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Figure 1. Area of a spheri-
cal cap.

A rea ofa SphericalC ap

Consider a circle drawn in the usualm anner using a
com pass,with theradiussetatL.Thearea ofthecir-
cleis,ofcourse,¼L2.Now,keepingthegap between the
legsintact,place the pointofthe com passon a sphere
and traceoutacircleonthesphere(seeFigure1).W hat
willbethearea ofthesphericalcap thusform ed? Sur-
prisingly,the sam e formula applies! { the area is¼L2,
asearlier.

The proofisnottoo di± cult. In factthere are several
proofsavailable.Perhapsthesim plestway isto usethe
m ethod used by Archim edes to show that the surface
area ofa sphereofradiusR is4¼R 2.W e shallhowever
useintegration.

Leta sphericalpolarcoordinate system be used;letµ
bethepolarangle(thecom plem entofthelatitude),and
letÁ bethelongitudinalangle.Theelem entofarea on
the surface ofthe sphere is then (R dµ)(R sinµdÁ) =
R 2sinµdµdÁ. For the sphericalcap under discussion,
wehave0· Á · 2¼ and 0· µ· µ0 where

sin
µ0
2
=
L=2

R
;
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thus

µ0 = 2sin¡ 1
L

2R
:

Itfollowsthattherequired area isequalto

Z 2¼

Á= 0

Z 2sin¡ 1 L=2R

µ= 0
R 2 sinµdµdÁ

= 2¼R 2
·

1¡ cos
µ

2sin¡ 1
L

2R

¶¸

= 4¼R 2sin2 sin¡ 1
L

2R
= ¼L2:

Sotheareaofthecap isindependentoftheradiusofthe
sphere!Thisisclearly a specialproperty ofthesphere.

1. The area ofthe sphericalcap isindependentofthe
radiusofthesphere,whilethecircum ferenceoftheedge
ofthecap dependson theradius.

2.Area ofthecircleon theplanewith radiusL and the
area ofthesphericalcap with com passlength L arethe
sam e,while thecircum ferenceofthecircleand thecir-
cum ferenceoftheedgeofthesphericalcap aredi®erent.

A rea ofa SphericalTriangle

Theideaofatriangleon asphericalsurface(itssidesare
arcsof g̀reat circles') soundsforbidding,and one m ay
anticipate that the formula for the area ofsuch a tri-
angleisgiven by som ecom plicated expression.Instead,
the form ula turnsoutto be sim ple and elegant{ sim -
plerthan thecorrespondingformulaforaplanetriangle!
Indeed,we have the following: The area ofa spherical
triangle on a sphere ofradiusR isequalto

(sum oftheanglesofthetriangle¡ ¼)R 2:

As earlier,a variety ofproofs are available,and the
readerm ay wish to¯nd anon-calculusproof,usingonly
sim ple geom etricalideas. W e shallonce again give a

The area of the
spherical cap is
independent of the
radius of the
sphere, while the
circumference of
the edge of the cap
depends on the
radius.

The area of a
spherical triangle on
a sphere of radius R
is equal to
(sum of the angles
of the triangle – π )
R2.
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proofthatusesintegration.Recall¯rstly thatgreatcir-
clesareform ed by theintersection ofthesurfaceofthe
sphere with planes passing through the center ofthe
sphere.

W etakethespheretohaveradiusR and to becentered
attheorigin O(0;0;0),onevertex ofthethetriangleto
be the ǹorth pole',A (0;0;R)(see Figure 2),and the
two planespassing through thenorth poleto be

y= 0; ¡xsin® + ycos® = 0:

Letthethird sideofthetrianglecorrespondtotheplane

z= ax+ by;

where a;b are constants. The norm aldirectionsofthe
threeplanesare,in vectorform ,

(0;1;0); (¡ sin®;cos®;0); (a;b;¡1):

Thelengthsofthesethreevectorsare,respectively,

1; 1;
p
a2 + b2 + 1;

and theirpairwisescalarproductsare

cos®; b; ¡asin® + bcos®;

Figure 2. Area of a spheri-
cal triangle.
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so the angles ofthe sphericaltriangle are ®,¯ and °,
where¯ and ° aregiven by

cos¯ =
b

p
1+ a2 + b2

; cos° =
asin® ¡ bcos®
p
1+ a2 + b2

:

W e now transform to sphericalcoordinates;with µ and
Á havingthesam em eaningsasearlier,theconversion is
achieved via

z= R cosµ; x = R sinµcosÁ; y= R sinµsinÁ:

Therelation z= ax+ by yieldscotµ= acosÁ + bsinÁ,
and itfollowsthattherequired area is]

Z ®

Á= 0

Z cot¡ 1(acosÁ+ bsinÁ)

µ= 0
R 2 sinµdµdÁ

= R2
Z ®

Á= 0

h
1¡ coscot¡ 1(acosÁ + bsinÁ)

i
dÁ

= ®R 2 ¡
Z ®

Á= 0

2

4
(acosÁ + bsinÁ)

q
1+ (acosÁ + bsinÁ)2

3

5 R 2 dÁ

= ®R 2 ¡
Z ®

Á= 0

p
a2 + b2(cos±cosÁ + sin±sinÁ)R2

q
1+ (a2 + b2)(cos±cosÁ + sin±sinÁ)2

dÁ;

where forconvenience we have introduced an auxiliary
angle± dē ned by

cos±=
a

p
a2 + b2

; sin±=
b

p
a2 + b2

:

Therequired area m ay now bewritten as

®R 2 ¡
Z ®

Á= 0

R 2 cos(Á ¡ ±)dÁ
q

1+ a2+ b2

a2+ b2 ¡ sin2(Á ¡ ±)

= ®R 2 ¡

"

sin¡ 1
Ã p

a2 + b2 sin(® ¡ ±)
p
1+ a2 + b2

!

+

sin¡ 1
Ã p

a2 + b2 sin±
p
1+ a2 + b2

!

R 2

3

5
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=

"

® ¡ ¼ + cos¡ 1
Ã p

a2 + b2 sin(® ¡ ±)
p
1+ a2 + b2

!

+

cos¡ 1
Ã p

a2 + b2 sin±
p
1+ a2 + b2

!

R 2

=

"

® + cos¡ 1
Ã
asin® ¡ bcos®
p
1+ a2 + b2

!

+

cos¡ 1
Ã

b
p
1+ a2 + b2

!

¡ ¼ R 2

= (® + ¯ + ° ¡ ¼)R 2:

Thisprovestheclaim .

C orollaries

Severalinterestingcorollariesdropoutrathereasilyfrom
theaboveresult.W elistsom eofthesebelow.

1.Ifthesum oftheanglesofa sphericaltriangleisheld
constant,then itsareastaysconstant.(Thisclearlydoes
nothold in thecaseofplanetriangles.)

2.Thesum oftheanglesofa sphericaltriangleisnever
less than ¼ and never greater than 5¼. (Thisisso be-
causethearea ofthetriangleisnon-negative,and does
notexceed thesurfacearea ofthewholesphere.)

3. The area ofa n-sided sphericalpolygon drawn on a
sphere ofradiusR isgiven by

[sum oftheanglesofthepolygon¡ (n ¡ 2)¼]R2:

(This follows from the fact that the n-sided polygon
can bepartitioned into (n ¡ 2)sphericaltriangles.)

4.Ifthesum oftheanglesofan-sidedsphericalpolygon
isheld constant,then itsarea staysconstant.

5.Thesum oftheanglesofan-sidedsphericalpolygon is
neverlessthan (n¡ 2)¼ and nevergreaterthan (n+ 2)¼.

3

5

3

5

If the sum of the
angles of a spherical

triangle is held
constant, then its

area stays constant.
(This clearly does not

hold in the case of
plane triangles.


