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Two Dimensional Potential Mapping � Monte Carlo
Simulation
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J Meena Devi andK RamachandranSchool of PhysicsMadurai Kamaraj University Madurai 625 021, India.Email:jmeenadevi@rediffmail.com A v e ry u se fu l e x p e rim e n t o f tw o d im e n sio n a l p o -
te n tia l m a p p in g , n a m e ly e le c tro ly tic ta n k m o d e l,
fo r g ra d u a te a n d p o st g ra d u a te le v e l p h y sic s stu -
d e n ts is g iv e n h e re . L a p la c e 's e q u a tio n is so lv e d
fo r th e a b o v e a n d th e re su lts a re c o m p a re d w ith
th e e x p e rim e n t. T h e a g re e m e n t is so g o o d th a t
th is is e x te n d e d to c o m p le x p ro b le m s. M o n te
C a rlo sim u la tio n , a n a lte rn a tiv e to th e a b o v e e x -
p e rim e n t, is d e v e lo p e d fo r th e se c o m p le x p ro b -
le m s a n d c o m p a re d w ith th e e x p e rim e n ta l re su lts
o f e le c tro ly tic ta n k m o d e l.
1 . In tro d u c tio n
P oten tial at an y p o in t in a sy stem , w h eth er it is a ch arged
sp h ere or h o llow sp h ere or cy lin d er etc., b oth in sid e or
ou tsid e th e b ou n d a ry, is o b tain ed b y solv in g L a p la ce's
eq u a tio n r 2 Á = 0 w ith su ita b le b o u n d ary con d itio n s
[1 ]. If th is cou ld b e d em on stra ted ex p erim en tally in th e
la b o ratory, th en stu d en ts w o u ld d erive m ore in sig h t in to
th e p rob lem . F or th is, a sim p le ex p erim en tal set-u p is
ex p lain ed a n d th e m easu rem en t is com p a red w ith th e
th eoretical (L ap lacia n ) va lu e. A sim p le tw o d im en sion al
con ¯ g u ration is con sid ered for th e ex p erim en t.
C o m p u ter sim u lation rep la ces ev ery lab o ratory ex p er-
im en t in on e w ay or a n oth er, as an in -d ep th stu d y of
a p ro b lem is n orm ally n o t p ossib le in th e co n v en tion al
la b o ratory ex p erim en t. S o , a n a ttem p t is m ad e h ere
to v erify th e ex p erim en tal resu lt an d L ap lace's resu lt
b y sim u lation , con sid erin g on ly sim p le tw o d im en sion al
p rob lem s. T h en com p lex con ¯ g u ration s w ill b e co n sid -
ered for ex p erim en t a n d sim u lation to d em on strate th e
u sefu ln ess of sim u la tio n .
T h is article can b e b ro ad ly d iv id ed in to tw o in d ep en d en t
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Figure 1. An electrolytic

tank model with two brass

laminas A and B separated

by a distance D.

p rob lem s.
² T o ¯ n d a su itab le ex p erim en tal su b stitu te for L a p la ce's
eq u a tio n .
² T o ex ten d th is fo r com p lex p rob lem s.
2 . L a p la c e E q u a tio n
W h en ever th e electric p oten tia l V corresp o n d in g to a
given ch a rge d istrib u tion is req u ired , th e solu tio n to
L a p la ce's o r P oisso n 's eq u ation satisfy in g th e req u ired
b o u n d ary con d itio n w ill b e fou n d , i.e. th e p o ten tia l Á
at an y p oin t in an y con ¯ gu ra tion is ca lcu lated fro m th e
L a p la ce's eq u ation r 2 Á = 0 w ith su itab le b o u n d ary co n -
d ition s, fo r th a t p articu lar co n ¯ gu ra tio n .
C o n sid er an ex am p le of tw o p ara llel p lates sep arated b y
a d ista n ce D alon g th e x -a x is a s sh ow n in F igure 1 . T h e
on e-d im en sio n al L a p la ce's eq u ation can b e w ritten as

@ 2 Á
@ x 2 = 0: (1)

T h is m ay b e solved for Á as
Á = cx + b; (2)

An attempt is made

here to verify the

experimental result

and Laplace’s result

by simulation,
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simple two

dimensional
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w h ere c an d b are con sta n ts, a n d x is th e d istan ce from
th e referen ce p late (o f th e tw o p la tes) to th e p oin t of
in terest w h ere p oten tial is req u ired . N ow th e b o u n d ary
con d itio n s for th is p ro b lem of tw o lam in a s sep ara ted b y
a d ista n ce D are
Á = 0 for x = 0 (co n sid ered a s referen ce p la te, p late B )
Á = V for x = D (p la te A ).
T h ese are a p p lied to (1) to get

c = V
D an d b = 0 :

T h erefo re
Á = V x

D (3)
w ill b e th e gen eral so lu tion , w h en L a p la ce's eq u ation
is solved for th is co n ¯ gu ra tio n of tw o p arallel p la tes.
T h is is th e an a ly tica l resu lt o r th e ex p ected resu lt from
th eory.
3 . E le c tro ly tic T a n k M o d e l
W h at is th e ex p erim en t to v erify th is an a ly tica l resu lt
(3), d erived in S ection 2? E lectro ly tic ta n k m o d el is
con sid ered to b e an e® ective ex p erim en t to stu d y th e
p o ten tial d istrib u tion in an y tw o d im en sio n al sy stem .
T h is is d em on stra ted h ere.
C o n sid er th e sam e ex am p le o f tw o lam in a s. T h e lam -
in a (b ra ss) h as a d im en sion of 1 0cm £ 5 cm £ 2m m for
len g th , b read th a n d th ick n ess. T w o su ch lam in as are
p laced in a tray (of n on co n d u ctor m aterial like p la stic)
vertica lly, sep arated b y a d istan ce of D (= 10cm ). A cm -
cm g rap h sh eet is p asted o n th e b ottom o f th e tray for
m ak in g m easu rem en ts on d istan ces. T h en , so m e elec-
troly te, u su ally w ater a n d com m o n sa lt, is p ou red in to
th e tray to a d ep th of a b o u t 1m m (th is is th e reason
w h y w e call it as electro ly tic tan k m o d el) so th at th e
d istrib u tion of th e eq u ip oten tial lin es ca n b e m easu red
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Distance          Potential in volts
x cm Experimental Theory (Laplace)

V x/D

1 0.47 0.51
1.5 0.74 0.76
2 0.97 1.02
4 1.92 2.04
6 2.95 3.06
8 3.96 4.08

Table 1. Two parallel plates

separated by a distance.

V= 5.1V;   D= 10cm (Mea-

sured with a digital multi-

meter). Experimental accu-

racy is .01 V.

u sin g a m u ltim eter. T w o d i® eren t p oten tia ls (+ 5V a n d
0V ) a re ap p lied to th e p lates A an d B resp ectively. R igid
w o o d en o r p lastic (an d n ot m etal) clam p s sh ou ld b e u sed
to keep th e la m in as in p osition . A sch em atic d iag ram is
sh ow n in F igure 1.
N ow th e p o ten tial at a n y p oin t P b etw een th ese tw o
p lates ca n b e m easu red b y a h ig h im p ed an ce vo ltm eter
p refera b ly a d igitalv oltm eter, w ith resp ect to th e gro u n d
(0V ), i.e. w ith resp ect to th e lam in a B . T h is tan k m o d el
clearly in d icates th at th e m ea su rem en ts a re for th e x d i-
rection o n ly, as th ese p lates are p laced p a rallel to th e y
d irectio n . N ow , th e p oten tia l at variou s p o in ts in sid e
th e ta n k b u t b etw een th e tw o la m in as a re m ea su red in
term s of d istan ce x a n d tab u la ted (T able 1 ). T h e error
in v olved in th e ex p erim en ta l m easu rem en t of v oltag e at
d i® eren t p oin ts is ab ou t 2 % .
W ith th e L ap lacian resu lt (3) given earlier, th e p oten -
tia l a t th e sam e p oin ts w h ere m easu rem en ts a re d o n e,
are ca lcu la ted an d g iven in th e sa m e T able 1. A go o d
com p arison b etw een th e th eory a n d th e ex p erim en t b y
electro ly tic ta n k m o d el clea rly in d icates th a t th e ex p eri-
m en t can rep lace th e th eoretica l in vestig ation fo r ¯ n d in g
ou t th e p oten tial at a n y p oin t in a tw o d im en sio n al co n -
¯ gu ra tio n .

A good comparison

between the theory

and the experiment by

electrolytic tank model

clearly indicates that

the experiment can

replace the theoretical

investigation for

finding out the

potential at any point

in a two dimensional

configuration.
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In o rd er to ju stify th is claim , w e h ave rep ea ted for oth er
con ¯ g u ration s su ch as tw o con cen tric cy lin d ers, tw o h ol-
low cy lin d ers sep arated b y a d istan ce in th e sam e elec-
troly tic tan k m o d el for p oten tial m ea su rem en t at va rio u s
p o in ts. (T h ese resu lts are n ot sh ow n h ere). E very tim e
th e com p ariso n w ith th e resp ectiv e so lu tion of L a p la ce's
eq u a tio n is fou n d to b e very go o d . H ereafter th is ex p er-
im en ta l setu p (electroly tic ta n k m o d el) w ill b e u sed for
com p lex tw o d im en sion a l co n ¯ gu ra tio n s.
4 . M o n te -C a rlo (M C ) S im u la tio n
W h en ever ex p erim en ts are com p lex o r ex p erim en ta l fa -
cilities are n ot ava ilab le in th e lab orato ry, w e p refer com -
p u ter sim u latio n to d o th e ex p erim en t. M on te C arlo
sim u lation can b e d e¯ n ed as a n u m ericaltech n iq u e b ased
on a p h y sical or m a th em a tical m o d el w h ere ra n d om
n u m b ers a re u sed to solv e static p rob lem s. T h at is, tim e
in d ep en d en t activ ities can b e sim u la ted b y M on te C arlo
m eth o d an d su ch sim u lation is u sed to m im ic th e real
sy stem , for w h ich th e m o d elin g an d sim u lation are d o n e.
A sim p le ex a m p le fo r M on te C arlo is given b elow [2].
T h e a rea o f a p o n d w h ose sh ap e is irregu lar can b e m ea -
su red b y M C u sin g a p ile of ston es. S u p p ose th e p o n d
is in th e m id d le of a ¯ eld of k n ow n area A . O n e w ay
to estim ate th e area o f th e p o n d is to th row th e ston es
so th at th ey lan d at ra n d om w ith in th e b ou n d a ry of th e
¯ eld an d cou n t th e n u m b er o f sp lash es th a t o ccu r w h en
a ston e lan d s in a p on d . T h e a rea o f th e p on d F n is
ap p rox im a tely th e area of th e ¯ eld tim es th e fra ction of
ston es th at m ak es a sp lash , ie.,

F n = A n s
n ;

w h ere n s is th e to tal n u m b er o f sp la sh es an d n is th e
tota l n u m b er of th row s.
5 . E le c tro ly tic T a n k a n d M C S im u la tio n
In th is sectio n , w e try to stu d y ex p erim en tally a com -

Monte Carlo

simulation can be

defined as a

numerical

technique based

on a physical or

mathematical

model where

random numbers

are used to solve

static problems.
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p lex tw o -d im en sion a l sy stem fo r p oten tia ls a n d th en d o
sim u lation for th e sa m e. F or ex am p le, w e w a n t to solve
L a p la ce's eq u atio n for th e case sh ow n in F igure 2, w h ere
th ree lam in as are p la ced in a tria n gu lar sh ap e. F in d in g a
th eoretical solu tion for th is w ill b e really co m p lex . B u t
m ea su rem en ts a re ea sily p o ssib le w ith th e electro ly tic
tan k m o d el as ex p la in ed ea rlier, to ¯ n d th e p oten tial
d istrib u tion in sid e th e th ree p la tes.
T h ree la m in as A B , B C , C A of th e sam e d im en sio n s a s
given earlier a re arra n ged in a tria n gu lar sh ap e w ith ou t
tou ch in g ea ch o th er a t th e corn ers. T h ese p la tes A B ,
B C , C A are g iv en v olta ges 1.5V , 1.5V , 3 V resp ectiv ely.
E lectroly te is ta ken a s u su al in th e tray. T h en v oltage at
d i® eren t p oin ts (P ) w ith in th e en closed trian g le (F igure
2) is m easu red a n d d isp layed in F igure 3. T h e error
in v olved in th e ex p erim en ta l m easu rem en t of v oltag e at
d i® eren t p oin ts is aro u n d 4 % .
If th e v oltages a t variou s p oin ts are req u ired , th en w e
h ave to so lv e L ap lace's eq u a tio n in tw o d im en sion s

@ 2 Á
@ x 2 +

@ 2 Á
@ y 2 = 0 : (4)

Figure 2.Three laminas

forming a closed triangle.

P is the point at which po-

tential is evaluated.

Figure 3. Comparison of ex-

perimental and simulation

results (triangle).
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Figure 4. Three laminas

forming a closed triangle.

P is the point at which ex-

perimental measurement is

done. D is the random

point.

T h e b ou n d ary con d ition s for th is co n ¯ gu ra tion (F igure
4) cou ld n o t b e easily sp elt ou t a n d th is m akes th e p ro b -
lem d i± cu lt. B u t fro m th e p rev iou s ex am p le w e k n ow
very w ell th at th e m ea su rem en ts from th e electro ly tic
tan k w ill b e alrig h t for th e p o ten tial d istrib u tio n as th e
ex p erim en tal resu lts rep ro d u ce L ap lace's resu lts. S im i-
la rly w e h ave sh ow n th at M C sim u lation cou ld ex p lain
very w ell th e ex p erim en tal resu lts. S o , h ere w e carry
ou t M C sim u la tio n to w o rk ou t th e p oten tial d istrib u -
tio n ra th er th an solv e L a p lace's eq u ation .
6 . A p p lic a tio n o f M C S im u la tio n to th e T ria n -
g u la r P ro b le m
1. T h e vertices of th e trian gle as seen from th e elec-
troly tic tan k m o d el are ta ken as th e in p u t. L et th em b e
A (x 1 ;y 1 );B (x 2 ;y 2 ) an d C (x 3 ;y 3 ). A ctu ally in th e ex p er-
im en t th ey are (2.5,1), (1 5,1), (8,12.5). R efer F igure 4.
2. C o n sid er a p oin t P (X ;Y ) w h ere ex p erim en tal m ea -
su rem en t is d o n e an d fo r w h ich sim u la tio n is in ten d ed .
3. R an d om ly som e p oin t D (x ;y ) is ch osen u sin g th e
ran d o m n u m b er gen erator tw ice fo r x a n d y co ord in a tes.
4. T h en it is ch eck ed w h eth er it falls in sid e th e trian g le
A B C o r ou tsid e it. T h is is d ecid ed a s follow s. T h e
len g th s o f th e th ree sid es of th e trian gle are calcu lated in
term s of th e co ord in ates of th e v ertices a n d th ese len g th s
are d en oted b y a ;b;c. S in ce th e circu m feren ce s = a + b+ c

2 ,
area of tria n gle A B C = q s(s ¡ a )(s ¡ b)(s ¡ c). If w e
con sid er th a t th e ran d om p oin t D (x ;y ) falls w ith in th e
tria n gle A B C , th en A rea of ¢ A B C = A rea of ¢ A B D +
¢ A C D + ¢ B C D . If th is con d ition is n o t satis¯ ed , th en
D (x ;y ) lies ou tsid e th e tria n gle A B C an d th at p oin t is
rejected .
5. N ow , co n sid er th e case of p o in t D (x ;y ) ly in g w ith in
th e trian gle A B C (term ed su ccess). T h en w e h ave to
¯ n d ou t in w h ich o f th e th ree sm all tria n gles th is p o in t
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Figure 5. Four laminas

forming a qudrilateral. P is

the point at which poten-

tial is evaluated.

lies. L et u s assu m e th at it lies in tria n gle A B P as sh ow n
in F igure 4. If th e area of th e trian gle ¢ A B P = A rea of
¢ A B D + ¢ A D P + ¢ B P D , th en th e p o in t D lies in sid e
th e ¢ A B P . If it is n o t eq u a l, th en th e sam e p ro ced u re is
rep eated for ¢ B C P a n d ¢ C A P . A t least for o n e of th e
th ree ca ses th is con d ition w ill b e sa tis¯ ed . In th is w ay,
th is p ro ced u re is rep eated fo r a la rge n u m b er o f tria ls.
6. L et N A ;N B ;N C d en ote th e n u m b er of su ccesses ou t
of N tria ls th a t fall w ith in tria n gles A B P , B C P , C A P re-
sp ectiv ely. A su itab le p ro gra m is w ritten for th is an d ex -
ecu ted for d i® eren t trials from 10,00 0 to 1,00,00 0. T h en
th e voltag e a t p o in t P is ca lcu lated , u sin g elem en tary
statistics [3 ], a s

V P = (N B N C V A + N A N C V B + N A N B V C )
(N A N B + N B N C + N C N A ) :

(T h is is d iscu ssed in d etail in A p p en d ix 1). T h e resu lts
from th e sim u latio n p rogra m alon g w ith th e ex p erim en -
tal resu lts of electroly tic ta n k are d isp lay ed grap h ically
in F igure 3. T h e ag reem en t b etw een th e ex p erim en t a n d
sim u lation is q u ite go o d , th e averag e d ev iation b ein g
ab ou t 7 % a n d th e m ax im u m arou n d 14% . T h is sh ow s
th at L a p la ce solu tion can b e very w ell rep la ced b y sim u -
la tio n an d th at o u r m o d elin g an d sim u la tion is reliab le.
T o ju stify th is resu lt a n oth er com p lex p rob lem is co n sid -
ered . F ou r lam in a s o f th e sam e d im en sion s as g iv en ea r-
lier are arran g ed in a q u a d rilateral sh a p e w ith o u t tou ch -
in g each o th er a t th e corn ers a n d th ey are given vo lta ges
1.5V , 3V , 5 V ,an d 6V resp ectively as sh ow n in F igure 5.
E lectroly te is ta ken as u su a l. T h en v oltages at d i® er-
en t p oin ts w ith in th e en closed reg io n are m easu red a n d
d isp lay ed in F igure 6 . T h e ty p ical error in th ese m ea -
su rem en ts in ab ou t 2 % . M o n te C a rlo sim u la tio n is d on e
for th is q u ad rilateral in a sim ilar w ay to th a t for th e
tria n gu lar co n ¯ gu ra tio n .
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Figure 6. Comparison of

experimental and simula-

tion results (quadrilateral).

Figure 7. Four laminas

forming a quadrilateral. P

is the point at which poten-

tial is evaluated.

T h e p o ten tial a t p oin t P of th e en closed sp a ce ca n b e
d eterm in ed as earlier. H ere w e w ill h ave fou r trian g les
(F igure 7) w ith in th e q u ad rila tera l a n d so th e algo rith m
given ea rlier fo r th e tria n gu lar case is a d ap ted to th is
p rob lem . U sin g elem en tary sta tistics [3],
V P =
N B N C N D V A + N A N C N D V B + N A N B N D V C + N A N B N C V D

N B N C N D + N A N C N D + N A N B N D + N A N B N C
;

w h ere N A ;N B ;N C ;N D d en ote th e n u m b er of su ccesses
ou t of N tria ls th at fall w ith in trian g les A B P , B C P ,
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C D P , D A P resp ectiv ely. U sin g th e ab ove form u la , th e
p o ten tial a t d i® eren t p oin ts in sid e th e en clo su re is d e-
term in ed . T h ese a re d isp layed grap h ically in F igure 6.
T h e error in vo lv ed in th e m easu rem en t of v oltage b y
sim u lation at d i® eren t p o in ts is ab o u t 1% . T h e m ax i-
m u m d i® eren ce b etw een th e ex p erim en t a n d sim u lation
in th e q u ad rila tera l con ¯ g u ration is aro u n d 7% . S o th e
ag reem en t b etw een th em m ay b e con sid ered fairly g o o d .
7 . C o n c lu sio n
T h e w h ole id ea o f th is article is to ¯ n d a su b stitu te for
L a p la ce's eq u ation r 2 Á = 0 in electro m a gn etic th eory.
a) W e h ave p roved ex p erim en tally th a t electroly tic tan k
m o d el can b e very w ell co n sid ered as a su b stitu te for
r 2 Á = 0, i.e., in stead of solv in g th e p rob lem th eo reti-
cally, on e can stra igh t aw ay d o th e ex p erim en t to stu d y
th e p o ten tial d istrib u tion in a sy stem .
b ) W e tried th is electroly tic tan k m o d el ex p erim en t for
com p lica ted cases, th e tria n gu lar an d q u ad rila tera l co n -
¯ gu ra tio n s, w h ere L a p la cian resu lts are n ot availa b le.
c) S in ce M o n te C arlo sim u la tio n is on e o f th e a lter-
n ative to o ls to stu d y an y co m p lex p ro b lem , w e p ro -
ceed ed to sim u late th eo retically th e resu lts o f trian g le
an d q u ad rila tera l. T h e m o d el, sim u la tio n a n d th e re-
su lts a gree very w ell w ith th e ex p erim en ta l (electro ly tic
tan k m o d el) m easu rem en ts.
W e con clu d e b y say in g th a t M on te C a rlo sim u la tion is
th e b est altern ativ e to ol for b o th th eory a n d ex p erim en t.
H ere w e h av e d evelop ed o u r ow n so ftw are an d n o read y -
m ad e softw a re is u sed . T h is w ill h elp th e b egin n ers a lso
to m o d el an d sim u la te sim p le p h y sical p rob lem s. S im i-
la rly, th e ex p erim en ta l electroly tic tan k m o d el can a lso
b e p ra cticed for p h y sics stu d en ts.

     Suggested Reading
[1] R Reitz, F J Milford and R

W Christy, Fundamentals of
Electromagnetic Theory, III
Edition, Narosa Publishing
House, New Delhi, 1998.

[2] Harvey Gould and Jan To-
bochnik, An Introduction to
Computer Simulation Meth-
ods, II Edition, Addison-
Wesley Publishing Com-
pany Inc., 1996.

[3] Donard de Cogan and Anne
de Cogan, Applied Numeri-
cal Modelling for Engineers,
Oxford University Press,
Inc., New York, 1997.



CLASSROOM

83RESONANCE ç July   2005

A p p e n d ix 1
T h e p ro b ab ility of a ran d o m ev en t A , is evalu ated q u a n -
tita tiv ely b y m ean s of som e n u m b er

n = P (A ): (A 1)

F or ex am p le, if th ere a re q n u m b er o f ex h a u stive, m u -
tu ally ex clu siv e an d eq u ally likely ca ses o f an ev en t a n d
su p p ose th a t p of th em are favora b le to h ap p en in g o f an
even t A , th en th e m ath em a tical p ro b ab ility o f th e ev en t
A is d e¯ n ed as

P (A ) = p
q : (A 2)

L et u s say, in (m + n ) n u m b er o f trials, m trials are in
favo r of th e ev en t A to h ap p en , th en

P (A ) = m
m + n : (A 3)

N ow , w e ex ten d th is eq u a tio n (A 3) to a ca se of tw o
in ¯ n itely lo n g ro d s A an d B sep ara ted b y a d ista n ce in
th e x -ax is. If N is th e tota l n u m b er o f tim es th e trial is
attem p ted , th en th e even t (h ittin g th e ro d A or th e tria l
p o in t b ein g clo ser to A th an B ) h ap p en s N A tim es a n d
so th e p rob a b ility o f even t A h ap p en is N A =N . S im ila rly
on ro d B it is N B =N . N ow , let u s assu m e th at ro d A is
ap p lied w ith a vo ltag e V A an d ro d B w ith a vo lta ge V B .
A t a n y p oin t o n th e x -a x is b etw een th e tw o ro d s A an d B
th e v olta ge w ill b e g iv en in term s of th e tota l p rob ab ility,
as b oth co n trib u tio n s w ill d eterm in e th e v olta ge a t a n y
p o in t x . T h at is
(N A + N B )V (x ) = N A V B + N B V A

i.e. N A V B is th e con trib u tio n to ro d A an d N B V A to ro d
B .
T h erefore

V (x ) = N A V B + N B V A
N A + N B

: (A 4)
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T h is m ay also b e p rov ed from th e a d d itive law of p ro b -
ab ility.
T h e o re m

P (A 1 + A 2 ) = m 1 + m 2
N ; (A 5)

w h ere N is th e to tal n u m b er of ex h a u stiv e, m u tu ally
ex clu siv e an d eq u ally lik ely cases o f w h ich m 1 ;m 2 are
favo u rab le to th e even ts A 1 ;A 2 , resp ectively. T h at is

P (A 1 + A 2 ) = P (A 1 ) + P (A 2 )
= m 1

N + m 2
N : (A 6)

In th e p resen t ca se of tw o ro d s A a n d B w ith vo lta ges
V A a n d V B th e p o ten tial at an y p o in t x is th en

P (A + B )V (x ) = P (A )V B + P (B )V A : (A 7)
H ere th e even ts are n ot m u tu a lly ex clu sive, a s th e p oten -
tia l o n th e ro d s A an d B w ill sim u ltan eou sly d eterm in e
th e p o ten tial at p oin t x .
S o from eq u a tio n (A 7)

V (x ) = P (A )V B + P (B )V A

as P (A + B ) = 1.
S im ila rly for th ree p lates (in ¯ n itely lo n g on th e z -ax is),
th e p o ten tial m easu red d ep en d s on x a n d y of an y p o in t
q(x ;y )

V (x ;y ) = N B N C V A + N A N C V B + N A N B V C
N B N C + N A N C + N A N B

:


