thisissim ilarin spiritto ouraccepting 1/2 and 1/6 as
theprobabilitiesforcoinsand dice.Butwhen wecom e
toacontinuousvariableq,goingfrom zerotoone,dowe
say ithasequalprobabilitiesto belessthan orgreater
than 1

2? There isa trap here pointed outby Laplace's
countrym an Bertrand.W hy notapply thesam e(insuf-
¯cient!) reasoning to q2;which goesfrom zero to one?
W ewould then concludetheqwould belessthan 0.707
with probability 1

2:Clearly one needs furtherinput to
decideon a priorin caseslikethis.

So far,wehavejusttouched thefringesofentropy con-
cept,when welooked atthelogarithm ofthenum berof
ways that a given error could occur. But we are now
prepared forthebasicproblem which faced Boltzm ann
when he investigated the theory ofgases in the latter
halfofthenineteenth century.Thereisdetailed discus-
sion in the article by Bhattacharjee in this issue,and
we only give the bare m inimum needed forthis story.
Boltzm ann would take the totalenergy and totalvol-
um eofa gasasgiven {thesecorrespond tothedataset
D.Letusthink ofthedetailed position (x)and velocity
(v) inform ation ofallthe m olecules as our hypothesis
H.Boltzm ann (and his great Am erican contem porary,
Gibbs)divided the space ofx and v into cellsofequal
volum e,m easured by theproductdxdv.Noticethathe
singled outx ratherthan x3;vratherthan v5:Thisprior
wasbased on hisanalysisofthe dynam icsofcollisions
between m olecules. The rest is history. He was able
todeduceM axwell'sprobability distribution law forthe



������� � ����	��

�� �������	� � ������������	

�

"� � ������� ���� ������
�������#�����

� �$���� ��� �����% � ���
� ������

����������&	'�

�

	��������
������%����
��
�������������

���������

������
���������
������
��
�

�
��
���

�
�

m olecularvelocity com ponentsvx;vy;vz.2 Even better,
he wasableto show how collisionswould producesuch
a distribution even ifitwasnotpresentto startwith.
These resultswere in fullagreem entwith experim ents,
both earlier and later. In m odern quantum language,
onecan stateBoltzm ann'spriorin a physically appeal-
ing way. Every single energy levelofthe whole system
getsequalprobability to startwith. W hile Boltzm ann
chosethevolum ein x¡ v spacebased on classicalcolli-
sions,today weknow thatthisisequivalenttocounting
energy statesin quantum theory.

W e now m ove forward about halfa century to 1948.
Stimulated by rapid advancesin electronics,oneofthe
besttelephone system sin the world wasestablished in
theUnited States.M any ofthenew developm entscam e
from theBellTelephoneLaboratories(BellLabsforshort)
and were published in theBellSystem TechnicalJour-
nal. Claude E Shannon, a young researcher at Bell,
contributed two paperson theM athem aticalTheory of
Com m unication. His deep insight was to introduce a
quantitative m easure ofthe am ountofinform ation be-
ing com municated. Afterall,thisinform ation iswhat
wereally pay thetelephonecom pany for!Ifyou receive
a m essage from som eone in the English language,you
already know theapproxim atefraction ofE's,T's,A's,
etc.Letussaythereareahundred lettersin atelegram .
There is a large number,W ,ofpossible English m es-
sages with a hundred letters.3 You open the telegram
and ¯nd outwhich oneoftheW isyourm essage.Shan-
non proposed thattheinform ation gained bem easured
by S = log2W . The reason fortaking the logarithm is
thesam easearlier.Two successivetelegram s(on unre-
lated subjects!) would correspond to W 1 £ W 2 possible
m essages.Shannon'sm easureensuresthattheinform a-
tion (and perhapsyourtelegram bill!) isadditive,i.e.,
S = log2W 1 + log2W 2 = S1 + S2:

This is related to Boltzm ann'sentropy. He would call

In modern

quantum language,

one can state

Boltzmann’s prior

in a physically

appealing way.

Every single

energy level of the

whole system gets

equal probability to

start with.
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S a m easure ofyour ignorance before you opened the
telegram ,ratherthanyourenlightenm entafteryouopen-
ed it. But it is sensible to take the two quantities as
equivalent.

W hy choose 2 as the base of logarithm s? The sim -
plestsituationsarewhen them essagesim plysayswhich
oftwo (equiprobable)options wasrealised. W hen the
nursestepsoutofthem aternity ward and tellstheanx-
ious father Ìts a girl',W =2,and S=1. Thisiscalled
one bitofinform ation. Everyone in thiscom puterage
knows that b̀it'is short for b̀inary digit',som ething
which takes2 values,zero and one.

Shannon's concept of inform ation took the world by
storm . There was trem endous enthusiasm to apply it
to every ¯eld. An indignantjournaleditoreven wrote
thefollowing lines{ \W ewillno longerconsiderpapers
with titleslike inform ation theory,photosynthesis,and
religion"!

W ehavepresented Shannon'swork in conjunction with
theideasofBayesandBoltzm ann.Thisattem ptatcom -
pletesynthesisactuallycam eafew yearsafterShannon,
in thein°uentialwork ofthephysicistEdwin T Jaynes.
He and his followers have explored the application of
m̀ axim um entropy'(asthey callthisapproach)toava-
riety ofpracticalproblem s. Both Shannon and Jaynes

Figure 3. The photograph...
shows the effect of apply-
ing maximum entropy
deconvolution to a motion-
blurred picture. Processing
by A Lehar and Maximum
Entropy Data Consultants
Ltd. for the UK Home Of-
fice. Our thanks to Steve
Gull and his colleagues at
the Mullard Radio As-
tronomy Observatories in
Cambridge who were in-
strumental in developing
maximum entropy methods
for such problems.
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Figure 4. died recently,living to see their ideas bear fruit over
nearly halfa century.

Although we cannot give details here,inversion based
on m axim um entropy m ethods is in wide use. A dra-
m atic reallife exam ple (Figure 3) would be a blurred
photograph ofa car. In thiscontext,the blurred pho-
tograph standsforthedata D ,whilethereconstructed
picturecorrespondstoH .Afterinversion,oneisableto
read thenum berplateclearly!An exam pleofrem oving
blurring in astronomy using priorinform ation isgiven
in Figure4.

W emustofcourserem emberthatm axim um entropy is
notam agicwand.Thefactthatweareabletoread the
number plate m eans that the inform ation in the data
(blurred photograph),plustheinform ation in theprior,
were enough to recover what we were looking for. In
a given problem , there is usually a range ofpossible
priors which would be regarded as reasonable. M ost
workers would regard results which are insensitive to
choices in this range as genuine. W hen results start
becom ing sensitiveto theprior,itistim eto go outand
getm oredata orwork on a di®erentproblem .


