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The Football – I
From Euclid to Soccer it is ...
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Figure 1.

A fo o t b a ll is a 3 -d im e n sio n a l c o n v ex p o ly h e d r o n w ith
e a ch fa c e a re g u la r p e n ta g o n o r a re g u la r h e x a g o n a n d
w ith a t le a st o n e h e x a g o n a l fa c e .

T h is a rtic le is in tw o p a rts . In th is ¯ rst p a rt , w e w ill
p ro v e t h a t a fo o tb a ll e x ists a n d is u n iq u e a n d in th e
se c o n d , w e id e n t ify its g ro u p o f sy m m e trie s. (W e w ill
in c id e n ta lly d o sim ila r th in g s fo r th e p la to n ic so lid s to
so m e o f w h ic h th e fo o tb a ll is c lo se ly re la ted .) I h e a rd
o f th is p ro b le m fro m A m it R o y o f T IF R , M u m b a i. T h e
id e a s u se d in th e p ro o f o f th e e x iste n c e a n d u n iq u e n e ss
a re a ls o h is. M o st o f t h e o th e r p ro o fs p re se n te d h e re c a n
b e fo u n d in G a llia n (1 9 9 9 ) a n d C o x e te r (1 9 4 8 ).

A co n vex set is a se t C µ IR 3 su ch th a t A ; B 2 C )
A B µ C . ( H e r e A B d e n o te s th e se g m e n t jo in in g A

a n d B a n d w e w ill stu d y o n ly c o n v e x su b s e ts o f IR 3 .)
In te rse c tio n o f a n y fa m ily o f c o n v e x se ts is c o n v ex . T h ere
a re p le n ty o f e x a m p le s: th e e m p ty se t, a p o in t, a lin e , a
lin e se g m e n t, a p la n e , a h a lf p la n e , a q u a d ra n t, a d isc ,
a n e llip tic re g io n , a h a lf sp a c e (i.e ., p o in ts ly in g o n o n e
sid e o f a p la n e) , a b a ll, a p y r a m id a n d a p rism w ith a
c o n v e x b a se (rig h t o r n o t). S e e V S S u n d e r's a rtic le s [3 ]
fo r a d isc u ssio n o n v a rio u s a sp e c ts o f c o n v e x ity . T h e ¯ v e
p la to n ic so lid s a re c o n v e x . T h e tw o ¯ g u re s in F igu re 1
a re n o t. N o te th a t th e h e x a g o n sh o w n in t h e ¯ g u re is
e q u ila te ra l b u t n o t e q u ia n g u la r. B y a regu la r po lyg o n
w e m e a n a p la n e p o ly g o n w h ic h is b o th e q u ila te ra l a n d
e q u ia n g u la r.

A co n vex po lyh ed ro n is a ¯ n ite in te rse c tio n o f c lo se d h a lf-
sp a c e s. T h e d isc a n d t h e c y lin d e r a re n o t c o n v e x p o ly -
h e d ra .
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A co n vex po lyto pe is a c o n v e x p o ly h e d ro n w h ich is b o u n d e d .

B y a reg u la r so lid w e m e a n a c o n v e x p o ly h e d ro n s u c h
th a t th e fa c es a re a ll re g u la r, e q u a l p o ly g o n s a n d th e
sa m e n u m b e r o f fa c e s o c cu rs a t e a ch v e rte x . It w a s a l-
re a d y k n o w n 2 4 0 0 y ea r s a g o th a t th e re a re e x a c tly ¯ v e
su ch s o lid s , v iz . th e p la to n ic so lid s, s ee B o x 1 . T h e
G re e k s a ss o c ia te d th e te tra h e d ro n (th is m e a n s a so lid
b o u n d e d b y fo u r fa c es ) w ith ¯ re , th e c u b e w ith e a rth ,
th e o c ta h e d ro n w ith a ir, th e ic o sa h e d ro n w ith w a te r a n d
th e d o d e c a h e d ro n w ith u n iv e rse o r c o sm o s. T h e st u d y o f
d o d e ca h e d ro n w a s c o n sid e re d d a n g e ro u s a n d re str ic te d
d u rin g so m e p e rio d . O n th e o th e r h a n d , th e d o d e c a h e -
d ro n w a s u se d a s a to y a t le a st 2 5 0 0 y e a rs a g o .

A p p a re n tly T h e a e te tu s \ ¯ rs t w ro te o n th e `̄ v e so lid s'
a s th e y a re c a lle d " a ro u n d 3 8 0 B .C . a n d p ro b a b ly k n e w
th a t th e re a re e x a c tly ¯ v e re g u la r so lid s . A ro u n d 3 2 0
B C , A rista e u s ( k n o w n a s t̀h e e ld e r') w ro te a b o o k c a lle d
C o m pa riso n o f th e ¯ ve reg u la r so lid s. E u c lid w ro te h is
E le m en ts a ro u n d 3 0 0 B C .

In th e d ia g ra m s in B o x 1 , th e sy m b o l f p ; q g , k n o w n a s
a S ch la ° i sy m b o l, m e a n s th a t e a c h fa c e is a re g u la r p -
g o n a n d th a t th e re a re q fa c e s a t e a ch v e rte x . O f th e
¯ v e re g u la r so lid s, th e c u b e a n d o c ta h e d ro n a re d u a ls
o f e a ch o th e r, th e d o d e c a h ed ro n a n d t h e ic o sa h e d ro n
a re d u a ls o f e a c h o th e r a n d th e te tr a h e d ro n is se lf-d u a l
in th e fo llo w in g se n s e : if w e sta rt w ith th e c u b e a n d
fo rm a n e w so lid b y ta k in g a n e w v e rte x a t th e c e n tre o f
e a ch fa c e o f th e c u b e a n d jo in in g tw o n e w v e rtice s b y a n
e d g e i® th e y a re c e n tre s o f a d ja c e n t fa c e s o f th e cu b e ,
w e g et th e o ct a h e d ro n . If w e d o th e sa m e sta rtin g fro m
th e o c ta h e d ro n w e g e t b a c k th e c u b e ; sim ila rly fo r th e
d o d e ca h e d ro n a n d th e ic o sa h e d ro n . (T h is d u a lity is th e
sa m e a s th a t u se d fo r p la n a r m a p s in g ra p h th e o ry .)

In c id e n ta lly , th e te tra h e d ro n , c u b e a n d o c ta h e d ro n a re
th e c ry st a l stru c tu re s o f s o d iu m su lp h a n tim o n ia te , so d iu m
ch lo rid e (c o m m o n s a lt) a n d ch ro m e a lu m , re sp e c tiv e ly .

The Greeks
associated the
tetrahedron (this
means a solid
bounded by four
faces) with fire, the
cube with earth,
the octahedron
with air, the
icosahedron with
water and the
dodecahedron with
universe or
cosmos.

Incidentally, the
tetrahedron, cube
and octahedron
are the crystal
structures of
sodium
sulphantimoniate,
sodium chloride
(common salt) and
chrome alum,
respectively.
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Tetrahedron {3,3}

Cube {4,3}

Octahedron {3,3}

Dodecahedron {5,3}

Icosahedron {3,3}

Box 1. Introduction to Geometry by H S M Coxeter, 1961.
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T h e sk e leto n s o f c e rta in m ic ro sc o p ic se a a n im a ls c a lle d
C irco rrh egm a d od eca h ed ra a n d C irco go n ia ico sa h ed ra
(a n d so m e o th e r v iru se s) a re in th e sh a p e o f a d o d e c a h e -
d ro n a n d a n ic o sa h e d ro n re sp e c tiv e ly , se e G a llia n (1 9 9 9 )
a n d C o x e te r (1 9 4 8 ) . In 1 9 8 5 , R o b e rt C u rl, R ich a rd
S m a lle y a n d H a ro ld K ro to c re a te d a fo rm o f c a rb o n b y
u sin g a la se r b e a m t o v a p o u riz e g ra p h ite. T h e resu ltin g
m o le c u le h a s 6 0 c a rb o n a to m s a r ra n g e d in th e sh a p e o f
a fo o tb a ll. C u rl, S m a lle y a n d K r o to re c e iv ed th e N o b e l
P riz e fo r th is d isc o v e ry in 1 9 9 6 .

W e n o w sh o w b rie° y h o w v ertic e s, e d g e s a n d fa c e s, w h ich
w e a ll u n d e rst a n d in tu itiv e ly , c a n b e d e¯ n e d fo rm a lly .
A n extrem e su b set o f a c o n v e x se t C is a c o n v e x se t
D µ C su c h th a t C 2 D ; C 2 A B ; C 6= A ; C 6= B a n d
A ;B 2 C ) A ; B 2 D .

S u ch a n ex tre m e su b s et is c a lle d a vertex, ed ge o r fa ce
a c c o rd in g ly a s it is o f d im e n s io n 0 , 1 o r 2 . T h e d im e n -
sio n o f a n o n -e m p ty p ro p e r su b se t o f IR 3 is 0 if it is
a sin g le to n , 1 if it is co n ta in e d in a lin e a n d is n o t a
sin g le to n a n d 2 if it is c o n ta in e d in a p la n e a n d is n o t
c o n ta in ed in a n y lin e . N o te th a t a cu b e h a s 8 v er tic e s,
1 2 e d g e s a n d 6 fa c e s.

R e c a ll th e K re in { M ilm a n th e o re m w h ich w a s d isc u sse d
in V S S u n d e r's a rtic le [3 ]. A s im p le c o n se q u e n c e o f th e
th e o re m is: A co n vex po ly to pe h a s ¯ n itely m a n y vertices
a n d is th eir co n vex h u ll. C o n v e rse ly , th e c o n v e x h u ll o f
¯ n it ely m a n y p o in ts is a c o n v e x p o ly to p e.

E v e ry e x tre m e su b se t o f a c o n v e x p o ly to p e C is th e in -
te rse c tio n o f C w ith a p la n e P su c h th a t C is c o n ta in e d
in a h a lf-sp a c e co rre s p o n d in g to P . A n e x tre m e su b se t
o f a n e x tre m e su b se t is a n e x tre m e s u b se t. E a ch e d g e
o f C is th e lin e se g m e n t jo in in g tw o v e rtic e s o f C a n d is
o n th e b o u n d a ry o f e x a c tly tw o fa c e s. E a c h fa c e o f C is
a c o n v e x p o ly g o n fo rm e d b y so m e e d g e s o f C .

S in c e e a ch fa c e o f a fo o tb a ll is b o u n d e d , it c a n b e p ro v e d

The skeletons of
certain
microscopic sea
animals called
Circorrhegma
dodecahedra and
Circogonia
icosahedra  (and
some other
viruses) are in the
shape of a
dodecahedron and
an icosahedron
respectively
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Figure 2.

Figure 3.

th a t th e fo o tb a ll is b o u n d e d a n d , so , is a c o n v ex p o ly -
to p e. W e o m it th is p ro o f.

F ro m n o w o n , w e c o n sid e r o n ly c o n v e x p o ly to p e s w ith
d im e n sio n 3 . A lso , w h e n e v e r w e ta lk o f 6 A B C , w e sh a ll
m e a n th a t a n g le w h ich is b e tw e en 0 ± a n d 1 8 0 ±. W e p ro v e
th e u n iq u e n e ss o f a fo o tb a ll ¯ rst a ss u m in g its e x iste n ce
a n d la t er p ro v e th e e x iste n c e . W e s ta rt w ith a sim p le
re su lt w h ic h is in tu itiv e ly o b v io u s.

L em m a 1 . T h e re a re a t lea st 3 e d g e s a t e v e ry v e rte x o f
a c o n v e x p o ly to p e .

L em m a 2 . (E u c lid , X I.2 0 ) S u p p o se A ; B ; C a n d O a re
n o t co p la n a r. T h en 6A O B + 6 B O C > 6 A O C .

P roo f: W e m a y a ssu m e th a t 6 A O C > 6 A O B , fo r, o th -
e rw is e th e re su lt is triv ia l. L e t D b e a p o in t in th e
p la n e A O C su ch th a t 6 A O D = 6 A O B a n d O D =
O B . R e fe r to F igu re 2 . W e m a y ta k e C to lie o n
A D ex te n d e d . N o w tria n g le s A O B a n d A O D a re c o n -
g ru e n t, so A B = A D . S in c e A B + B C > A C , w e
g e t B C > A C ¡ A D = D C . S o c o m p a rin g tria n -
g le s D O C a n d B O C , w e g e t 6 B O C > 6 D O C . S o
6A O B + 6 B O C > 6 A O D + 6 D O C = 6A O C : 2

L em m a 3 . (E u c lid , X I.2 1 ) T h e s u m o f th e a n g le s in
a ll th e fa ce s a t a n y v erte x u o f a co n v e x p o ly to p e w ith
d im e n sio n 3 is les s th a n 3 6 0 ±.

P roo f: W e m a y ta k e th e fa c e s a t u to b e u iu u i+ 1 ; i =
1 ; 2 ; : : : ; k w h e re u 1 u 2 : : : u k is a c o n v e x p o ly g o n in a
p la n e P a n d u 62 P . S e e F igu re 3 . L e t u s c a ll th e
a n g le s o f th e ty p e u u iu i¡ 1 o r u u i u i+ 1 base a n gles, a n g le s
o f th e ty p e u i¡ 1 u iu i+ 1 po ly go n a l a n gle s a n d a n g le s o f th e
ty p e u iu u i+ 1 ve rtica l a n gles. U s in g th e re s u lt th a t th e
su m o f th e a n g le s in a tria n g le e q u a ls ¼ , w e se e th a t
th e su m o f th e b a s e a n g le s a n d th e v ertic a l a n g le s is k ¼ .
U sin g th e fa c t th a t th e su m o f th e tw o b a se a n g le s a t
u i is g re a te r th a n th e p o ly g o n a l a n g le a t u i, w e se e th a t
th e su m o f a ll th e b a se a n g le s is g re a te r th a n th e s u m o f
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a ll th e p o ly g o n a l a n g le s w h ic h is ( k ¡ 2 )¼ . S o th e su m
o f a ll th e v e rtica l a n g le s is le ss th a n 2 ¼ . T h is p ro v e s th e
le m m a . 2

It m a y b e w o rth n o tin g h ere t h a t th e fo llo w in g sim p le
p̀ ro o f' fo r th e p re c e d in g lem m a d o e s n o t w o rk a lw a y s:

le t v b e th e fo o t o f th e p erp e n d ic u la r fro m u to th e
p la n e P . W e m a y a ssu m e th a t v lie s in sid e th e c o n v ex
p o ly g o n u 1 u 2 : : : u k . T h e n , it is p e r h a p s n a tu ra l to g u e s s
th a t a n g le u i u u i+ 1 < a n g le u i v u i+ 1 fo r e a ch i, a n d so th e
le m m a w o u ld fo llo w . B u t, th e in e q u a lity sta te d c a n b e
fa lse if o n e o f th e a n g le s v u iu i+ 1 a n d v u i+ 1 u i is g re a te r
th a n a rig h t a n g le ( to g e t a c o u n te r-e x a m p le , ta k e a n g le
v u iu i+ 1 c lo se to 1 8 0 ± a n d le n g th u v m o d e ra tely la rg e ).

N ex t, w e c a n sin g le o u t a n o b se rv a tio n a b o u t th e fo o t-
b a ll.

T h e o r e m 1 . A t e v e r y v e rte x o f a fo o tb a ll, th e re a r e
e x a ct ly t h re e fa c e s a n d so t h ree e d g e s.

P roo f: S in c e th e a n g le s in a re g u la r p e n ta g o n a re 1 0 8 ±

e a c h a n d th e a n g le s in a re g u la r h e x a g o n a re 1 2 0 ± e a ch ,
th e r e ca n n o t b e m o re th a n th re e fa c e s a t a n y v e rte x b y
le m m a 3 . S o th e t h e o re m fo llo w s fro m le m m a 1 . 2

L em m a 4 . If tw o re g u la r p o ly g o n s : : : A B C D : : : a n d
: : : X B C Y : : : in IR 3 h a v e a c o m m o n e d g e B C (se e F ig-
u re 4 ), th e n 6 A B X = 6D C Y .

P roo f: W e ¯ rst cla rify th a t a r eg u la r p o ly g o n is, b y
d e ¯ n itio n , p la n a r. N o w tria n g le s A B X a n d D C Y a r e
c o n g ru en t sin c e ea c h is th e re ° e c tio n o f th e o th e r in th e
p la n e P p e rp e n d icu la rly b is ec tin g B C . T h u s, th e le m m a
fo llo w s. 2

H ere is a n o t h e r o b se rv a tio n a b o u t th e fo o tb a ll.

T h e o r e m 2 . A t e v er y v e rte x o f a fo o t b a ll, t h e re is e x -
a c tly o n e p e n ta g o n a l fa c e (a n d so t h e re a r e tw o h ex a g -
o n a l fa c e s).

Figure 4.

At every vertex of
a football, there is
exactly one
pentagonal face
and so there are
two hexagonal
faces.
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P roo f: S u p p o s e th a t a t a v e rte x u th e re a re th re e p e n -
ta g o n a l fa c e s P 1 ; P 2 a n d P 3 . S e e F igu re 5 . T h e n , le m m a
4 a p p lied t o P 1 a n d P 2 g iv e s F 1 is a p e n ta g o n . S im ila rly ,
F 2 a n d F 3 a re p e n ta g o n s. S in c e w e c a n g o fro m P 1 to
a n y fa c e b y p a s sin g a lo n g a d ja c e n t fa c e s, it fo llo w s th a t
a ll fa c e s a re p e n ta g o n s, a c o n t ra d ic tio n . ( In c id e n ta lly ,
th e re is a c o n v e x p o ly t o p e c a lle d d o d e c a h ed ro n w ith 1 2
fa c e s a ll o f w h ic h a re r e g u la r p e n ta g o n s.)

S u p p o s e n e x t th a t a t a v e rte x u th e re a re tw o p e n ta g o n a l
fa c e s P 1 a n d P 2 a n d a h e x a g o n a l fa c e H 1 (se e F igu re
6 ). T h e n , le m m a 4 a p p lie d to P 1 a n d F 1 , g iv e s F 2 is a
p e n ta g o n . T h is g iv e s a c o n tra d ic tio n to le m m a 4 w h e n
a p p lie d to P 1 a n d F 3 .

T h u s a t a n y v er te x th e re is a t m o st o n e p e n ta g o n a l fa c e .
B y lem m a 3 , a ll th e th re e fa c e s a t a v e rte x c a n n o t b e
h e x a g o n a l, so th e th e o re m fo llo w s. 2

L e m m a 5 . S u p p o s e u 1 u 2 u 3 u 4 u 5 is a re g u la r p e n t a g o n in
so m e p la n e in IR 3 . T h e n th e re is a u n iq u e w a y in w h ich
tw o re g u la r h e x a g o n s c a n b e a tta ch e d a t u 1 u 2 a n d u 2 u 3

so th a t th e y h a v e a co m m o n e d g e u 2 v a n d lie a b o v e th e
p la n e o f u 1 u 2 : : : u 5 . ( S e e F ig u re 7 ).

P roo f: T a k e u 2 = (0 ; 0 ; 0 ); v = (¡ 1 ; 0 ; 0 ) a n d u 3 =
(® ; ¯ ; 0 ): R e fe r t o F igu re 8 . S in c e 6 v u 2 u 3 = 1 2 0 ±, w e
h a v e ¡ ® = hv ; u 3 i = co s 1 2 0 ± = ¡ 1 = 2 . H e r e h u ; v i d e -
n o te s t h e d o t p r o d u c t o f u a n d v . S in c e u 2 u 3 = 1 , w e
m a y t a k e ¯ = ¡

p
3 = 2 . T h u s u 3 = (1 = 2 ; ¡

p
3 = 2 ; 0 ):

L e t u 1 = (° ; ±; ²) . S in c e 6v u 2 u 1 = 1 2 0 ±, w e g e t ° = 1 = 2
a s a b o v e . S o u 1 = (1 = 2 ; ± ; ²) w h e re ± 2 + ²2 = 3 = 4 . N o w
6u 1 u 2 u 3 = 1 0 8 ± a n d c o s 1 0 8 ± = (1 ¡

p
5 )= 4 . S o

1 ¡
p

5

4
= hu 1 ; u 3 i =

1

4
¡

p
3

2
± :

H e n c e ± =
p

5 = ( 2
p

3 ) a n d ² = § 1 =
p

3 . A s su m in g th a t
u 1 lies a b o v e th e x -y p la n e , w e g e t ² = 1 =

p
3 . T h u s

u 1 = (1 = 2 ;
p

5 = (2
p

3 ); 1 =
p

3 ). S in ce a re g u la r p o ly g o n

Figure 5.

Figure 6.

Figure 7.

Figure 8.
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is d e te r m in e d b y th re e c o n se c u tiv e v e rtic e s, it fo llo w s
th a t th e r e la tiv e p o sitio n s o f t h e th re e p o ly g o n s a t u 2

a re u n iq u e ly d e te rm in e d a n d th e le m m a fo llo w s . 2

It is e a sy t o w rite d o w n th e e q u a tio n s o f th e th r e e p la n e s
a t u 2 a n d so th e ir n o rm a ls a t u 2 . U sin g th e se , w e c a n
¯ n d th e a n g le b e tw e e n th e p la n e s o f th e tw o h e x a g o n s
to b e c o s¡ 1 (

p
5 = 3 ) = ta n ¡ 1 (2 =

p
5 ) ¼ 4 1 :8 1 ± a n d th e

a n g le b e tw e en th e p la n e s o f th e p e n ta g o n a n d e a ch o f
th e h e x a g o n s to b e t a n ¡ 1 (3 ¡

p
5 ) ¼ 3 7 :3 8 ±.

W e c a n n o w p ro v e th a t th e re is a t m o s t o n e fo o tb a ll.

T h e o r e m 3 . G iv e n a re g u la r p e n ta g o n P in s o m e p la n e
in IR 3 , a fo o tb a ll w ith P a s a fa c e a n d ly in g o n a g iv e n
sid e o f th e p la n e o f P is u n iq u e if it e x ists.

P roo f: T h e p o sitio n s o f th e ¯ v e h e x a g o n s a r o u n d P a re
u n iq u e b y th e p re c e d in g lem m a . Im a g in e a tta c h in g re g -
u la r p e n ta g o n s a n d re g u la r h e x a g o n s (w it h th e sid e sa m e
a s th a t o f P ) in th e o rd e r sh o w n in F igu re 9 . A t e a ch
sta g e , th e ty p e o f fa c e to b e u s e d is u n iq u e b y th e o re m
2 a n d its p o sitio n is u n iq u e sin c e th re e o r fo u r c o n se c u -
tiv e v e rtice s o f a re g u la r p o ly g o n d e te rm in e th e p o ly g o n .
H e n c e t h e u n iq u e n e s s fo llo w s. 2

Figure 9.

We can find the
angle between the
planes of the two
hexagons to be
cos–1( √5/3) =
tan–1 (2/√5) ≈
41.81o  and the
angle between the
planes of the
pentagon and each
of the hexagons to
be tan–1 (3–√5) ≈
37.38o.
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Figure 10.

Figure 11.

H e re is a re su lt w h ich p ro v id e s th e k e y to a c tu a lly a s-
se m b lin g th e fo o tb a ll th e re b y p ro v in g its e x iste n c e .

L em m a 6 . L e t : : : A B C D : :: b e a re g u la r p o ly g o n . L e t
B E a n d C F b e su ch th a t 6 A B E = 6D C F a n d 6 E B C =
6 F C B (s e e F igu re 1 0 ). If E a n d F a re b o th o n th e
sa m e sid e o f th e p la n e o f A B C D , th e n E ; B ; C a n d F

a re c o p la n a r.

P roo f: W e m a y ta k e B = (¡ 1 = 2 ; 0 ; 0 ); C = (1 = 2 ; 0 ; 0 )
a n d D = (a ;b ; 0 ). T h e n c lea rly A = (¡ a ; b; 0 ). N o w le t
F = (® ; ¯ ; ° ) a n d E = (± ; ²; Á ). W e m a y a lso su p p o s e
th a t B E = C F = B C . T h e n

c o s 6 E B C = h(± +
1

2
; ² ; Á ); (1 ; 0 ; 0 )i = ± +

1

2

a n d c o s 6 F C B = ¡ (® ¡ 1
2 ). S o ± = ¡ ® . N o w co s 6 A B E =

c o s 6D C F g iv e s b² = b¯ a n d so ² = ¯ . N o w B E 2 = C F 2

g iv e s Á 2 = ° 2 . S in c e ° a n d Á h a v e th e sa m e s ig n , th ey
a re e q u a l. T h u s E = (¡ ® ; ¯ ;° ) a n d E ; B ; C a n d F lie
o n th e p la n e ° y ¡ ¯ z = 0 . 2

W e n o w p r o v e th a t a fo o tb a ll e x ist s. W h y , o n e m a y w o n -
d e r, b ec a u se a ll o f u s h a v e se e n fo o tb a lls. W e ll, th e r e is a
p ro b le m h e re . F ir stly , th e fo o tb a lls w e se e a re n o t su p -
p o se d to b e fo o tb a lls a s d e ¯ n ed h e re b e c a u s e n o b o d y
w a n ts to p la y fo o t b a ll w ith a s o lid w ith sh a rp e d g e s a n d
c o rn e rs. (T h e e d g e s o f th e fo o tb a ll w e se e a re g e o d e sic s
a n d th e fa c e s a re sp h eric a l re g io n s.) S e co n d ly it is p o s-
sib le th a t a fo o tb a ll a s d e ¯ n e d h er e d o e s n o t e x ist a n d
th e fo o tb a lls w e se e a re o n ly a p p r o x im a tio n s.

T h e o r e m 4 . T h e fo o tb a ll re fe rre d to in th e o rem 3 e x -
ists.

P roo f: W e sh o w th a t th e fo o tb a ll c a n b e a sse m b le d a s
sh o w n in F igu re 9 u se d in th e p ro o f o f th e o re m 3 . R e fe r
a lso to F igu re 1 1 . W e sta rt w ith fa c e s 1 , 2 a n d 3 . T h is
is p o ssib le b y le m m a 5 . B y le m m a 4 , 6 A B C = 1 2 0 ±, s o
w e c a n a tta ch fa c e 4 a t A B C . S im ila rly w e c a n a tt a ch
fa c e 5 a lso . T h e n b y lem m a 6 , D ; E ; F a n d G a re c o p la -

The footballs we
see are not

supposed to be
footballs as

defined here
because nobody

wants to play
football with a solid

with sharp edges
and corners.
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Box 2.n a r , so fa c e 6 c a n b e ¯ tte d t h e re . T h e n c le a rly fa c e s 7
a n d th ro u g h 1 1 c a n b e ¯ t te d . T h e n , a g a in b y le m m a
6 , H ; I ; J a n d K a re c o p la n a r, so fa ce 1 2 c a n b e ¯ tte d
th e re . N e x t w e c a n ¯ t fa c e s 1 3 th ro u g h 1 6 . N o w Q ; R ; S

a n d T a re c o p la n a r, so fa c e 1 7 c a n b e ¯ tte d th e re . P ro -
c e e d in g th u s w e ¯ t fa c e s 1 8 -2 1 , th e n 2 2 -2 6 , th en 2 7 -3 1
a n d ¯ n a lly fa ce 3 2 . T h is p ro v e s th a t th e fo o tb a ll c a n b e
a sse m b le d a n d so e x ists. 2

W e n e x t see h o w s y m m e tric th e fo o t b a ll is. W e sta rt
b y sh o w in g th a t th e v e rtic es lie o n a sp h e re . N o te th a t
th e fo llo w in g a n a lo g u e in tw o d im e n s io n s is fa lse : th e
v e rtice s o f a c o n v ex p o ly g o n w ith a ll s id es e q u a l lie o n
a c irc le . T h e p o ly g o n sh o w n in F igu re 1 2 is fa r fro m
e q u i-a n g u la r a n d c a n b e p ert u rb ed fu rth e r.

T h e o r e m 5 . T h e n o rm a ls to a n y th re e m u tu a lly a d -
ja c e n t fa c e s o f a fo o tb a ll a re c o n c u rre n t a t a p o in t O

w h ic h is th e c e n t re o f a sp h e re o n w h ic h th e v e rtic e s lie .

P ro o f: B y th e n o rm a l to a fa c e w e m e a n th e lin e p a ssin g
th ro u g h its c e n tr e a n d p e rp e n d ic u la r to its p la n e . R e fe r
to F ig u re 1 3 . L e t A B b e th e c o m m o n e d g e b e tw e e n
tw o fa c e s a n d C a n d D t h e c e n tr e s o f th e tw o fa c e s .
T h e n it is ea s y to se e th a t th e p la n e p erp en d ic u la rly
b ise c tin g A B w ill c o n ta in th e n o rm a ls to th e tw o fa c e s .
S o th e se n o rm a ls a re c o p la n a r. S in c e th e fa c e s a re n o t
p a r a lle l, th e se n o rm a ls in te rse c t a t, sa y , O . S in c e O

lie s o n th e n o rm a l to fa c e A B F , w e h a v e O A = O B =
O F : S in ce O lie s o n t h e n o rm a l t o fa c e A B G ; O B =
O G . T h u s O F = O B = O G : S o O lie s o n th e p la n e s
p e rp en d ic u la rly b ise ctin g B F a n d B G . H e n c e O lie s o n
th e n o rm a l to t h e fa c e F B G . T h u s th e n o r m a ls t o th e
th re e fa c e s a re c o n c u rre n t a t O a n d O A = O B = O F =
O G : B y p ro c e e d in g th ro u g h a d ja c e n t fa c e s, w e c a n se e
th a t O lie s o n th e n o rm a l to e v e r y fa c e . T h is p ro v e s th e
th e o re m . 2

It w ill b e a n in te re s tin g e x e rc is e to d e te rm in e th e ra d iu s
o f th e sp h e re o n w h ich th e v e rtic e s o f th e fo o tb a ll lie ,

Figure 12.

Figure 13.



GENERAL  ARTICLE

38 RESONANCE  January  2001

Figure 14.

g iv e n th e le n g th o f a n e d g e .

W e n o w d e te rm in e th e n u m b e rs o f v e rtice s , e d g e s a n d
fa c e s o n th e fo o tb a ll. T h is w ill b e n e e d e d la te r in p a rt
II w h e r e w e d e te rm in e its g ro u p o f sy m m e t rie s. T h o u g h
th e se n u m b e rs c a n b e c o u n te d fro m a d ra w in g o f th e
fo o tb a ll, w e w ill u se a b it o f g ra p h th e o ry to ¯ n d th e se
(p a rtly e x p la in in g m y in te re st in th e to p ic).

A (¯ n ite ) g ra p h G c o n sists o f a ¯ n ite n o n -e m p ty se t V

w h o se ele m e n ts a re c a lle d v e rtic e s a n d a ¯ n ite c o lle c tio n
E o f u n o rd e re d p a ir s (c a lle d e d g e s) o f e le m e n ts o f V .
A p la n e grap h is a g ra p h w h o se v e r tic e s a re p o in ts in
th e p la n e a n d w h o se ed g e s a re a rc s jo in in g th e v e rtic es ,
n o tw o o f th e se a rc s m e e tin g e a c h o th e r e x c e p t a t th e
e n d s. A fa ce o f a p la n e g ra p h G is a m a x im a l c o n n e c te d
re g io n o f t h e p la n e le ft w h e n t h e v e rtic e s a n d e d g e s o f
G a re re m o v e d . It is ea sy to se e th a t th e v e rte x se t o f
a g ra p h G c a n b e p a rtitio n e d in t o it s co m po n en ts su ch
th a t w e c a n g o fro m e v e ry v e rte x in a c o m p o n e n t to
e v e ry o th e r v e rte x in th e sa m e c o m p o n e n t a n d to n o
v e rte x in a n y o th e r c o m p o n e n t b y tr a v e llin g a lo n g e d g e s
(se e F igu re 1 4 ). W e n o w p r o v e a slig h t g e n e ra lisa tio n
o f a w e ll-k n o w n fo rm u la so th a t w e c a n u se in d u c tio n
c o n v e n ie n tly .

L em m a 7 . (E u le r's fo rm u la ): F o r a n y p la n e g r a p h G ,

º ¡ ² + ° = 1 + p

w h e re º is th e n u m b er o f v e rt ic e s, ² is th e n u m b e r o f
e d g e s, ° is th e n u m b e r o f fa c e s (in c lu d in g th e u n b o u n d e d
fa c e ) a n d p is th e n u m b e r o f c o m p o n e n ts.

P roo f: W e p ro v e th e re su lt b y in d u c tio n o n ². If ² = 0 ,
th e n ° = 1 a n d p = º , so th e re su lt fo llo w s. S o a ssu m e
th e re su lt fo r p la n e g ra p h s w ith le ss th a n ² e d g e s a n d le t
G h a v e ² e d g e s. If a n e d g e b e lo n g s to a c̀y c le ', th e n b y
d e le tin g th is e d g e , w e g e t a p la n e g ra p h w ith º v e rtic es ,
² ¡ 1 ed g e s, ° ¡ 1 fa c e s a n d p c o m p o n e n ts , so b y in d u c tio n
h y p o th e sis, w e a r e d o n e . If a n e d g e u v d o e s n o t b e lo n g

The numbers of
vertices, edges

and faces on the
foot ball can be
counted from a
drawing of the

football but a bit of
graph theory can

be used too to find
these.
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to a n y c y c le , th e n b y d e le tin g th is e d g e , w e g e t a p la n e
g ra p h w ith º v e rtice s, ² ¡ 1 e d g e s, ° fa c e s a n d p + 1
c o m p o n e n ts, so b y in d u c tio n h y p o th e s is, w e a re a g a in
d o n e. 2

T h e o r e m 6 . A fo o tb a ll h a s 6 0 v e rtic es , 9 0 e d g es a n d
3 2 fa c e s o f w h ich 1 2 a r e p e n t a g o n s a n d 2 0 a re h e x a g o n s .

P roo f: A n y fo o tb a ll c a n b e re p re se n te d b y its S ch legel
d ia gra m w h ich is w h a t th e fo o tb a ll (a ss u m e d to b e tra n s-
p a re n t e x c e p t fo r th e e d g e s) a p p e a rs lik e w h e n se e n fro m
a p o sitio n ju st o u tsid e t h e c e n tre o f o n e fa c e . T h is is
lik e ste re o g ra p h ic p ro je ctio n fro m th e to p ( a ssu m e d to
b e n o t a v e rte x a n d n o t ly in g o n a n y e d g e) o f th e s p h e re
o n w h ic h th e v e rtic e s o f th e fo o tb a ll lie , o n to a h o riz o n -
ta l p la n e b e lo w th e sp h e re . T h e S ch le g e l d ia g ra m is a
p la n e g ra p h G , v e rtic e s , e d g e s a n d fa c e s o f th e fo o tb a ll
c o rre sp o n d in g n a tu ra lly to th o se o f G , th e fa c e o f th e
fo o tb a ll n e a re st t o th e v ie w e r co rr esp o n d in g to th e u n -
b o u n d e d fa c e. N o te th a t G h a s o n ly o n e c o m p o n e n t, so
E u le r's fo rm u la re d u c e s to º ¡ ² + ° = 2 . B y th e o re m 1 ,
th e re a re e x a c tly th re e ed g e s a t e v e ry v e rte x a n d e v ery
e d g e is in c id e n t w ith ex a c t ly tw o v e rtic e s. T h u s 2 ² = 3 º .
S in c e e v e ry v e r tex is in c id e n t w ith ex a ctly o n e p e n ta g o n
a n d e a c h p e n ta g o n is in c id e n t w ith e x a c tly 5 v e rtic e s ,
it fo llo w s th a t th e n u m b e r o f p e n ta g o n s is º = 5 . S in c e
e v e ry v e rte x is in c id e n t w ith e x a c tly tw o h e x a g o n s a n d
e a ch h e x a g o n is in c id e n t w ith e x a c tly 6 v e rtic e s, it fo l-
lo w s th a t th e n u m b e r o f h ex a g o n s is º = 3 . S u b s titu tin g
th e se in E u le r's fo rm u la w e g e t

º ¡ 3 º

2
+

º

5
+

º

3
= 2 ;

so , º = 6 0 . N o w th e th e o re m fo llo w s e a sily . 2

F in a lly , w e sh o w h o w E u ler 's p o ly h e d ra l fo rm u la c a n b e
u se d to sh o w t h a t th e re a re o n ly ¯ v e re g u la r so lid s . In
a p la n e g r a p h , a k -c y c le refe rs to a se q u e n c e o f e d g e s o f
th e ty p e v 1 v 2 ; v 2 v 3 ; : : : ; v k ¡ 1 v k ; v k v 1 w h e re th e v e rtic e s
v 1 ; v 2 ; : : : ; v k a re a ll d istin c t a n d k ¸ 1 :

Euler’s polyhedral
formula can be
used to show that
there are only five
regular solids.
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L em m a 8 . If e a ch fa c e o f a c o n n e c te d p la n e g ra p h G is a
p -c y c le fo r a ¯ x e d p ¸ 3 a n d if th e re a re q ¸ 3 e d g e s a t
e v e r y v e rte x o f G , th en (p ; q ) = ( 3 ;3 ); (3 ; 4 ); (3 ; 5 ); (4 ; 3 )
o r (5 ; 3 ).

P roo f: W e ¯ rst n o te th a t e v er y e d g e jo in s tw o d istin c t
v e rt ic e s sin c e if th e re is a se lf-lo o p , th e fa c e ju s t in s id e
it c a n n o t b e a p -c y cle w ith p ¸ 3 . S o , a s in th e p ro o f
o f th e o re m 6 , w e g e t q º = 2 ² = p ° . N o w , b y E u le r's
fo rm u la , º ¡ ² + ° = 2 . S o

º
1
q

=
²
1
2

=
°
1
p

=
º ¡ ² + °
1
q ¡ 1

2 + 1
p

=
2

1
q ¡ 1

2 + 1
p

=
4 p q

2 p ¡ p q + 2 q

S o 2 p ¡ p q + 2 q > 0 o r (p ¡ 2 )(q ¡ 2 ) < 4 . It fo llo w s
e a sily t h a t p · 5 . M o re o v e r, if p = 3 ; th e n q ca n ta k e
o n ly th e v a lu e s 3 , 4 a n d 5 . If p = 4 o r 5 , th e n q c a n ta k e
o n ly th e v a lu e 3 . 2

L em m a 9 . (E u c lid 's C o m m e n t a t th e e n d o f B o o k X III):
T h e S ch la ° i s y m b o l o f a n y re g u la r so lid (i.e ., a 3 -d im e n -
sio n a l p o ly to p e w it h e a ch fa c e a re g u la r p -g o n a n d w ith
e x a ctly q fa c e s a t e a ch v e rte x ) is (3 ,3 ), (3 ,4 ), (3 ,5 ), (4 ,3 )
o r (5 ,3 ).

P roo f: W e w ill g iv e tw o p ro o fs o f th is re su lt, th e ¯ rst
u sin g E u ler's fo rm u la . T h e S ch leg e l d ia g ra m o f a n y r eg -
u la r so lid w ith S c h la ° i sy m b o l (p ; q ) is a p la n e g ra p h G

sa tisfy in g th e h y p o th e sis o f le m m a 8 , so (p ; q ) c a n ta k e
o n ly o n e o f th e ¯ v e v a lu e s m e n tio n e d in th a t le m m a .
T h is p ro v e s le m m a 9 .

W e n o w g iv e a se c o n d p ro o f, e sse n tia lly d u e to E u c lid ,
w h ich is a p p lic a b le o n ly t o re g u la r so lid s a n d w h ic h d o e s
n o t u s e E u ler 's fo rm u la . S in c e e a ch a n g le in a re g u la r p -
g o n is (1 ¡ 2 = p )¼ a n d th e re a re q su c h fa c es a t a n y v e rte x ,
it fo llo w s fro m le m m a 3 th a t q (1 ¡ 2 = p )¼ < 2 ¼ w h ic h , o n
sim p lī c a tio n , b e c o m e s e x a c tly 2 p ¡ p q + 2 q > 0 . N o w
th e c o n c lu sio n fo llo w s a s in le m m a 8 . 2

N o w , if th e re is a r e g u la r so lid w ith S ch la ° i sy m b o l (p ; q );

th e n (p ; q ) c a n ta k e o n ly th e ¯ v e v a lu e s sta te d in th e
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Figure 15.

p re c e d in g le m m a . U sin g th e e q u a litie s d isp la y e d in t h e
p ro o f o f le m m a 8 (o r b y d ire c t c o u n tin g ), it is e a sy t o
¯ n d th e n u m b er s o f v e rtic e s, e d g e s a n d fa c e s in e a c h o f
t h e a b o v e ¯ v e c a se s. F in a lly it c a n b e sh o w n , a s fo r a
fo o tb a ll, th a t a re g u la r so lid w ith S c h la ° i sy m b o l a n y
o n e o f th e ¯ v e re fe rre d to a b o v e , is u n iq u e . T h is sh o w s
t h a t th e p la to n ic so lid s a r e th e o n ly r̀ eg u la r s o lid s' a s
s ta ted b y E u c lid a t th e e n d o f B o o k X III.

In c id e n ta lly , a p la n e te ssella tio n is a c o v e rin g o f t h e
p la n e w ith n o n o v e rla p p in g (e x c e p t fo r th e e d g e s b e tw e e n )
p o ly g o n s. A te sse lla tio n is a reg u la r tessella tio n if t h e
p o ly g o n s a re a ll re g u la r p -g o n s fo r so m e p . If a reg u -
la r p la n e te s se lla tio n e x ists w ith p -g o n s a n d if th e re a re
q su c h p o ly g o n s a t so m e v e rte x , th e n w e h a v e q (1 ¡
2 = p )¼ = 2 ¼ ; so (p ¡ 2 )(q ¡ 2 ) = 4 . It fo llo w s th a t
( p ; q ) = (3 ; 6 ); (4 ; 4 ) o r (6 ; 3 ). E a c h o f th e se is a c tu a lly
p o s sib le a s th e te sse lla t io n s in F igu re 1 5 s h o w . (N o te
t h a t, n o w , p d e te rm in e s q a n d th e sa m e n u m b e r o f p o ly -
g o n s o c c u rs a t e v ery v e rte x ; th is w a s n o t a s su m e d in t h e
d e ¯ n itio n ) .

W e m e n t io n in p a ssin g th a t a b e e h iv e lo o k s q u ite lik e a
3 -d im e n sio n a l co n v e x p o ly to p e w ith e v e ry fa c e a re g u la r
h e x a g o n a n d w ith th re e fa ce s m e e tin g a t e v e ry v e rte x .
H o w e v e r, th is c a n n o t re a lly b e, sin c e th e su m o f t h e
a n g le s a t a n y v e rte x w ill th e n b e 3 6 0 ± a n d th e p o ly t o p e
h a s to b e p la n a r b y le m m a 3 . T h u s th e p o ly to p e w it h
t h e sta te d p ro p e rtie s d o e s n o t e x ist a n d a b e e h iv e is o n ly
a c le v e r a p p r o x im a t io n . T h is sh o w s th e n e e d fo r p ro v in g
t h e e x iste n c e o f a fo o tb a ll.

W e e n d th e ¯ rst p a rt h e re . In th e n e x t p a rt, w e sh a ll
id en tify t h e g ro u p o f s y m m e trie s o f a fo o tb a ll. T h a t w ill
a lso c o n ta in a d isc u ssio n o n th e g ro u p s o f sy m m e trie s o f
s o m e o t h e r o b jec ts in 3 -sp a ce .


