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In this part of the series we look at the simplest cosmo-
logical models based on the simplifying assumptions of
the Weyl postulate and the cosmological principle. These
models were discovered independently by Friedmann,
Lemaitre and Robertson in the 1920s. They led to the
striking conclusion that the universe started in an enor-
mous explosion often called the Big Bang.

Relativistic Cosmology

The simplifying postulates described in part 2 of the series (Reso-
nance,Vol.1,No.2)allow the theoretician to construct mathemati-
cal models of the expanding universe. In 1922 the Russian physicist
Alexander Friedmann made such attempts and arrived at what are
today known as the Friedmann models. During 1922-24 when
Friedmann was constructing these models he needed a theory of
gravity to determine the large scale dynamics of the universe. Why
atheory of gravity?

Physicists today know of essentially four basic interactions in na-
ture: the strong and the weak interactions which describe the
microscopicbehaviour of subatomic particles, the electromagnetic
interaction which describes the force between electric charges, at
rest or in motion and the gravitational interaction which is none
other than thatfirst quantified by Isaac Newton three centuries ago.

In the 1920s the knowledge of the first two of these four interactions
wasrudimentary. Butit was clear that these microscopic forces were
ofvery shortrange, being confined to atomic nuclei and would not
be of much relevance to the large scale structure of the universe
today. So also the electromagnetic interaction which by then was
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wellunderstood at the classical level. Althoughitis oflong range (i.e.
its influence can be felt over arbitrarily large distances albeit with
decreasingintensity),in order for it to be effective in cosmology, the
major constituents of the universe would have to be electrically
charged. The observations indicate (as they did in the 1920s) that
matter on the large scale is electrically neutral, and so this force is
also ruled out of contention.

This left gravity — another long range force which though very
weak at the atomic level, comes into its own at the cosmological
scales of large masses asin the case of galaxies and clusters of galaxies.
However, it is here that the Newtonian picture becomes suspect.
For,itinvolvesthe conceptofinstantaneous gravitational action at
adistance which isinconsistent with special relativity. Newtonian
dynamicsalsoneeds to berevised so as to be consistent with special
relativity. By 1922, Einstein’s general theory of relativity was already
being established as a theory that was free from the above two
conceptual difficulties and in better agreement with the solar sys-
tem observations. Thus it was natural for Friedmann to use the
framework of general relativity to describe the simplest cosmologi-
cal models.

The Einstein Universe

Relativistic cosmology, as this subject is now known, started even
earlier than Friedmann’s pioneeringwork. In 1917, Einstein himself
had attempted to obtain asimple relativistic model of the universe;
but he had made the assumption that the universe was a static
system. At that time there was no conclusive evidence for the
expanding universe (Hubble’s result came in 1929) and so, in
looking for asimple model, Einstein was perfectly right in assuming
that there is no large scale motion in the universe.

However, Einstein soon discovered that there is no static solution
to his relativistic equations! Rather than look for a dynamical
solution like Friedmann did five years later, Einstein sought to
modify his field equations so that he could get astatic solution. For
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this he had to introduce a ‘cosmological term’ describing an extra
cosmic force of repulsion. Therationale for Einstein’s approach can
be understood by the following simple argument.

Imagine two masses m and M separated by a distance r in the
Newtonian framework. If the two masses are left to themselves they
cannot remain at rest but will move towards each other with an
attractive force GmM/r?. To have astaticsituation we can introduce
arepulsive force Ar which will balance the above force if the distance
r is adjusted to be

r = (GmM | M)A,

Here Aisaconstant. In Einstein’s general relativistic formulation
the constant A appears in the same spirit but the mathematical
details are different. Einstein called it the cosmological constant. Its
effect on the whole universe was to adjust its radius so that the
repulsive force exactly balances the gravitational contraction of the
universe. The radius of the universe is then given by the formula

R=[2GM/(r c*\)]"3

where M is the mass of the universe. (Note: the dimension of A is
different from that in the Newtonian example.)

What dowe mean by the ‘mass’ of the universe? How can an infinite
system have a finite mass? The answer to this query is that the
universe is unbounded but has a finite volume. How can space be
unbounded but finite? The answer is thatin Einstein’s model, the
universeis the surface ofa hypersphere in four dimensions. Justas
the two dimensional surface ofan ordinarysphere ofradius R is finite
and has an area equal to 4R?, the three dimensional surface of a
hypersphereis finite and has a finite volume equal to 2?R3. In both
theexamples, thereisnoboundaryto thespace,i.e.,itisunbounded.
Thus it is perfectly legitimate to talk of an unbounded but finite
system.

Einstein’s model, however, did not remain in contention once
Hubble’s discovery became well established. Einstein himselfwith-
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drew it along with the cosmological term saying that it was his
greatestblunder! Others may disagree. For example,in 1917 W de
Sitterwrotea paper in which he solved Einstein’s equations with the
A-term, and obtained a model in which the universe expands with
a scale factor that increases exponentially with time. The Hubble
constant for this universe is given by

H = [(1/3) A2

Thus this model is apparently closer to reality than Einstein’s
because it expands. But it isn’t, because this universe is empty!
Nevertheless, as we shall see, the de Sitter universe has played an
importantrolein cosmologyin different contexts. We will return to
the A-term later in the series.

The Simplest Friedmann Models

During the early twenties, however, the notion of the expanding
universe was not established and thus Friedmann’s models re-
mained of academic interest and were not widely known; even
Einstein did not show any enthusiasm for them. Later in 1927,G
Lemaitre (apriest!)and HP Robertson independently worked out
similar models. Andin the mid-1930’s Robertsonand A G Walker
independently produced a mathematically rigorous derivation of
the geometrical features of space and time starting from the symme-
tries of the Weyl Postulate and the Cosmological Principle (see part
2 of the series). For this reason these spacetimes are called the
Robertson-Walker (R-W) spacetimes.

Th <od rilhad e th
Oy tr

Einstein’s model
contention once
Hulble’s discovery
became well
established.
withdrew it saying

thet it wes his
greatest blunder!

Figure1 Surfaces of differ-
ent curvatures: The figure
illustrates the idea of curva-
ture for two dimensional
surfaces. The flat surface
has zero curvature, the
sphere has positive curva-
ture while the saddle shaped
surface has negative curva-
ture. If triangles are drawn
on the three surfaces their
internal angles will add up
to 180°, more than 180°
and less than 180° respec-
tively.
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(R-W) spacetimes.

time? = constant in the R-W spacetimes can be characterized by a
single parameter 2 which specifies what type of curvature these
spaces have. For k=0 we have spaces of zero curvature which have
theflat Euclidean geometry that we are so familiar with in everyday
life. Fork=1, thespaces have positive curvature and theseare similar
tothespacein Einstein’s universe. These spaces are called closed and
they have the feature that if we continue in a straight line in any
direction, we would return eventually to the starting point. (Anal-
ogy: going in a ‘straight’ line on the earth would bring us back to
wherewestarted). Thespacesgivenbyk=-1,likewise have negative
curvature and describe anopen universe. (Analogy: the surface ofa
horse saddle.) The parameter k is therefore called the curvature
parameter.

Thesimplest solutions obtained by Friedmann had all three possi-
bilities for the curvature parameter. Einstein’s equations relate this
to the contents of the universe. But what did the universe contain
by way of matter? The simplest models had matter in the form of
‘dust’, that is, pressureless fluid. This is an idealization of the real
universe which has small random motions of galaxiesand hence very
small cosmic pressure. We will return to this aspectin part4 of this
series.

The formidable Einstein equations reduce under these conditions
to just two relations which describe the linear scale factor S(¢) as a
function of time in terms of the curvature parameter k and the
density p of the universe. These relations are given below:

83 p = constant

[(dS/dt)? + ke?]/S? = 8nGp/ 3.

Thefirstrelation is simply the law of conservation of matter. It tells
us that as the linear size of space expands in proportion to S, its
density falls as the inverse cube of §. The second relation is a
dynamical one which tells us that the rate of expansion is made
slower by the gravitational attraction within the universe.
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Ifwesolve theserelations together, we get S(¢) asa known function
which, in the special case of the flat universe would correspond to %
3. The following features are noticed in general. All three types of
solutions have similar beginnings. The universe ‘begins’ its exist-
enceat the stage when S=0.Itexpandsinan explosive fashion (dS/
df —> o0 as§S —> 0) at an epoch a finite time ago. Thereafter it
either continues to expand till § becomes infinite (k¢ = 0,—1) or
its expansion comes to a halt and it contracts back to S = 0 (fork =

1).
Some Cosmological Parameters

How do these modelsrelate to Hubble’s law? A simple analogy with
alaboratory system will illustrate how the Hubble constant can be
obtained from the expanding Robertson-Walker models.

Suppose you heatametal ruler. It will expand. Let the function S(z)
describe how the original length [ of the ruler grows with time.
Keeping S(t)=1att=0wesay that theexpandinglength of the ruler
is IS(¢). Thus, when seen from one end of the ruler, the other end
appears to move with velocity/dS/dz, whereas the distance between
the two ends is [S(¢). Hence velocity divided by distance is (dS/dr)/
S, which is the ‘Hubble constant’.

Apply thisanalogy to the cosmic ruler between two galaxies and you

Scale faor I

Cosmic Time —>

models had matter
in the fom of
'det ', et is
pressureless fluid.
This is an
idedlization of the
real universe
vwhich has small
random motions of

galaxies and
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Figure 2 Three simple
Friedmann models: The fig-
ure shows schematically how
the scale factor changes with
cosmic time in the three
different Friedmann mod-
els. Curve | corresponds to
the flat case (k=0), curve Il
totheclosed case (k=1) and
curve lll to the open case
( k=-1). All three curves meet
where the axes intersect.
This point, identified with the
Big Bang event has the scale
factor equal to zero. We
may consider the cosmic
clock to start ticking from
this epoch.
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get the observed Hubble constant as
H=(dS/dy)/S.

Arigorousanalysis based on general relativity confirms this simple
minded derivation. The analysis also gives theredshift = as

1+ 2 = 8¢,) /5@, ).

Here theredshiftzisthe fractional increasein the wavelength of light
from the observed galaxy. Itis assumed that light left the galaxy at
theearlierepoch, inorder toreach usat the presentepochz, . Since
the observations show thatz > 0, we conclude that the scale factor
oftheuniverse hasincreased betweent, and¢, . That is, the universe
isexpanding.

Thethreetypes of Friedmann models are also distinguished by the
density parameter which is usually denoted by Q. If we take the flat
(k=0) model, then calculations tell us that the cosmic density p, is
related to the Hubble constant by a simple formula:

p, = 3H?/ (8nG).
We then define the density of any other model by the formula

p=Qp,

Again, detailed calculations show that for the closed (¢ =1) models
Q > 1, whereas for the open (k=-1) models we have Q <1, We
will refer to p, as the critical density or the closure density.

The Big Bang

The past epoch when S was equal to zero is called the epoch of the
BigBang. Atthisepoch the densityisinfiniteand sois the curvature
of spacetime. In fact, standard equations of physics break down and
physicists encounter what they refer to as asingularity. Clearly, there
isnojustification for pushing our mathematical model further back
in time beyond the Big Bang epoch. Cosmologists like to identify
thisepoch with the origin of the universe. In thenext partof theseries
wewill examine thestate of the universeatepochs very close to the Big
Bang.

12

W RESONANCE | March 1996




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


