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Introduction

Thefollowingtypeofproblem isdiscussed inm anytext-
books ofdynam ics. Suppose,a train starts from rest
with auniform acceleration,attainsacertain speed and
thereafterretardswith a uniform retardation ¯nally to
stop atthe nextstation. In m ostofthe problem sthe
train is considered to have m oved with that speed for
som e tim e before taking up theretardation. How does
one determ ine the m inimum tim e oftravel? Given the
applied forceperunitm ass,theresistiveforceperunit
m assdueto braking,thedistancebetween thestations
and also the friction between the railsand the wheels,
ouraim hereistodeterm inethem inim um tim eofjour-
ney by thetrain.

Letus¯rstformulatetheproblem dynam ically.

Itisobviousthatthe train startsfrom restatstation,
say,A applyingapullf1 perunitm ass.Aftersom etim e
itattainsa speed.Letitm ovewith thisspeed forsom e
tim eandthereafteritappliesabrakewith resistiveforce
f2 perunitm asswith aview to stop atthenextstation
B ,whereasthefrictionalforcebetween therailsandthe
wheelsisf perunitm assand the m otion ofthe train
is rectilinear. In this article is aim ed at determ ining
how longthetrain should accelerate,how longitshould
m ovewith uniform speed and how long itshould retard
beforecom ingtorestatthenextstation soastoyield a
m inimum tim eofjourney between thetwostations,say,
X distanceapart.

Solution to the Problem

Letthetrain attain a speed v in tim et1 aftertravelling
adistancex1.Sinceitm oveswith resultingacceleration
(f1 ¡ f),starting from restatstation A,considering its
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rectilinearm otion weget

v = (f1 ¡ f)t1;v
2 = 2(f1 ¡ f)x1 (1)

Letthetrain traveladistancex with uniform velocity v
fortim etbeforeitstartsretarding so asto haltatthe
nextstation.Then wehave

x = vt: (2)

Thereaftersincethetrain m oveswith resultingretarda-
tion (f2+ f)to covera distance,say,x2 beforeitcom es
to restatthenextstation B,onegets

v = (f2 + f)t2;v
2 = 2(f2 + f)x2: (3)

IfT bethetotaltim eoftravelby thetrain,(1)and (3)
lead to

T = v
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Elim inatingtbetween (4)and (5)wegetT asafunction
ofv:
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Thissuggeststhatthereexistsam inimum tim eoftravel
by the train between the two stationsforwhich ithas
to attain a certain speed vopt because

dT
dv = 0 gives
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0
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: (7)

and also d2T
dv2 > 0 and in consequenceof(5),

topt = 0: (8)
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Thisrevealsthattom inim izethisjourneytim ethetrain
has to accelerate to a m aximum velocity given by (7)
and,thereafter, has to retard to zero velocity at the
next station i.e. with no travelwith uniform velocity
during thejourney.

However,utilizing (1),(3),(6)and (7)wehave

(x1)opt =
X
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(t2)opt =

2

4
2X

³
1

f1¡ f
+ 1

f2+ f

´

3

5

1=2
1

f2 + f
: (12)

Hence the m inim um totaltim e oftravelbetween two
stationsfrom restto restby thetrain is

Tm in = (t1)opt+ (t2)opt

=

"

2X

Ã
1

f1 ¡ f
+

1

f2 + f

!#1=2

: (13)

W hathasbeen established by theforegoing discussion?
Itisestablished thatifa vehicleundertakesto go from
oneposition atrestto anotherposition atrestin a rec-
tilinearpath with a given acceleration and with a given
retardation then itcan com pletethejourney in a m ini-
mum tim e withoutm oving with uniform speed forany
partofthejourney.

Here isa geom etricalpicture ofthe situation. Say the
train startswith a ¯xed acceleration f1 (including fric-
tion)and acceleratesuptoavelocity v,m oveswith con-
stantvelocity forsom etim e and then slowsdown with
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a ¯xed deceleration f2 to zero velocity atthe¯xed des-
tination. In a plotofv(t)versust,theabove situation
willlook like.

AB :m otion with constantacceleration f1.

B C :m otion with constantvelocity v.

CD :m otion with constantdeceleration f2.

Thecurveenclosesa trapezium AB CD .Now theprob-
lem isto m inim ize thetim e taken,i.e.,havethesm all-
estpossibleAD (intercepton taxis),with thefollowing
constraints:

² theslopesofAB and CD are¯xed.

² the area under the curve representing the distance
between thestationsis¯xed.

The optim alsolution isrepresented by the trajectories
AQR (in velocity space). The tim e AD is reduced to
AR,at the expense ofadding the area ofthe triangle
B PQ to the area underthecurve in Figure 1,RQCD .
Tosatisfy theconstraint,thisgain and lossin aream ust
exactlycom pensateeachother.Theanalyticallyderived
solution hasexactlythisproperty,andthetriangleAQR
re°ectsthefactthattom inim izethetim e,theperiod of
travelwith constantvelocity mustbezero,i.e.,geom et-
rically the v(t)versustgraph should enclosea triangle
asopposed to a trapezium .
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