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Graph Theory to Pure Mathematics: Some
Illustrative Examples
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1 . In tro d u c tio n
M ath em a ticia n s a re g en era lly aw a re o f th e sig n ī ca n ce
of g rap h th eo ry as a p p lied to oth er areas of scien ce
an d ev en to so cietal p ro b lem s. T h ese areas in clu d e o r-
ga n ic ch em istry, so lid sta te p h y sics, statistica l m ech a n -
ics, electrica l en gin eerin g (com m u n ication n etw ork s a n d
co d in g th eory ), com p u ter scien ce (a lgo rith m s an d com -
p u tation ), op tim izatio n th eory, a n d op era tio n s research .
T h e w id e sco p e of th ese an d oth er a p p lication s h as b een
w ell d o cu m en ted [1,2].
H ow ever, n ot everyo n e realizes th at th e p ow erfu l co m b i-
n ato ria l m eth o d s fo u n d in g rap h th eo ry h ave a lso b een
u sed to p rove sig n ī can t a n d w ell-k n ow n resu lts in a va -
riety of a rea s o f p u re m ath em a tics. P erh ap s, th e b est
k n ow n of th ese m eth o d s a re related to a p a rt o f gra p h
th eory called m atchin g theory. F o r ex a m p le, resu lts
from th is area can b e u sed to p rove D ilw orth 's ch ain
d eco m p osition th eorem for ¯ n ite p artially o rd ered sets.
A w ell-k n ow n ap p lica tion of m atch in g in group theory
sh ow s th a t th ere is a co m m on set of left a n d righ t coset
rep resen tatives of a su b g rou p in a ¯ n ite g rou p . A lso,
th e ex isten ce of m atch in g s in certain in ¯ n ite b ip a rtite
gra p h s p layed an im p ortan t role in L a czkov ich 's a± r-
m ativ e an sw er to T arsk i's 19 25 p rob lem o f w h eth er a
circle is p iecew ise con gru en t to a sq u are. O th er ap p lica -
tio n s o f gra p h th eory to p u re m ath em a tics m ay b e fo u n d
scattered th rou g h ou t th e litera tu re.
R ecen tly, a co llection of ex am p les [3], sh ow in g th e a p -
p lication of m atch in g th eory, is a p p lied to give a v ery
sim p le con stru ctive p ro of of th e ex isten ce of H aa r m ea -
su re on com p act top ological grou p s. H ow ev er, th e oth er
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We present some

examples,  whose

statements are

well-known or are

easily understood

by mathematicians

who are not

experts in the area.

com b in ato ria l ap p lication s o f [3] d o n ot fo cu s on gra p h
th eory. T h e grap h -th eoretic ap p lica tio n s p resen ted in
th is article d o n o t overla p w ith th ose in [3] an d n o a t-
tem p t h as b een m ad e at a su rvey. R ath er, w e p resen t
so m e ex a m p les, w h ose sta tem en ts are w ell-k n ow n o r are
easily u n d ersto o d b y m a th em a ticia n s w h o are n o t ex -
p erts in th e a rea . T h e d e¯ n itio n s an d p ro ofs are ex -
p lain ed in a relatively sh ort sp a ce, w ith o u t m u ch tech -
n ica l d etail. T h e p ro ofs ex h ib it th e elega n ce o f gra p h -
th eoretic m eth o d s, a lth o u gh , in som e cases, on e m u st
con su lt th e literatu re in o rd er to com p lete th e p ro of.
2 . P re lim in a rie s
A n u n d irected g rap h G = (V ;E ) is a p a ir in w h ich V is
a set, called th e vertices of G , an d E is a set of 2 -elem en t
su b sets o f V , ca lled th e ed ges o f G . A n ed ge e 2 E is
d en oted b y e = x y , w h ere x an d y a re th e en d vertices
of e. T h e d egree of a vertex v , d eg (v ), is th e n u m b er of
ed ges in cid en t w ith v .
A trail of len g th n in a gra p h G is a seq u en ce of vertices
x 0 ;x 1 ;:::;x n (x i 2 V ), su ch th a t for i = 0 ;1 ;:::;n ¡ 1,
x ix i+ 1 is an ed g e o f G , an d fu rth er, all ed ges x ix i+ 1 are
d istin ct. If x 0 = x n , th en th e tra il is said to b e closed .
W h en a ll th e v ertices in th e seq u en ce are d istin ct, th e
trail is ca lled a path. A closed trail, a ll o f w h o se vertices
are d istin ct ex cep t for x 0 an d x n , is ca lled a cycle.
A gra p h G is con n ected if a n y tw o vertices o f G are jo in ed
b y a p a th in G . O th erw ise, G is said to b e d iscon n ected .
T h e co m p on en ts of G are th e m ax im a l con n ected su b -
gra p h s of G . A tree is a con n ected grap h w ith o u t cy cles.
A g rap h G = (V ;E ) is said to b e b ip artite if V ca n b e
p artitio n ed in to tw o n on -em p ty su b sets A an d B su ch
th at each ed ge of G h as o n e en d vertex in A a n d on e en d
vertex in B . T h en , G is a lso d en o ted b y G = (A ;B ;E ).
3 . C a n to r{ S ch ro d e r{ B e rn ste in T h e o re m
T h e fo llow in g th eorem w as stated b y C an tor w h o d id n ot
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give a p ro o f. T h e th eorem w as p roved in d ep en d en tly b y
S ch ro d er(18 96) an d B ern stein (19 05 ). T h e id eas b eh in d
th e p ro of p resen ted h ere can also b e fou n d in [4 ].
T h e o re m 3 .1 .(C an tor{S h rÄod er{B ern stein ): L et A an d
B be tw o sets. If there is an in jective m appin g f : A !
B an d an in jective m appin g g : B ! A , then there is a
bijection betw een A an d B .
P ro o f: W ith o u t loss of gen era lity, w e m ay assu m e th at
A \ B = Á . D e¯ n e a b ip artite grap h G = (A ;B ;E ),
w h ere x y 2 E if an d on ly if eith er f (x ) = y or g (y ) = x ,
for x 2 A a n d y 2 B . B y ou r h y p o th esis, 1 · d eg (v ) · 2
for ea ch v ertex v of G . T h erefore, ea ch com p on en t of
G is eith er a on e-w ay in ¯ n ite p ath (i.e., a p a th of th e
form x 0 ;x 1 ;:::;x n ), o r a cy cle of ev en len gth w ith m ore
th an tw o vertices, or an ed g e. N ote th at a ¯ n ite p a th of
len g th a t least 2 can n ot b e a co m p on en t o f G . H en ce,
th ere is in each co m p on en t, a set o f ed ges su ch th at ea ch
vertex in th e co m p on en t is in cid en t w ith p recisely on e
of th ese ed ges. H en ce, in each co m p on en t, th e su b set of
vertices from A is o f th e sam e ca rd in a lity as th e su b set
of v ertices from B . 2
4 . F e rm a t's (L ittle ) T h e o re m
T h ere are m a n y p ro o fs o f F erm ats L ittle T h eorem , th at
in clu d e even sh ort a lg eb ra ic o r n u m b er th eo retic p ro ofs.
T h e ¯ rst k n ow n p ro of of th e th eo rem w as g iv en b y E u ler
in h is letter to G old b ach , d ated 6 th M a rch , 1 74 2. T h e
id ea of th e grap h -th eoretic p ro of p resen ted b elow can
b e fou n d in [5], w h ere th is m eth o d , tog eth er w ith so m e
n u m b er-th eo retic resu lts, w a s u sed to p rove E u ler's gen -
eralization to n on -p rim e m o d u lu s.
T h e o re m 4 .1 .(F erm at): L et p be a prim e such that a
is n ot divisible by p . T hen a p -a is divisible by p.
P ro o f: C on sid er th e g ra p h G = (V ;E ), w h ere V is
th e set of a ll seq u en ces (a 1 ;:::;a p ) o f n atu ra l n u m b ers
b etw een 1 a n d a (in clu sive), w ith a i 6= a j for som e i 6=

Fermat’s Little

theorem is the first

known proof of the

theorem was given

by Euler in his

letter to  Goldbach,

dated 6th March,

1742.
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j. C learly, V h as a p ¡ a elem en ts. F or an y u 2 V ,
u = (u 1 ;:::;u p ), let u s say th at u v 2 E if a n d o n ly
if v = (u p ;u 1 ;:::;u p¡ 1 ). C learly, each v ertex o f G is of
d egree 2; h en ce, each co m p on en t of G is a cy cle of len gth
p . B u t th en , th e n u m b er of co m p on en ts m u st b e (a p¡a )

p .
T h erefo re, p j(a p ¡ a ). 2
5 . E x iste n c e o f a N o n -M e a su ra b le S e t
T h e fo llow in g p ro o f of th e ex isten ce o f a su b set of th e
realn u m b ers R, w h ich is n on -m easu rab le in th e L eb esgu e
sen se, is d u e to T h o m a s [6]. H e w ro te h is p a p er w h ile
h e w as an u n d erg ra d u ate stu d en t. W e realize th at m a n y
read ers m ay still p refer V itali's p ro of. H ow ev er, it is
q u ite u n ex p ected th at th is th eorem can b e red u ced to
th e th eorem b elow , an easily p roved resu lt in m easu re
th eory, b y u sin g on ly d iscrete m ath em a tics.
A sim p le w ell-k n ow n resu lt from g rap h th eory say s th at
a g rap h G = (V ;E ) is b ip a rtite if an d o n ly if all its
cy cles are of even len g th . C on sid er n ow th e g rap h T =
(R;E ), w h ere x y 2 E if an d on ly if jx ¡ y j = 3 k , w ith
k 2 Z. In ord er to sh ow th at T is b ip artite, su p p ose
th at x 0 ;x 1 ;:::;x n ¡ 1 , w h ere x n = x 0 , is a cy cle of len gth
n in T . T h en , b y th e d e¯ n itio n o f T ,

x n = x n ¡1 § 3 k n = x n ¡ 2 § 3 k n ¡ 1 § 3 k n = ::: =
x 0 § 3 k 1 § 3 k 2 § ::: § 3 k n

an d th u s, § 3 k 1 § 3 k 2 § ::: § 3 k n = 0, w h ere fk ig ni= 1 is
a set o f in tegers. M u ltip ly in g b o th sid es b y 3 N , w h ere
N is a n in teger su ch th at N + k i > 0 fo r all 1 · i · n ,
y ield s § 3 N + k 1 § 3 N + k 2 § :::§ 3 N + k n = 0 , w h ich im p lies
th at n is ev en , sin ce o th erw ise th e left sid e o f th e ab ove
eq u a tio n is o d d , a co n tra d ictio n . T h u s, T is b ip artite.
H en ce, th ere a re sets A an d B w ith A \ B = Á , A [ B = R
su ch th a t each ed ge o f T is in cid en t w ith on e v ertex in
A a n d th e oth er vertex in B . If b oth A an d B w ere
m ea su rab le, th en at lea st o n e of th em , say A , w o u ld h ave
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p o sitive m ea su re. F u rth erm ore, fo r ea ch in teger k , A +
3 k · B , w h ich y ield s A \ (A + 3 k ) = Á . S in ce 3 k ! 0 a s
k ! ¡ 1 , th is co n tra d icts th e follow in g th eorem , w h ich
is a stan d a rd resu lt in m easu re th eory. F or con v en ien ce
of th e read er, w e in clu d e th e p ro of from [6].
T h e o re m 5 .1 . L et M be a set of real n um bers w ith
positive L ebesgue m easure. T hen , there exists a ± > 0
such that for every x 2 R, jx j < ±, M \ (M + x ) 6= Á .
P ro o f: F in d a closed set F a n d an op en set G w ith F ·
M an d F ½ M su ch th at 3¸ (G ) < 4¸ (F ) (w h ere ¸ (¢)
is th e L eb esgu e m ea su re). S in ce G is a cou n ta b le u n ion
of d isjoin t op en in terva ls, th ere is o n e a m o n g th em , say,
I , su ch th at 3 ¸ (I ) < 4 ¸ (F \ I ). L et ± = 1

2 ¸ (I ) a n d
su p p ose th at jx j < ±. T h en , I [ (x + I ) is an in terval of
len g th less th an 3

2 ¸ (I ), w h ich con tain s b oth F \ I a n d
x + (F \ I ). T h e last tw o sets can n o t b e d isjoin t, sin ce
oth erw ise w e h ave
3
2 ¸ (I ) =

3
4 ¸ (I ) +

3
4 ¸ (I ) < ¸ [(F \ I ) [ (x + (F \ I ))] ·

¸ (I [ (x + I )) · 3
2 ¸ (I );

w h ich is a con trad iction . H en ce, Á 6= (F \ I ) \ (x + (F \
I )) · M \ (x + M ), com p letin g th e p ro o f. 2
R e m a rk 5 .1 . It is w ellkn ow n that a n on -m easurable set
can n ot be con stru cted w ithout usin g the axiom of choice.
T he graph T above is con structed w ithout usin g the ax-
iom of choice. N ote that T is n ot con n ected, an d in
fact, each com pon en t of T has on ly a coun table n um ber
of vertices. T hus, to de¯ n e A an d B w e n eed to in voke
the axiom of choice.
6 . B ro u w e r's F ix e d -P o in t T h e o re m
B ro u w er's ¯ x ed p oin t th eo rem sta tes th at every con tin -
u ou s m ap p in g f of a closed n -d isc on to itself h a s a ¯ x ed
p o in t. T h is th eo rem is an ea sy con seq u en ce of a sim p le
com b in ato ria l lem m a d u e to S p ern er (1 928 ). S p ern er's
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lem m a co n cern s th e d ecom p o sition o f a sim p lex , su ch
as a lin e segm en t, tria n gle, tetrah ed ron , an d so o n , in to
sm aller sim p lices. F or th e sak e of sim p licity, con sid er
th e tw o-d im en sio n al case. L et T b e a closed trian gle in
th e p lan e. A su b d iv ision of T in to a ¯ n ite n u m b er of
sm aller tria n gles is sa id to b e a sim p licial if an y tw o in -
tersectin g trian gles h ave eith er a vertex o r a w h o le sid e
in co m m on . S u p p o se th at a sim p licial su b d iv isio n o f T
is given . T h en , a la b elin g of th e v ertices of trian g les
in th e su b d iv isio n in th ree sy m b ols 0;1;2 is said to b e
p rop er if

(i) T h e th ree vertices of T are lab eled 0, 1, an d 2 (in
an y ord er) a n d ,

(ii) F or 0 · i < j · 2 , ea ch v ertex o n th e sid e of T
join in g vertices lab eled i an d j is la b eled eith er i
or j.

W e ca ll a tria n gle in th e su b d iv ision w h ose vertices re-
ceive a ll th ree lab els a distin guished tria n gle.
L e m m a 6 .1 . (S p ern er): E very properly labeled sim -
plicial subdivision of a trian gle has an odd n um ber of
distin guished trian gles.
P ro o f: S in ce a clo sed 2 -d isc is h om eo m o rp h ic to a
clo sed tria n gle, it su ± ces to p rove th at a con tin u o u s
m ap p in g of a closed tria n gle to itself h as a ¯ x ed p oin t.
L et f b e a n y con tin u ou s m a p p in g of T to itself, a n d
su p p ose th a t f (a 0 ;a 1 ;a 2 ) = (a00 ;a01 ;a02 ), w h ere T is a
given closed trian g le w ith vertices x 0 , x 1 , a n d x 2 . H en ce,
an y x 2 T is x = P 2

i= 0 a ix i, w ith a i ¸ 0 an d P 2
i= 0 a i =1. D e¯ n e

S i = f (a 0 ;a 1 ;a 2 ) : (a 0 ;a 1 ;a 2 ) 2 T ;a0i · a ig :
T o sh ow th at f h as a ¯ x ed p oin t, it is en o u gh to sh ow
th at \ 2

i= 0 S i 6= Á . F or su p p ose th at (a 0 ;a 1 ;a 2 ) 2 \ 2
i= 0 S i.

T h en , b y d e¯ n ition o f S i, w e h ave th at a 0i · a i; 8 i, a n d
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1 A set of vertices in a graph iscalled independent  if no two ofthem are adjacent.

P a0i = P a i. H en ce, (a 00 ;a 01 ;a02 ) = (a 0 ;a 1 ;a 2 ), th a t is,
(a 0 ;a 1 ;a 2 ) is a ¯ x ed p oin t of f . T h erefo re, con sid er an
arb itrary su b d iv isio n o f T a n d a p rop er la b elin g su ch
th at ea ch vertex la b eled i b elo n gs to S i. It follow s from
S p ern er's lem m a th a t th ere is a trian g le in th e su b d iv i-
sion w h o se th ree v ertices b elon g to S 0 , S 1 , a n d S 2 . N ow
th is h old s for an y su b d iv isio n of T a n d sin ce it is p o ssi-
b le to ch o ose su b d iv ision s in w h ich each of th e sm aller
tria n gles are o f a rb itra rily sm a ll d ia m eter, w e co n clu d e
th at th ere ex ists th ree p oin ts o f S 0 , S 1 , an d S 2 w h ich
are a rb itra rily close to on e a n oth er. B ecau se th e sets S i
are closed , o n e m ay d ed u ce th at \ 2

i= 0 S i 6= Á . F or d eta ils
of th e ab ove p ro of a n d oth er ap p lica tio n s of S p ern er's
lem m a , th e rea d er is referred to [7]. 2
7 . S ch u r's T h e o re m
C o n sid er a p artitio n (f 1;4;10 ;13g ;f 2;3 ;11;1 2g ;f 5;6;7;
8;9 g) of th e set of in tegers f 1 ;2;:::;1 3g . W e ob serve
th at in n o su b set of th e p a rtition a re th ere in tegers
x , y , a n d z (n o t n ecessarily d istin ct) w h ich sa tisfy th e
eq u a tio n x + y = z . Y et, n o m atter h ow w e p arti-
tio n f 1;2 ;:::;14 g in to th ree su b sets, th ere alw ay s ex ist
a su b set of th e p a rtition w h ich con tain s a solu tio n to
th e eq u a tion x + y = z . S ch u r (191 6) p rov ed th at \In
gen eral, given an y p ositive in teg er n , th ere ex ists an in -
teger f n su ch th at, in an y p a rtition o f f 1;:::;f n g in to
n su b sets, th ere is a su b set, w h ich con tain s a solu tion
to x + y = z ". S ch u r's th eo rem fo llow s from th e ex is-
ten ce of th e R am sey n u m b ers r n . B y a com p lete gra p h
K n , w e m ea n th e grap h on n v ertices in w h ich a n y tw o
vertices are ad jacen t. A k -ed ge colorin g of a g rap h G is
an a ssign m en t of k colors 1 ;:::;k to th e ed g es of G . A
k -ed ge co lo rin g is ca lled p ro p er if n o tw o a d jacen t ed ges
h ave th e sam e color. R am sey (193 0) sh ow ed th at, given
an y tw o p ositiv e in teg ers k a n d `, th ere ex ists a sm allest
in teger r(k ;`) su ch th at ev ery g rap h o n r(k ;`) vertices
con tain s eith er a co m p lete gra p h on k vertices or an in -
d ep en d en t set of ` vertices1 . T h e fo llow in g th eorem of

Yet, no matter how

we partition

{1,2,...,14}  into

three subsets,

there always exist

a subset of the

partition which

contains a  solution

to the equation

x + y =z.
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of R am sey is d u e to E rd Äos a n d S zekeres (1 935 ) a n d
G reen w o o d an d G lea son (195 5).
T h e o re m 7 .1 (R a m sey ): F or an y tw o in tegers k ¸ 2,
` ¸ 2, r(k ;`) · r(k ;` ¡ 1 )+ r(k ¡ 1;`). If both the term s
on the right han d side are even then strict in equality
holds.
R am sey n u m b ers h av e a n a tu ral gen era lizatio n . D e-
¯ n e r (k 1 ;:::;k m ) to b e th e sm allest in teger n su ch th at
every m -ed ge colorin g (E 1 ;:::;E m ) of K n con tain s for
so m e i, a com p lete su b grap h on k i vertices, a ll of w h ose
ed ges are of color i. L et r n d en ote th e R a m sey n u m b er
r(k 1 ;:::;k n ) w ith k i = 3 for a ll i. T h en it is ea sy to
sh ow th at r n · n (r n ¡1 ¡ 1) + 2 an d r n · bn !ec + 1 .
T h o e re m 7 .2 . L et (S 1 ;:::;S n ) be an y partition of the
set of in tegers f 1;:::;rn g. T hen , for som e i, S i con tain s
three in tegers x , y , an d z such that x + y = z .
P ro o f: C o n sid er th e co m p lete g rap h K rn . C olor th e
ed ges of th is grap h in colors 1;:::;n b y th e ru le th at
th e ed ge u v is assig n ed th e colo r i if ju ¡ v j 2 S i. B y
R am sey 's th eo rem th ere ex ists a m o n o ch rom atic tria n -
gle: th at is, th ere are th ree vertices a , b, an d c su ch th at
a b, bc, an d ca h av e th e sa m e co lo r, say i. A ssu m e th at
a > b > c an d w rite x = a ¡ b, y = b ¡ c, z = c ¡ a .
T h en x ;y ;z 2 S i a n d x + y = z . 2
R e m a rk 7 .1 . L et s n den ote the least in teger such that,
in an y partition of f 1;:::;s n g in to n su bsets, there is
a subset w hich con tain s a solution to x + y = z . It is
easily seen that s 1 = 2, s 2 = 5, s 3 = 14. F urther from
the above theorem w e have the upper boun d s n · r n ·
bn !ec + 1.
8 . U n iv e rsa l G ro u p G ra p h o n Z
In try in g to d escrib e gra p h s b y in teg ers w e m ay a sk :
Is there a set T of in tegers w ith the follow in g property:
T he vertices of each ¯ n ite graph can be labeled by di® er-
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T = Á T = f3g T = f2;4g T = f1;5g T = f2;3;4g
6 vertices 3 edges 2 triangles a hexagon prism
T = f1;3;5g T = f 1;2;4;5g T = f 1;2;3;4;5g

complete bipartite graph K 3 ;3 octahedron complete graph K 6

en t n um bers such that tw o arbitrary vertices are adjacen t
if an d on ly if the di® eren ce of their labels belon gs to T ?
T h e ab ove q u estion can b e form u lated in a m ore co n cise
w ay as follow s:
T h e o re m 8 .1 (C h a racterizatio n T h eorem ): T here is a
group graph on Z w hich con tain s all¯ n ite graphs as edge
in duced su bgraphs up to isom orphism .
A lgeb ra ists con ceiv e a gra p h as a p air (V ;r ), w h ere V
is a set an d r is a n irre° ex iv e, sy m m etric relation on
V . T h e elem en ts o f V are vertices an d r rep resen ts th e
ad ja cen cy. A grou p -gra p h (H ;½ T ) on H is d e¯ n ed a s
follow s: L et H b e a g rou p an d let T b e a su b set of H
su ch th at 1 =2 T , T ¡1 µ T . T h e rela tio n ½ T is d e¯ n ed
b y x ½ T y , if x y ¡1 2 T , fo r a ll x ;y 2 H . O b v io u sly, ½ Tis irre° ex iv e an d sy m m etric. A g rou p grap h is n ot ju st
regu lar b u t even h o m ogen eou s in th e sen se th at its au to -
m orp h ism grou p acts tran sitively o n th e vertices, sin ce
th e rig h t tran slation s of th e grou p are a u tom orp h ism s
of th e gro u p gra p h . B u t th e con verse is n ot n ecessarily
tru e. T h at is, n ot every h om og en eo u s g rap h is a gro u p
gra p h . F or ex am p le, it is ea sy to see th at th e ¯ ve regu lar
p o ly h ed ron gra p h s a re h om og en eo u s, b u t th e d o d ecah e-
d ron gra p h is n ot a g rou p grap h . In v iew o f th is, a
gro u p grap h can b e d e¯ n ed a ltern atively as: A grap h is
a grou p -gra p h if an d on ly if it is n o n -em p ty a n d its a u -
tom orp h ism g rou p co n ta in s a su b g rou p actin g strictly
tran sitively o n th e v ertices. E ven a s sim p le a case a s
th e cy clic grou p of ord er six p ro d u ces several in terestin g
ex a m p les of g rou p g rap h s. T h at is, d e¯ n in g th e ad d i-
tio n m o d u lo 6 on Z6 = f 0;1;:::;5g w e get th e fo llow in g
gro u p g rap h s (Z6 ;½ T ). (F or m o re on th is to p ic w e refer
to [2,8].)

A graph is a group-

graph if and only if

it is non-empty and

its automorphism

group contains a

subgroup acting

strictly transitively

on the vertices.
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