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Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised
in a classroom situation. We may suggest strategies for dealing with them, or invite
responses, or both. “Classroom” is equally a forum for raising broader issues and
sharing personal experiences and viewpoints on matters related to teaching and
learning science.
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of two bodies.

We present a dramatic demonstration which is also a simple, and
an extremely low-cost experiment of head-on collision of two
balls in a vertical direction.  The advantages of this phenomenon
in the vertical direction are clarified.  Some simple estimates are
made.  A thorough analysis of this simple topic is then made,
which includes various special and limiting cases, conditions of
collision, change of reference frame, etc.

Introduction

Head-on collision of two bodies is a topic in class XI under
mechanics.  Given the two masses and their initial velocities,
their final velocities are derived by using conservation of
momentum and energy.  Either examples are not given at all, or
if they are given, authors of books as well as teachers mention the
case of collision between two vehicles, of equal masses or one
light and one heavy.  But not everybody can present to watch
this ‘experiment’, nor can one ‘perform’ it at will.

There is of course the linear air track where one can study
collision of bodies and several other phenomena, but it is a fairly
costly and bulky apparatus.  Can one devise a simple low-cost
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experiment where we can make measurements and compare
with the formulae, or at least a demonstration, which will
vividly bring out the intricacies of the formulae? If we try two
balls on a horizontal table, it will be impossible to avoid rotation
of balls, and also the collision will be far from head-on because of
different radii of the balls.  Friction will also cause problems.
Finally, it will also be difficult to measure the initial and final
speeds of the balls just before and after the collision.

What about performing the experiment in the vertical direction?
Gravity would be much easier to take account of, and friction
due to air is far more negligible as compared to that of the table.

Experiment/Demonstration

Take a big ball (basket ball/foodball/volleyball) and another ball
smaller than that (tennis ball).  If we drop either of them
separately to the ground, it bounces and rises to about 40%-60%
of the original height.  But if we hold them one over the other,
the smaller one above the bigger one and touching it, and drop
them simultaneously, lo and behold! the small ball shoots up to
the ceiling height.

This itself serves as an excellent and dramatic demonstration.
Having enjoyed this phenomenon, our plea now to teachers is
that when they teach this topic in the classroom and derive for-
mulae for final velocities, they should show this demo.  It hardly
takes a minute.  The teacher can also ask questions like: ‘From
where does the small ball get the energy to rise so high?’, etc.

Can we make some observations without using any gadget for
measurement of velocities?  Yes, provided we are willing to
sacrifice precision and accuracy.  We simply mark a vertical
scale on the wall from the ground level to the ceiling.  A least
count of 2 cm or even 5 cm on this scale will be good enough.

We drop the bigger ball from a height of about 1 m and watch,
very roughly, the height to which it bounces.  This gives us its
coefficient of restitution, and allows us to calculate its speed just

If we try two balls on
a horizontal table, it
will be impossible to

avoid rotation of
balls, and also the
collision will be far

from head-on
because of different

radii of the balls.
Friction will also

cause problems.



CLASSROOM

69RESONANCE  June    2002

before the bounce (downward) and just after the bounce (upward).
Then we hold the small ball above the bigger one, with their
centres along the same vertical line, and with the bigger ball at
about 1 m height.  We drop them together.  One person can
concentrate on the big ball and another one on the small ball,
and try to estimate, again very roughly, the heights to which
they rise.  This allows us to estimate the final velocities just after
the collision.

One can try this with different balls, for example, by replacing
the tennis ball with a rubber ball or a ping pong (table tennis)
ball.  It is seen that the ping-pong ball suffers from a large air
drag and does not rise to the same height as a tennis ball.  Also
for better measurements one must try to hold the two balls with
their centres close to the same vertical so that it is a head-on
collision, and the small ball rises to the maximum height.  It is
not difficult to achieve this in a few trials.

Theory

Let two balls A and B having masses m1 and m2 and initial
velocities u1 and u2 collide head-on, which means with their
centres on the same line of motion.  Let v1 and v2 be their final
velocities after collision, neglecting any loss of energy.  Since the
phenomenon is taking place in one dimension, we may drop the
vector symbol, though still keeping in mind that velocity is an
algebraic quantity (not mere magnitude) which can take negative
as well as positive values.  Conservation of momentum and of
energy gives us the two equations.

m1 u1 + m2 u2 = m1 v1 + m2 v2 ,  (1)

          m1 u
2
1 + m2 u

2
2 = m1 v

2
1 + m2 v

2
2 . (2)

These can respectively be put in the form

m1 (u1 – v1) =  m2 (v2 – u2), (3)
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We may assume that v1≠  u1 and v2 ≠ u2, because otherwise it
would mean that there is no collision.  Then dividing the
respective sides of  (4) by (3), we get

u1 + v1 = v2 + u2 . (5)

Equations (1) and (5) are two linear equations, and solving these,
we get
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Consider the bounce of the big ball off the floor.  Let it be
dropped from a height h1 and let it rise to a height h2 after
bouncing from the floor; see Figure 1.  If e is the coefficient of
restitution between the ball and the floor, it is the ratio of the
speeds of the ball close to the floor just after and just before the
bounce.  Thus we shall have

e = (h2/h1)
1/2. (7)

In our experiment, both the balls are dropped simultaneously,
with the small ball above the big one.  Both of them fall through
the same distance, say h1, before the bigger ball touches the
ground.  Let the subscript 1 stand for the big ball and subscript
2 for the small ball.  Thus the speed of both the balls just before
the bounce will be

| u2| = (2gh1)
1/2, (8)

where g is the acceleration due to gravity.  The big ball touches
the ground with this speed and rebounds with the speed

u1 = e|u2| = e (2gh1)
1/2. (9)

Note that the phenomenon consists of the bounce of the bigger
ball off the floor and the collision between the two balls within
a fraction of a second.

Figure 1.  The bigger ball
dropped from a height h1

rises to a height h2.
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Thus we require the following observations to determine the
parameters.  We measure the masses of the two balls.  We drop
the bigger ball alone from a height h1 and observe the height h2

to which it rises after the bounce, and this gives e.  Then we drop
the two balls together, as described, from the height h1 and
determine the heights h3 and h4 to which the big and the small
ball, respectively, rise after collision; see Figure 2.  This gives us
an estimate of the final velocities v1, v2 after collision.  They
would be given by

v1 = (2gh3)
1/2,         v2 = (2gh4)

1/2. (10)

Observations and Calculations

The masses of the basketball and a tennis ball was found to be
m1=610 g and m2 = 85 g.  When we dropped the basketball from
the height of 1 m, it was found to rise to 40 cm, thus giving

e = √0.4 = 0.633. (11)

Then both the balls are dropped as described, the basketball
being at 1 m.  This gives the velocity of the tennis ball just before
the collision to be

u2 = –(2 × 9.8 ×1)1/2 m/s   = – 4.43 m/s . (12)

Velocities would be taken as positive in upward direction.  The
speed of the basketball just before the bounce will also be  |u2|
= 4.43 m/s.  After the bounce, it becomes

u1 = e|u2|=0.633 × 4.43 m/s =2.804 m/s. (13)

Using these in (6), we get

v1 = 0.755 × 2.8 - 0.245 × 4.43 m/s = 1.03 m/s, (14)
v2 = 1.755 × 2.8 + 0.755 × 4.43 m/s = 8.26 m/s.

Both the balls move upward (positive velocity) after collision.
With these speeds, the balls would rise to

h3 = 5 cm,  h4 = 3.45 m. (15)

Figure 2.  The two balls are
dropped together from a
height h1.  The bigger ball
rises to height h3 and the
smaller one to h4.  The in-
termediate positions are
shown by dotted lines.
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Note that in this calculation, we have neglected the loss of
energy during collision, that is, we have not taken into account
the coefficient of restitution between the two balls.  This loss
may somewhat reduce the heights to which the balls rise.

In any case, it is not surprising that the tennis ball rises to the
ceiling height!

Limiting Cases

One can perform this experiment with different mass ratios,
although the best and dramatic effect is observed when m1 is
fairly larger than m2.  It is interesting to consider various
limiting cases.  For this, let us define the mass ratio

x = m1/m2. (16)

We consider the following special/limiting cases

(a) m1 = m2, x=1: This gives
v1  =  u2, v2 = u1. (17)

This is the well-known result in which the velocities are
exchanged after collision.

(b) m1 >>m2, x >> 1: In this case, let t = 1/x, so that t <<
1.  Equation (6) can be written as
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Expanding in Taylor series and retaining terms up to first order
in t, we get

v1 ~ (1–2t)u1 + 2tu2, v2 ≈ 2 (1–t)u1 –(1–2t)u2. (19)

The limiting values of the velocities after collision, for t →  0, are
seen to be

v1=u1, v2=2u1– u2. (20)

From this, we note that if the second ball is an extremely light
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ball, with almost negligible mass, it will shoot up with a limiting
velocity 2u1– u2, which in our case comes out to be

v2 = 2 × 2.8 + 4.43 m/s  ≈ 10.0 m/s. (21)

This will make it rise to a height of about 5 m, when dropped
from 1 m.

m1 << m2, x << 1: This gives
v1 ≈ – (1 – 2x)u1+ 2 (1 – x)u2 = –u1 + u2 + 2x (u1 – u2),
v2 ≈ 2xu1 + (1 –2x) u2 = u2 + 2x (u1 – u2). (22)

If the first ball is extremely light, we can take x →0.  Then the
final velocities, in the limit x = 0, are

v1 = – u1 + 2u2, v2 = u2 . (23)

Thus the velocity of the lighter ball is reversed and reduced,
while that of the heavier ball remains almost unaffected in the
zeroth order.

Change of Frame of Reference

Equation (6) for final velocities can also be derived by another
method.  We go to the frame of reference of B, the second ball,
which means we move with it with a constant velocity u2.  Then
for us, u′2 = 0, while ball A of mass m1 is approaching this ball
with a velocity u′1 = u1 – u2.  We have used primes to denote
velocities in our frame, which is moving with a velocity, which
is the initial velocity of the second ball B.  Then the equations for
conservation of momentum and energy become

           m1 u′1   =  m1 v′1 + m2 v′2
            m1 u′21   =  m1v′21 + m2v′22 , (24)

where v′1 v′2  are the final velocities in the new frame.

On solving these, we get

,1
21

21
1 u

mm
mm

v ′
+
±

=′



CLASSROOM

74 RESONANCE  June   2002

which gives either  v′1 = u′1 and  therefore v′2 = 0, or
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The first solution corresponds to ‘no collision’ (ball A may be
moving away from ball B).  So we discard it.  Thus (25) is the only
physical solution for the case of collision.  This leads to
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The velocities in the laboratory frame are related to those in the
frame B by translation with a velocity u2.  There v1, v2 would be
obtained from the respective primed variables by replacing u′1
by u1 – u2 and also adding u2 to each final velocity.  Thus
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On simplifying, we see that these are the same as (6).

Conditions for Collision

Consider again head-on collision along a horizontal straight
line.  We consider that a positive velocity represents a ball
moving to the right, and ball A is to the left of ball B.  We can
have three cases, (a) both balls moving to the right,  (b) the two
balls approaching each other, and (c) both balls moving to the
left.  For collision to take place, their velocities before collision
must satisfy.

u1 > u2 . (28)

It may be verified that this inequality holds good in all the three
cases, taking proper account of algebraic signs for velocities.
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What are the conditions on the final velocities? We compare the
final velocities with each, as well as with the respective initial
velocities.  After collision, these balls do not jump or overtake
one another, and must recede away from each other.  For this, we
must have

v2 > v1. (29)

Also the ball A on the left, after collision, must move with a
velocity smaller than its initial velocity.  Similarly, ball B on the
right must move after collision with a velocity greater than its
initial velocity.  Thus we must have

v1 < u1, v2 > u2. (30)

These inequalities must be understood in an algebraic sense,
and one can see that they are valid in all the three cases.  As said
earlier, (29) and (30) are expressions of the fact that the balls do
not overtake each other (a truly 1-D process).

When does Ball a Come to Rest?

We want to find the condition when the ball A comes to rest after
collision, that is v1 = 0.  This would happen when the collision
transfers just enough momentum to ball A to cancel its initial
momentum.  Putting v1 = 0 in (1) and (6), we get

(m2  – m1) u1 = 2m2 u2. (31)

(a) If m1= m2, this gives u2 = 0.  This is the familiar case of two
spheres with equal masses, in which case the velocities are
exchanged after collision.  Here the second ball is at rest initially
(u2 = 0), so the first ball will come to rest after collision, that is
v1 = 0, as desired.

But suppose neither ball is initially at rest.  We can achieve v1 =
0 in this case only if  m1 ≠  m2.  It is clear even qualitatively that
this can happen when (b) both balls are travelling to the right
and when ball A is lighter than ball B, or (c) when the balls are
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approaching each other and ball A is heavier than ball B.  Let us
analyse these situations.

When m1  ≠  m2 (31) becomes
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(b)Thus if both the balls are travelling to the right (u1, u2

positive), then we must have       m2 > m1, and they must be related
by (32) to give v1 = 0;  see Figure 3.

(c)If the balls are approaching each other (u1 > 0  and u2 < 0),
then we must have m1 > m2, and again (32) must hold to yield the
result v1 = 0.  See Figure 4.

(d) One might say that (32) is also satisfied for m2  >  m1  when
both balls are travelling to the left, so that both initial velocities
are negative.  This situation means that a heavier ball B is

Figure 3.  Smaller ball A
colliding with a bigger ball
B, both travelling to the
right, can result in A com-
ing to rest after collision.

Figure 4.  Bigger ball A trav-
elling to the right collides
with a smaller ball B ap-
proaching it, can result in
A coming to rest.

Figure 5.  Smaller ball A (on
the left) and bigger ball B
(on the right), both travel-
ling to the left, cannot re-
sult in A coming to rest
after collision.

(3)

(4)

(5)
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Itiswell-known thattherearearbitrarily largegapsbe-
tween prim es.Indeed,given any naturalnumbern,the
numbers(n+ 1)!+ 2;(n+ 1)!+ 3;¢¢¢;(n+ 1)!+ (n+ 1)
being large m ultiplesof2;3;¢¢¢;n + 1 respectively,are
allcom positenumbers.

Letusnow ask ourselvesthe following question. Ifwe
startwith a naturalnumbern and startgoing through
thenum bersn+ 1;n+ 2 etc.,how fardo wehaveto go

colliding with a lighter ball A, both travelling to the left; see
Figure 5.  Even qualitatively, we can see that this cannot result in
the lighter ball coming to rest after collision.  So what is wrong?

Remember that here we want u1 < 0 and v1 = 0. But this violates
the inequality (30), where we require v1 < u1 (which means v1

will be more negative).  Thus it is not possible to satisfy all these
three inequalities together, and hence this solution is discarded.

What about symmetry between the two balls? It is a collision
between two balls, and we might replace A by B and B by A.  But
we have broken the symmetry when we required v1= 0, that is we
wanted the first ball A (the one on left) to come to rest after
collision.  If we want the second ball B (the one on right) to come
to rest, that is v2 = 0, with m1 ≠  m2, then it will be possible only
if they are travelling to the left, and not if they are travelling to
the right.  So the symmetry is restored again in that sense.
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beforehittingaprim e? Tryingoutthe¯rstfew numbers,
weseethat

1! 2;2! 3;3! 5;4! 5;5! 7;6! 7;7! 11 etc:

Thus,it seem s that we need to go àt m ost twice the
distance'i.e.,we seem to be able to ¯nd a prim e be-
tween n and 2n forthe¯rstfew valuesofn.Butthere
isabsolutely no pattern here.In fact,although wehave
seen abovethatthere are arbitrarily large gapsbetween
prim es,itisneverthelesstruethat t̀hereisregularity in
the distribution ofprim es'. Itis thisfascinating clash
oftendency which seem sto m akeprim esatonceinter-
esting and intriguing. It turns out indeed to be true
that: there is always a prim e between n and 2n. This
statement,known asBertrand'spostulate,wasstated by
Bertrandin1843andprovedlaterbyChebychevin1852.
Actually,Chebychev provesa much strongerstatem ent
which was further generalised to yield a fundam ental
factabouttheprim enumbersknown astheprim enum -
bertheorem .

Provingtheprim enumbertheorem isbeyond thescope
ofthisarticlebutstating itcertainly lieswithin it.For
a positive realnum ber x, let us denote by ¼(x),the
number ofprim es which do not exceed x. The prim e
numbertheorem statesthattheratio ¼(x)logx

x approaches
thelim it1 asx growsindē nitely largei.e.,

lim x! 1
¼(x)logx

x
= 1:

One usually writes¼(x)» x
logx to describe such an as-

ym ptoticresult.W hatChebychevprovedwasthatthere
aresom eexplicitpositiveconstantsa;bso that

a
logx

x
< ¼(x)< b

logx

x
:

Ifpn denotes the n-th prim e, Bertrand's postulate is
equivalent to the assertion that pn+ 1 < 2pn while the

Although there are
arbitrarily large
gaps between

primes, it is
nevertheless true

that ‘there is
regularity in the

distribution of
primes’.
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prim e num bertheorem itselfisequivalentto the state-
m entlim n! 1

pn
nlogn = 1:

Itisratherstartling to notethatthegreatm athem ati-
cian Gauss (1777-1855)had,at the age of15,already
conjectured the truth of the prim e number theorem .
Fouryearslater,in 1796,Legendre also cam e indepen-
dently to conjecturesom ething sim ilar.

Legendreconjectured,based on em piricalevidence,that
¼(x) » x

A logx+ B and also conjectured values of A;B
which turned outto be incorrect. Gauss,on the other
hand,conjectured that¼(x)»

Rx
2

dt
logt;the rightside is

denoted by li(x)to stand forthe l̀ogarithm ic integral'.
This seem s to have exactly the content ofthe prim e
number theorem since clearly li(x) » x

logx. However,
later research (following Riem ann) has con¯rm ed that
Gauss'sassertion iseven m ore astute than whatitap-
pearsto be on thefaceofit.In fact,thefunction li(x)
hastheasym ptoticexpansion (forany ¯xed n)

li(x)=
x

logx
+ 1!

x

(logx)2
+ 2!

x

(logx)3
+ ¢¢¢+ (n ¡ 1)!

x

(logx)n
+ O (

x

(logx)n+ 1
):

A rē ned version ofthe prim e numbertheorem indeed
im pliesthat¼(x)hasthesam easym ptoticexpansion!

In particular,thisim pliesthatthe bestpossible values
forA andB inLegendre'sconjectureareA = 1;B = ¡1.

The prim e num bertheorem wasproved independently
by Hadam ard and de la Vallee Poussin. A well-known
m athem atician quipped oncethattheproofalm ostim -
m ortalised thesetwo m athem aticians{ they lived to be
96 and 98,respectively!

Returning to Bertrand's postulate, after Chebychev's
¯rst proof,other sim pler proofs appeared. In this ar-
ticle,we shalldiscusstwo ofthesim plestproofsdueto

If pn denotes the n-th
prime, Bertrand’s
postulate is equi-
valent to the
assertion that pn+1 <
2pn while the prime
number theorem
itself is equivalent to
the statement   limn→∞

(pn)/(n log n = 1.
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two greatm inds{ Ram anujan and Erdos.Itisperhaps
forthe¯rsttim ethat,in Resonance,a proofdueto Ra-
m anujan is given 1. M ost ofus are told stories about
him and hisdiscoveriesand itisrarelythatonecan ¯nd
a proofofhiswhich is elem entary enough to be actu-
ally discussed atthislevel. Erdos'sproofiseven m ore
elem entary and westartwith it.

Erdos's Proof

W e start with any naturalnum ber n and look at the
product

Q
p· n p overallprim esp· n.

W eshallhaveoccasion tousethewell-known and easily
proved factasserting thatthehighestpowerto which a
prim edividesn!isgiven by theexpression

[n=p]+ [n=p2]+ [n=p3]+ ¢¢¢

Erdos's proofstarts with the following very beautiful
observation:

Lem m a.
Q
p· n p · 4n.

Proof.

W eprovethisbyinductiononn.Itevidentlyholdsgood
forsm alln.Look atsom en > 1 such thattheresultis
assum ed forallm · n.Then,

Y

p· n

p =
Y

2p· n+ 1

p
Y

n+ 1< 2p· 2n

p

· 4
n+ 1
2

Y

n+ 1< 2p· 2n

p

by theinduction hypothesis.

Now,thesurprisinglysim pleobservationthateachprim e
in thelastproduct(i.e.,each prim ebetween (n + 1)=2

and n ) divides the binom ialcoe± cient
³

n
[n+ 1

2 ]

´
,shows

that
Q
p· n p· 4(n+ 1)=22n¡ 1 = 4n.

1  Ramanujan’s solution of an el-

ementary problem has been dis-

cussed in [1].

The prime number
theorem was

proved indepen-
dently by Hadamard

and de la Vallee
Poussin. A well-

known mathemati-
cian quipped once

that the proof
almost immortalised

these two mathe-
maticians – they

lived to be 96 and
98, respectively!
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Thebound
³

n
[n+ 1

2 ]

´
· 2n¡ 1 used aboveistrivially seen to

betrueby induction.Thus,wehaveproved thislem m a.

Since we are interested in the possible prim esbetween
n and 2n,itisnaturalto considerthe binom ialcoe± -
cient

³
2n
n

´
because it c̀aptures'allthese prim es as its

divisors. Now,obviously,the binom ialcoe± cient
³
2n
n

´

isthelargestterm in theexpansion (1+ 1)2n which has
2n + 1 term s.Therefore,wehave

(2n + 1)

Ã
2n

n

!

¸ 22n: (1)

Thisgivesa lowerbound forthism iddlebinom ialcoef-
¯cientand,theideaoftherestoftheproofisthatlotof
thecontribution com esfrom prim esbetween n and 2n.
M oreprecisely,ifwewrite

Ã
2n

n

!

=
Y

p· 2n

pep =
Y

p· n

pep
Y

n+ 1< p· 2n

p;

then weshallusethelem m atogivean upperbound for
the ¯rstproduct

Q
p· n p

ep. Here,ep denotesthe power

ofp dividing the m iddle binom ialcoe± cient
³
2n
n

´
and,

thesecond productstandsfor1 ifthereareno term s.

W ewantto seewhich prim esp · n actually contribute
to

³
2n
n

´
.

Ifp2 > 2n i.e.,ifn ¸ p >
p
2n,then clearly,ep =

[2np ]¡ 2[np]= 0 or1.

Thus,such prim esdivide
³
2n
n

´
eitherto a single power

ornotatall.

Ifn ¸ 3,then a prim e p · n with 2n=3 < p mustbe
atleast3 and so p2 ¸ 3p > 2n. As1 · n=p < 3=2 for
2n=3< p· n,wehave[np]= 1 and [2np ]= 2 i.e.,

ep = [2np ]¡ 2[np]= 2¡ 2 = 0.Thus,theseprim esdo not

divide
³
2n
n

´
when n ¸ 3.

Gauss conjectured
that
π(x) ~∫

2

x (dt)/(log t).
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In otherwords,wehave:

ep · 1 if
p
2n < p· 2n=3,and ep = 0 if2n=3< p· n.

Finally,for the prim es with p ·
p
2n,we sim ply take

thetrivialbound pep · 2n.Then,wehave
Ã
2n

n

!

=
Y

p· n

pep
Y

n+ 1< p· 2n

p

·
Y

p·
p
2n

(2n)
Y

p
2n< p· 2n=3

p
Y

n+ 1< p· 2n

p

· 42n=3
Y

p·
p
2n

(2n)¢
Y

n+ 1< p· 2n

p:

using the lem m a. W e take n ¸ 8 as we have verī ed
Bertrand's postulate explicitly forn · 7;so

p
2n ¸ 4

and thus,thenum berofterm sin the¯rstproductisat
m ost

p
2n ¡ 2 (as1 and 4 are notprim es). Therefore,

wehaveon using (1)that

22n

2n + 1
·

Ã
2n

n

!

· (2n)
p
2n¡ 242n=3

Y

n+ 1< p· 2n

p:

Replacing the¯rstterm by 22n

(2n)2,weget

Y

n+ 1< p· 2n

p¸
4n=3

(2n)
p
2n
:

Thus,to show thatthe leftsidehasterm s(i.e.,thatit
isnot1 according to ourconvention),itsu± cesto see
whetherthe righthand side isbiggerthan 1 foralln.
Asusual,thiswillturn outto betrueforlargeenough
valuesofn and willfailforsm allvalues(thisonlym eans
thattheinequality isgood enough forlargevaluesofn
and weneed to verify theoriginalassertion directly for
thesm allervaluesleftout).

Afterafew trials,wearriveatthenumbern = 450and
¯nd that
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4n=3 = 4150 > (2n)
p
2n = (900)30 since45 > 900.

There is nothing specialabout 450 excepting the fact
that2n isa perfectsquare and 450 islarge enough for
the inequality to hold good. Thisinequality continues
to hold forn > 450 asthe di®erence 4n=3 ¡ (2n)

p
2n is

an increasing function.Thislaststatem entissim pleto
seeby looking atthe derivative ofthe di®erenceofthe
corresponding logarithm s.Now itisan easy exerciseto
verify Bertrand'spostulateforn < 450.Thiswasessen-
tially Erdos'sproof;oursisa slightly sim plī ed version
ofhisoriginalargum entwhich appearsin [2].

R am anujan's Proof

Letusturn to Ram anujan'sproof. Itisalso extrem ely
cleverand com pletely elem entary apartfrom theuseof
whatisknown asStirling'sform ula { a proofofwhich
hasbeen discussed in [3].

W eshall,however,giveafurthersim plī edversionwhich
avoidsStirling'sform ula altogether.

In the previous proofwe used an estim ate for
Q
p· n p.

Here, we consider an additive version ofit viz., look
at the so-called Chebychev function µ(x) =

P
p· x logp

dē ned forany realnum berx ¸ 2.W enotetwo things
to begin with:

(i)µ(n)issim ply thelogarithm of
Q
p· n p,

(ii)Bertrand'spostulateistrueforarealnum berx ifit
istrueforn = [x];indeed,a prim ebetween n and 2n is
between x and 2x aswell.

Let us also understand thatsince we are interested in
prim es between x and 2x,we need a lower bound for
µ(2x)¡ µ(x).In otherwords,weneed reasonablelower
aswellasupperboundsforµ values.

Now,theexpression
P

i̧ 1[n=p
i]forthepowerofaprim e
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dividing n!givesus

log[x]!=
X

i̧ 1

ª(x=i);

whereª isthefunction dē ned by

ª(x)=
X

i̧ 1

µ(x1=i):

Thisisthereason to introducerealx.

Using an elem entary trick ofold vintage,we have the
following:

log[x]!¡ 2log[x=2]!=
X

i̧ 1

(¡ 1)i¡ 1ª(x=i);

ª(x)¡ 2ª(
p
x)=

X

i̧ 1

(¡ 1)i¡ 1µ(x1=i):

Asµ;ª are increasing functions,wegetinequalitiesby
chopping o® at an odd stage and at an even stage as
follows:

ª(x)¡ ª(
x

2
)· log[x]!¡ 2log[

x

2
]!

· ª(x)¡ ª(
x

2
)+ ª(

x

3
); (2)

ª(x)¡ 2ª(
p
x)· µ(x)· ª(x): (3)

Here,Ram anujan takes recourse to Stirling's formula

which statesthatn!»
p
2¼nn+

1
2

en .

W eshallnotuseitbutproceed asfollows.

Forany x > 1,wehavethebinom ialcoe± cient
Ã
[x]

[x2]

!

<
X

r¸ 0

Ã
[x]

r

!

= 2[x]:

Taking logarithm s,weobtain

log[x]!¡ 2log[x=2]!< xlog 2:
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But,clearly log 2< 3
4 since16< e3.In otherwords,we

have
log[x]!¡ 2log[x=2]!< 3x=4 8 x > 0: (4)

Now,we ¯nd a lower bound. As we observed before
Erdos'sproof,forx > 0,thebinom ialcoe± cient

³
[x]
[x=2]

´

(being the largestterm in the expansion of(1+ 1)[x]),

m ustbe biggerthan 2[x]

[x]+ 1 since there are [x]+ 1 term s

in thebinom ialexpansion of(1+ 1)[x].

Ifx is large enough (for instance,ifx > 240),then
2[x]

[x]+ 1 > e
2[x]
3 :Taking logarithm s,weget

log[x]!¡ 2log[x=2]!> 2x=3 8 x > 240: (5)

By (2),(4)and (5),wehave

ª(x)¡ ª(x=2)< 3x=4 8 x > 0; (6)

ª(x)¡ ª(x=2)+ ª(x=3)> 2x=3 8 x > 240: (7)

By replacing x by x=2;x=4;x=8 etc. in (6)and adding
alltheexpressionsweget

ª(x)< 3x=2 8 x > 0: (8)

Notethatsinceµ(x)< ª(x),wehaveareasonableupper
bound forµ(x)by (8). Forthe lowerbound,letususe
the ¯rst inequality of(3)viz.,ª(x)· 2ª(

p
x)+ µ(x)

and theinequality µ(x=2)· ª(x=2)to write

ª(x)¡ª(x=2)+ª(x=3)· 2ª(
p
x)+µ(x)¡µ(x=2)+ª(x=3):

Ifweusetheupperbound forª given in (8),weobtain

ª(x)¡ ª(
x

2
)+ ª(

x

3
)< µ(x)¡ µ(

x

2
)+

x

2
+ 3

p
x: (9)

Forx > 240,theleftsidehasalowerbound given in (7)
so thatwe¯nally obtain

µ(x)¡ µ(x=2)> x=6¡ 3
p
x 8 x > 240:
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Evidently,therightsideispositiveifx > 324:Therefore,
thereisaprim ebetweenx and 2x ifx > 162:Forsm aller
values ofx,we ¯nd prim es explicitly as before. This
¯nishesthebeautifulproofdueto Ram anujan.

M ore C om m ents on Prim es

Theaboveelem entary m ethodsand theirm odī cations
aresu± cienttoproveChebychev'stheorem viz.,theas-
sertion

1

6

x

logx
< ¼(x)< 6

x

logx
:

The reader is urged to try and use this to prove the
following bound forthen-th prim e:

1

6
nlogn < pn < 12(nlogn + nlog

12

e
):

This last inequality (in fact,the upper bound) shows
easily thattheseries

P 1
p overallprim esdiverges.How

fastdoesitdiverge?

Here isa proofshowing thatthe divergence isatleast
asfastasloglogx i.e.,:

9c> 0 such that
P

p· x
1
p ¸ cloglogx 8x:

To see this,given x > 1,letuslook atthe area under
the curve y = 1

x between 1 and x. Evidently,thisarea
Rx
1

dx
x = logx islessthan

P [x]
n= 1

1
n:(draw a ¯gure to see

this).

So,ifweconsidertheproduct
Q
p· x(1¡

1
p)

¡ 1,thenclearly,
Q
p· x(1¡

1
p)

¡ 1 ¸
P [x]

n= 1
1
n ¸ logx:

Now,(1¡ 1
p)

¡ 1 = (1+ 1
p)(1+

1
p2¡ 1).Therefore,

Q
p· x(1+

1
p)¸ alogx wherea=

Q
p(1+

1
p2¡ 1)

¡ 1:Using ex > 1+ x

forallx > 0,we get
Q
p· x e

1=p ¸
Q

p· x(1+
1
p)¸ alogx

so that
P

p· x
1
p ¸ cloglogx forsom ec> 0.

This¯nishestheproofofthelowerbound.
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Them ore adventurousreaderm ay liketo use theAbel
sum m ation form ula (see [4])and prove thatthislower
bound is ofthe correct order i.e.,one has the rather
interesting statem ent:

X

p· x

1

p
» loglogx:

W eend thenoteby givingacuriousapplication ofBert-
rand's postulate to ¯nding a recursive expression for
prim eswhich appeared in ([5],p.289).

W econsiderthefunction

fn = Sign(
2((n ¡ 1)!)

n
¡ [

2((n ¡ 1)!)

n
]

dē ned for alln ¸ 3. Here,the sign function is the
function which takesthe value 0 at0 and the value x

jxj

for any x 6= 0. Clearly,fn = 1 or 0 according as n
is prim e or com posite. Now,by Bertrand's postulate,
ifpn ¸ 3,then pn+ 1 occurs as the ¯rst prim e am ong
pn + 2;pn + 4;¢¢¢;2pn ¡ 1. Therefore,(writing pn asp
forsim plicity ofnotation),

pn+ 1 = (p+ 2)fp+ 2 + (p+ 4)fp+ 4(1¡ fp+ 2)+ ¢¢¢

+(p+ 6)fp+ 6(1¡ fp+ 2)(1¡ fp+ 4)+ ¢¢¢+

(2p¡ 1)f2p¡ 1(1¡ fp+ 2)¢¢¢(1¡ f2p¡ 3):


