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Figure 1. Area of a spheri-
cal cap.

Symmetry on a Sphere

Area of a Spherical Cap

Consider a circle drawn in the usual manner using a
compass, with the radius set at L. The area of the cir-
cleis, of course, ¥4.2. Now, keeping the gap between the
legs intact, place the point of the compass on a sphere
and traceout acircleon the sphere (see Figure 1). What
will be the area of the spherical cap thus formed? Sur-
prisingly, the same formula applies! { the area is ¥4.2,
as earlier.

The proof is not too di+ cult. In fact there are several
proofs available. Perhaps the simplest way isto usethe
method used by Archimedes to show that the surface
area of a sphere of radius R is 4YR?. We shall however
use integration.

Let a spherical polar coordinate system be used; let p
be the polar angle (the complement of thelatitude), and
let A be the longitudinal angle. The element of area on
the surface of the sphere is then (Rdp) (RsinpdA) =
R2sinududA. For the spherical cap under discussion,
wehaveO- A- 2%and0- p- Lo where

o L=2

o L2
S =R

84

RESONANCE | July 2002



CLASSROOM

thus

L
= 2sin ' —:
o 2R

It follows that the required areais equal to

Z 2y, £ 2gini 1L=R

, R?sinpdupdA
A=0 p=0
2 H i1 L T.
= 24 1j cos 29n' *—
R Lic 2R
. L
= 4/R*sn’sn't— = WU*Z
2R

So the area of the cap isindependent of the radius of the
sphere! Thisis clearly a special property of the sphere.

1. The area of the spherical cap is independent of the
radius of the sphere, while the circumference of the edge
of the cap depends on the radius.

2. Area of thecircle on the plane with radius L and the
area of the spherical cap with compass length L arethe
same, while the circumference of the circle and the cir-
cumference of the edge of the spherical cap are di®erent.

Area of a Spherical Triangle

Theideaof atriangle on a spherical surface (itssidesare
arcs of "great circles) sounds forbidding, and one may
anticipate that the formula for the area of such a tri-
angle is given by some complicated expression. Instead,
the formula turns out to be simple and elegant { sim-
pler than the corresponding formula for a plane triangle!
Indeed, we have the following: The area of a spherical
triangle on a sphere of radius R is equal to

(sum of the angles of the trianglej ¥) R?:

As earlier, a variety of proofs are available, and the
reader may wish to nd a non-calculus proof, using only
simple geometrical ideas. We shall once again give a

The area of the
spherical cap is
independent of the
radius of the
sphere, while the
circumference of
the edge of the cap
depends on the
radius.

The area of a
spherical triangle on
a sphere of radius R
is equal to

(sum of the angles
of the triangle — 1)
R2.
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Figure 2. Area of a spheri-
cal triangle.

proof that usesintegration. Recall rstly that great cir-
cles are formed by the intersection of the surface of the
sphere with planes passing through the center of the
Sphere.

We take the sphereto have radius R and to be centered
at the origin O(0; 0; 0), one vertex of the the triangle to
be the "north pole', A (0;0;R) (see Figure 2), and the
two planes passing through the north pole to be

y=0; i Xsin®+ ycos®= 0:
Let thethird side of thetriangle correspond to the plane

zZ= ax + by;

where a; b are constants. The normal directions of the
three planes are, in vector form,

(0;1,0); (i sn®cos®0); (b 1):
The lengths of these three vectors are, respectivdly,
1L 1 P a2+ R+ 1
and their pairwise scalar products are

Ccos®; b i asn®+ bcos®;
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so the angles of the spherical triangle are ®,  and °,
where  and ° are given by

o5~ = b _ cos® = asin®j bcos®
T Iv a2+ Tl a2+

We now transform to spherical coordinates; with pand
A having the same meanings as earlier, the conversion is
achieved via

z = Rcosy; X = RsinpcosA; y = RsnpsnA:

The relation z = ax + by yields cot p= acosA+ bsinA,
and it follows that the required area ig
Zo Zcai 1(acosA+ bsin A) |
, R?sinpdudA
:2 ®“:?1 i
2 1j coscot' Y(acosA+ bsinA) dA
3

5 R2dA

= R )
A=0
Ze < —
acosA+ bsnA
- (R]QZI ' 4q ( - ),
A=0 1+ (acosA+ bsinA)?
Zg

; i ?(costcosA+ sintsin A)R?

— @2 .
- | ; | ~ N -
A=0 1+ (a?+ P?)(costcosA+ sintsinA)?

dA;

where for convenience we have introduced an auxiliary
angle £ de ned by

a . b
a2+ 2’ a2+ 2
The required area may now be written as
Ze

Ccost =

R2cos(Aj #) dA

\.1
A= 1+ a2 . s N2 (A
Ao gl gn?(Aj 4)

®R? j

|
IOa2+ I sin(®i %)
P +
1+ a2+ P
P——80 12
a’+ bPsnt g

1+ a2+ P

= ®R?j sn'!

sini ! R?
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If the sum of the
angles of a spherical
triangle is held
constant, then its
area stays constant.

(This clearly does not

hold in the case of
plane triangles.

Ap_— . !
az+ Psin(® #) N

= ®j Vat+ cos ! —
b Tlra+ B
. an
a2+ PPsnt
cos ! 5R?
1+ a2+ P
!
. asn®; bcos®
= ®+cos ! Ppemem— +
Plt a2+ P
A | o
cos ! pb: i ¥Y5R?
1+ a2+ P

= (®+  +°j YR%

This proves the claim.
Corollaries

Several interesting corollariesdrop out rather easily from
the above result. We list some of these below.

1. If the sum of the angles of a spherical triangle is held
constant, then its area stays constant. (Thisclearly does
not hold in the case of plane triangles.)

2. The sum of the angles of a spherical triange is never
less than Y2and never greater than 5% (Thisis so be-
cause the area of the triangle is non-negative, and does
not exceed the surface area of the whole sphere.)

3. The area of a n-sided spherical polygon drawn on a
sphere of radius R is given by

[sum of the angles of the polygoni (nj 2)¥4R*:

(This follows from the fact that the n-sided polygon
can be partitioned into (nj 2) spherical triangles.)

4. If the sum of the angles of a n-sided spherical polygon
is held constant, then its area stays constant.

5. The sum of the angles of a n-sided spherical polygon is
never less than (nj 2)%and never greater than (n+ 2)%

-
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