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The Football -1

From Euclid to Soccer it is ...
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A football isa 3-dim ensional convex polyhedron w ith
each face a regular pentagon or a regular hexagon and
with at least one hexagonal face.

This article is in two parts. In this rst part, we will
prove that a football exists and is unique and in the
second, we identify its group of sym m etries. (W e will
incidentally do sim ilar things for the platonic solids to
som e of which the foothall is closely related.) I heard
ofthisproblem from Am itRoy of TIFR,M umbai The
ideas used in the proofof the existence and uniqueness
are also his. M ost ofthe otherproofspresented here can
be found in G allian (1999) and C oxeter (1948).

A convex setisa setC y R3 such thatA;B 2 C )
AB u C. (Here AB denotes the segm ent joining A
and B and we will study only convex subsets of R3)
Intersection ofany fam ily of convex setsisconvex. T here
are plenty ofexam ples: theem pty set,a point,a line, a
line segment, a plane, a half plane, a quadrant, a disc,
an elliptic region, a half space (i.e., points lying on one
side of a plane), a ball, a pyramid and a prism with a
convex base (right or not). See V S Sunder’s articles [3]
fora discussion on variousaspectsofconvexity. The ve
platonic solids are convex. Thetwo gures in Figure 1
are not. N ote that the hexagon shown in the gure is
equilateral but not equiangular. By a regular polygon
wemean aplane polygon which isboth equilateral and
equiangular.

A convex polyhedron isa nite intersection ofclosed half-
spaces. The disc and the cylinder are not convex poly-
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A convex polytope isa convex polyhedron w hich ishounded.

By a regular solid we m ean a convex polyhedron such
that the faces are all regular, equal polygons and the
sam e num ber of facesoccurs at each vertex. Itwas al
ready known 2400 years ago that there are exactly ve
such solids, viz. the platonic solids, see Box 1. The
G reeks associated the tetrahedron (this m eans a solid
bounded by four faces) with re, the cube with earth,
the octahedron w ith air, the icosahedron w ith w ater and
the dodecahedron w ith universe or cosm os. Thestudy of
dodecahedron was considered dangerous and restricted
during som e period. 0 n the other hand, the dodecahe-
dron was used asa toy at least 2500 years ago.

A pparently Theaetetus \ rst wrote on the ~ve solids"
as they are called" around 380 B.C.and probably knew
that there are exactly ve regular solids. A round 320
BC,Aristaeus (known as ‘theelder?) w rote a book called
Com parison ofthe ve regular solids. Euclid w rote his
EEmentsaround 300BC.

In the diagram s in Box 1, the symbol fp;qg, known as
a Schl®isymbol, means that each face is a regular p-
gon and that there are q faces at each vertex. 0 f the
“ve regular solids, the cube and octahedron are duals
of each other, the dodecahedron and the icosahedron
are duals ofeach other and the tetrahedron is seldual
in the follow ing sense: if we start w ith the cube and
form a new solid by taking a new vertex at the centre of
each face ofthe cube and joining two new vertices by an
edge i they are centres of adjacent faces of the cube,
we get the octahedron. Ifwe do the sam e starting from

the octahedron we get back the cube; sim ilarly for the
dodecahedron and the icosahedron. (T his duality is the
sam e as thatused for planar m aps in graph theory.)

Incidentally, the tetrahedron, cube and octahedron are
the crystalstructuresofsodium sulphantim oniate,sodium
chloride (com m on salt) and chrom e alum , respectively.

The Greeks
associated the
tetrahedron (this
means a solid
bounded by four
faces) with fire, the
cube with earth,
the octahedron
with air, the
icosahedron with
water and the
dodecahedron with
universe or
Ccosmos.

Incidentally, the
tetrahedron, cube
and octahedron
are the crystal
structures of
sodium
sulphantimoniate,
sodium chloride
(common salt) and
chrome alum,
respectively.
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The skeletons of certain m icroscopic sea anim als called
C ircorrhegm a dodecahedra and C ircogonia icosahedra
(and som e otherviruses) are in the shapeofa dodecahe-
dron and an icosahedron respectively,see G allian (1999)
and Coxeter (1948). In 1985, Robert Curl, R ichard
Smally and Harold K roto created a form ofcarbon by
using a laser beam to vapourize graphite. T he resulting
m olecule has 60 carbon atom sarranged in the shape of
a football. Curl,Sm alley and K roto received the N obel
Prize for this discovery in 1996.

W enow show brie®y how vertices,edgesand faces,w hich
we all understand intuitively, can be de ned form ally.
An extrem e subset of a convex set C is a convex set
D u C such thatC 2 D;C 2 AB;C 6 A;C 6 B and
A;B2C) A;B 20D .

Such an extrem e subset is called a vertex, edge or face
accordingly as it is of dim ension 0,1 or 2. The dim en-
sion of a non-em pty proper subset of R3 is 0 if it is
a singleton, 1 if it is contained i a line and is not a
singleton and 2 if it is contained in a plane and is not
contained i any line. Note that a cube has 8 vertices,
12 edges and 6 faces.

Recall the K rein{M iln an theorem w hich was discussed
in V S Sunder"s article [3]. A sim ple consequence of the
theorem is: A convex polytope has nitely many vertices
and is their convex hull. Conversely, the convex hull of
“nitely many points isa convex polytope.

Every extrem e subset ofa convex polytope C is the in-
tersection of C with a plane P such thatC iscontained
in a halfspace corresponding to P . An extrem e subset
of an extrem e subset is an extrem e subset. Each edge
of C isthe line segm ent joining two verticesofC and is
on the boundary ofexactly two faces. Each face ofC is
a convex polygon form ed by som e edges of C .

Since each face ofa footballisbounded, it can be proved

The skeletons of
certain
microscopic sea
animals called
Circorrhegma
dodecahedra and
Circogonia
icosahedra (and
some other
viruses) are in the
shape of a
dodecahedron and
an icosahedron
respectively
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Figure 2.

Figure 3.

that the football is bounded and, so, iIs a convex poly-
tope. W e om it this proof.

From now on, we consider only convex polytopes w ith
dim ension 3. Also,wheneverwe talkk of6ABC ,weshall
m ean thatangle which ishetween 0*and 180 W e prove
the unigueness ofa foothall rst assum ing its existence
and later prove the existence. W e start with a sim ple
resulft which is intuitively obvious.

Lemma 1. T here are at least 3 edges at every vertex of
a convex polytope.

Lemma 2. (Euclid, X 1.20) Suppose A ;B ;C and 0 are
not coplanar. Then 6A0B + 6B 0C > 6A0C .

Proof: W e m ay assum e that 6A0C > 6A0B , for, oth-
erw ise the result is trivial. Let D be a point in the
plane AOC such that éA0D = 6A0B and 0D =
0B . Refer to Figure 2. W e may take C to lie on
AD extended. Now trianglesAOB and AOD are con-
gruent, so AB = AD. SinceAB + BC > AC, we
get BC > AC j AD = DC. So comparing trian-
glesDO0C and BOC , we get 8B0C > 6D 0C. So
6A0B + 6B0C > 6A0D + 6D0C = 6A0C :2

Lemma 3. (Euclid, X 1.21) The sum of the angles in
all the faces at any vertex U ofa convex polytope w ith
dim ension 3 is less than 360+

Proof: W e may take the faces at U to he UjuU 151 =
1;2;:055k where ugup:zzug is a convex polygon in a
plane P and u P. See Figure 3. Let us call the
anglesofthe typeuuiuj;; oruu;u; , base angles, angles
of the type uj; Ui 1 polygonalanglkesand angles of the
type ujuu;, 4 vertical angles. Using the result that the
sum of the angles in a triangle equals %, we see that
the sum of the base angles and the verticalangles is k' .
Using the fact that the sum of the two base angles at
Ujis greater than the polygonalangle atu;, we see that
the sum ofall the base angles isgreater than the sum of
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all the polygonal angles w hich is (k i 2)%. So the sum
ofallthe verticalangles is less than 2%. T hisproves the
lemma.?2

It may be worth noting here that the follow ing sim ple
proof* for the preceding lemm a does not work alw ays:
let v be the foot of the perpendicular from u to the
plane P . W e may assum e that v lies inside the convex
polygon uquy iiiuy. Then,itisperhapsnatural to guess
thatangl ujuui g < angleujvuis g foreach 1,and so the
lemma would follow. But, the inequality stated can be
false ifone of the angles VUujUi 1 and VU (U is greater
than a rightangle (to geta counter-exam ple, take angle
VUil close to 180*and length uv m oderately large).

Next,we can single outan observation about the foot-
ball.

Theorem 1. Atevery vertex ofa football, there are
exactly three faces and so three edges.

Proof: Since the angles in a reqular pentagon are 108+
each and the angles in a regular hexagon are 120*each,
there cannot be m ore than three faces at any vertex by
lemma 3.So the theorem follows from lemma 1. 2

Lemma 4. If wo regular polygons :::ABCD :::and
22X BCY :::zin R3haveacommonedgeBC (see Fig-
ure 4), then éABX = 8D CVY .

Proof: W e rst clarify that a regular polygon is, by
de nition, planar. Now trianglesAB X and DCY are
congruent since each iIs the re°ection of the other in the
plane P perpendicularly bisectingB C . Thus,thelemm a
follow s. 2

H ere is another observation about the foothall.

Theorem 2. Atevery vertex of a football, there is ex-
actly one pentagonal face (and so there are two hexag-
onal faces).

At every vertex of
a football, there is
exactly one
pentagonal face
and so there are
two hexagonal

faces.

Figure 4.
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Proof: Suppose that ata vertex U there are three pen-
tagonalfacesPq;P, and P3. See Figure 5. Then, lemm a
4 applied to Py and P, givesF; isa pentagon. Sim ilarly,
F, and F3 are pentagons. Since we can go from P, to
any face by passing along ad jacent faces, it follow s that
all faces are pentagons, a contradiction. (Incidentally,
there is a convex polytope called dodecahedron with 12
faces all of which are regular pentagons.)

Supposenextthatatavertex U therearetwo pentagonal
faces Py and P, and a hexagonal face H (see Figure
6). Then, lemma 4 applied to Py, and F1,gvesF, is a
pentagon. This givesa contradiction to lemma 4 when
applied to Py and F3.

Thusatany vertex there isatm ostone pentagonal face.
By lemm a 3, all the three faces at a vertex cannot be
hexagonal, so the theorem follow s. 2

Lemmab5. Suppose UU,UglgsUs isa regular pentagon in
some plane in R *. Then there isa unique way in w hich
two regular hexagonscan be attached at uzuz and uoUs
so that they have a com m on edge u,v and lie above the
plane ofuqu, :::us. (See F gure 7).

Proof: Take u, = (0;0;0);v = (j 1;0;0) and U3 =
®; ;0): Refer to Figure 8. Since &vu,u; = 120% we
have i ® = hv;usi = cos120%= j 1=2. Here hu;vi de-
notes the_dotprﬁ)d_uct of u and v. Sincesz_U3 = 1,we
may take = j 3=2.Thusus= (1=2;; 3=2;0):

Letuy = (°;%;2). Since &vU,U; = 120% we get ° = 1=2
as above. Souy = (1=2;%;2) where £2+ 22 = 3=4. N ow

BUiUyu3 = 108*and cos108*= (1j  5)=4.So
lipg-hU'ui-l'p§+'
- Mfst= i ===
P U P = i
Hence + =  5=(2 3)and 2= § 1= 3. Assyming that

Uy lies aboye theyx-y plane, we get 2 = 1= 3. Thus

u; = (1=2; 5=(2 3);1= 3). Since a regular polygon

Figure 6.
U,
g
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Figure 7.
Figure 8.
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is determ ined by three consecutive vertices, it follows
that the relative positions of the three polygons at u;
are uniquely determ ined and the lem m a follows. 2

Itiseasy tow rite down the equationsofthe threeplanes
atu, and so their normals atu,. Using these, we can
“nd the angle between the planﬁs_of the two hexagons
to be cosi'( 5=3) = tani'(2=" 5) % 4181* and the
angle between the planes of tBe_p entagon and each of
the hexagons to be tani'(3j 5)% 37:38%

W e can now prove that there is at m ost one football.

T heorem 3.6 iven aregularpentagon P in some plane
in R3,a footballwith P as a face and lying on a given
side of the plane ofP isunique if it exists.

Proof: The positions of the ve hexagons around P are
unique by the preceding lem m a. Im agine attaching reg-
ularpentagonsand regular hexagons (w ith the side sam e
as that of P ) in the order shown in Figure 9. At each
stage, the type of face to be used is unique by theorem

2 and its position isunique since three or four consecu-
tive vertices ofa regularpolygon determ ine the polygon.
Hence the uniqueness follows. 2

We can find the
angle between the
planes of the two
hexagons to be
cos?( GB/3) =
tan- (2/Cp) »
41.81° and the
angle between the
planes of the
pentagon and each
of the hexagons to
be tan (3-Cp) »
37.38°.

Figure 9.
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Figure 10.

The footballs we
see are not
supposed to be
footballs as
defined here
because nobody
wants to play
football with a solid
with sharp edges
and corners.

Here is a result which provides the key to actually as-
sem bling the football thereby proving its existence.

Lemma6. Let:::ABCD :::bearegular polygon. Let
BE andCF besuch thatéABE = 6D CF and 6EBC =
e6F CB (see Figure 10). IfE and F are both on the
sam e side of the plane of AB CD , then E ;B ;C and F
are coplanar.

Proof: We may take B = (i 1=2;0;0);C = (1=2;0;0)
and D = (a;b;0). Then clearly A = (i a;b;0). Now let
F = ®; ;°)and E = (+;2;A). Wemay also suppose
thatBE = CF = BC.Then

OSEEB € = h(x + ;23A); (13050)i = ¢+

|-

and coseF CB = j (@i %).Soir: i ®. Now coseABE =
coseD CF givesh2= b andso2= ~.NowBE?2= CF?2
gives A2 = °%_ Since ° and A have the sam e sign, they
are equal. ThusE = (j ®; ;°)and E ;B ;C and F lie
on the plane°yj z= 0.2

W enow prove thata football exists. W hy,onem ay won-
der,because allofushave seen footballs. W ell, thereisa
problem here. Firstly, the foothalls we see are not sup-
posed to be foothalls as de ned here because nobody
wants to play footballw ith a solid w ith sharp edgesand
comers. (The edgesofthe football we see are geodesics
and the faces are spherical regions.) Secondly it is pos-
sible that a football as de ned here does not exist and
the foothalls we see are only approxim ations.

Theorem 4. The foothall referred to in theorem 3 ex-

P roof: W e show that the football can be assem bled as
shown in Figure 9 used in the proofoftheorem 3.R efer
also to Figure 11. W e start with faces 1,2 and 3. This
ispossible by lemma5.By lkenmad4,8ABC = 120% so
we can attach face 4 at AB C . Sim ilarly we can attach
face 5 also. Then by lenm a6,D ;E ;F and G are copla-

Figure 11.
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nar,so face 6 can be tted there. T hen clearly faces 7
and through 11 can be tted. Then, again by lmna
6,H ;1;J and K are coplanar, so face 12 can be tted
there. N extwe can tfaces 13 through 16. Now Q ;R ;S
and T are coplanar, so face 17 can he tted there. P ro-
ceeding thuswe t faces 18-21, then 22-26, then 27-31
and nally face 32. This proves that the footballcan be
assem bled and so exists. 2

W e next see how sym m etric the football is. W e start
by show ing that the vertices lie on a sphere. N ote that
the follow ing analogue in two dim ensions is false: the
vertices of a convex polygon w ith all sides equal lie on
a circle. The polygon shown in Figure 12 is far from
equi-angular and can be perturbed further.

Theorem 5. Thenormal to any three mutually ad-
jacent faces of a football are concurrent at a point 0
which is the centre ofa sphere on which the vertices lie.

Proof. By the norm alto a face we mean the line passing
through its centre and perpendicu lar to its plane. R efer
to Figure 13. Let AB be the common edge between
two faces and C and D the centres of the two faces.
Then it is easy to see that the plane perpendicularly
bisecting AB will contain the norm als to the two faces.
So these norm als are coplanar. Since the faces are not
parallel, these norm als intersect at, say, 0 . Since 0
lies on the norm al to face ABF ,we have 0 A = 0B =
0 F:Since 0 lies on the normal to face ABG ;0B =
0G. ThusOF = 0B = 06 :S00 lieson the planes
perpendicularly bisectingB F and B G .HenceO lieson
the norm al to the face FBG . T hus the normals to the
three faces are concurrentat0 and 0A = 0B = 0 F =
0G:Byproceeding through adjacent faces, we can see
that0 lieson the norm alto every face. This proves the
theoren . 2

Itw illbe an interesting exercise to determ ine the radius
of the sphere on which the vertices of the football lie,

Box 2.

Figure 12.

Figure 13.
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The numbers of
vertices, edges
and faces on the
foot ball can be
counted from a
drawing of the
football but a bit of
graph theory can
be used too to find

given the length ofan edge.

W enow determ ine the num bers of vertices, edges and
faces on the football. Thiswillbe needed later in part
Il wherewedeterm ine itsgroup ofsymm etries. T hough
these num bers can be counted from a drawing of the
foothall, we willuse a bit of graph theory to nd these
(partly explaining my interest in the topic).

A (" nite) graph G consists of a nite non-em pty setV

whose elem ents are called vertices and a nite collection
E of unordered pairs (called edges) of elem ents of V .
A plane graph is a graph whose vertices are points in
the plane and whose edges are arcs joining the vertices,
no two of these arcs m eeting each other except at the
ends. A face ofaplane graph G isam axim al connected
region of the plane left when the vertices and edges of
G are rem oved. It is easy to see that the vertex set of
a graph G can be partitioned into its com ponents such
that we can go from every vertex in a com ponent to
every other vertex in the sam e com ponent and to no
vertex in any other com ponent by travelling along edges
(see Figure 14). W e now prove a slight generalisation
ofa well-known form ula so that we can use induction
conveniently.

Lemma 7. (Euler’sform ula): For any plane graph G,
Oi 24+ ° =1+ p

where © is the number of vertices, 2 is the num ber of
edges,’ isthenum beroffaces (including theunbounded
face) and p is the num ber of com ponents.

Proof: W e prove the result by induction on 2. If2= 0,
then ° = land p= °,so the result follbws. So assum e
the result for plane graphs w ith lessthan 2edgesand let
G have 2edges. Ifan edge belongs to a “cycle®, then by
deleting this edge,we geta plane graph w ith © vertices,
2j ledges,®j 1facesand p components,so by induction
hypothesis,we are done. Ifan edge uv doesnothelong

these.
Figure 14.
38
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to any cycle, then by deleting this edge,we geta plane
graph w ith © vertices, 2 j 1 edges, ° faces and p+ 1
com ponents, so by induction hypothesis, we are again
done. 2

Theorem 6. A football has 60 vertices, 90 edges and
32 facesofwhich 12 are pentagonsand 20 are hexagons.

Proof: Any football can be represented by its Schlegel
diagram which iswhatthe foothall (assum ed to be trans-
parentexceptfor the edges) appears like when seen from

a position just outside the centre of one face. T his is
like stereographic projection from the top (assum ed to
be notavertex and notlying on any edge) ofthe sphere
on which the vertices of the football lie, onto a horizon-
tal plane below the sphere. The Schlegel diagram is a
plane graph G, vertices, edges and faces of the foothall
corresponding naturally to those of G, the face of the
football nearest to the viewer corresponding to the un-
bounded face. Note thatG hasonly one com ponent, so
Euler’sformula reducesto ©j 2+ ° = 2. By theorem 1,
there are exactly three edges at every vertex and every
edge isincidentw ith exactly two vertices. Thus22= 3°.
Since every vertex is incident w ith exactly one pentagon
and each pentagon iIs incident w ith exactly 5 vertices,
it follows that the number of pentagons is °=5. Since
every vertex is incident w ith exactly two hexagonsand
each hexagon is incident w ith exactly 6 vertices, it fol-
lows that the num ber of hexagons is ©=3. Substituting
these in Euler'sformula we get

o 30 o o
i —+ =t == 2;
LS " 57 3

s0,° = 60.Now the theorem follow s easily. 2
Finally,we show how Euler’spolyhedral form ula can be

used to show that there are only ve regular solids. In
aplane graph,a k-cycle refers to a sequence of edges of

Euler's polyhedral
formula can be
used to show that
there are only five
regular solids.
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Lemm a 8. Ifeach face of a connected plane graph G isa
p-cycle fora xed p, 3 and if there are g, 3 edges at
every vertex of G, then (P;0) = (3:3);(3:4):(3:5);(4;3)
or (5;3).

Proof: W e “rst note that every edge joins two distinct
vertices since if there is a self-lbop, the face just inside
it cannot be a pcycle with p , 3. So, as in the proof
of theorem 6,we get q® = 22 = p°. Now, by Euler's

formuk,®j 2+ °= 2.50
S . L
bor o bidrd bittd wipat

So2pij pa+ 20> 0or(Pi 2)@i 2)< 4. Itfollows
easily thatp - 5. M oreover, if p = 3; then q can take
only thevalues3,4and 5. Ifp= 4 or5,then q can take
only the value 3. 2

Lemma 9. (Euclid's Comm entattheend of Book X I1):
TheSchla®isymbolofany regular solid (i.e.,a 3-dim en-
sionalpolytope w ith each face a regular p-gon and w ith
exactly q faces ateach vertex) is (3,3), (34),(35), (4,3)
or (53).

Proof: W e will give two proofs of this result, the "rst
using Euler's form ula. The Schlegeldiagram ofany reg-
ular solid with Schl°isymbol (p;q) isa plane graph G
satisfying the hypothesis of lemm a 8, so (p;q) can take
only one of the ve values mentioned in that lemm a.
Thisproveslemma 9.

Wenow give a second proof, essentially due to Euclid,
which isapplicable only toregularsolidsand which does
notuseEuler’sformula. Since each angle in a regularp-
gon is (Li 2=p)% and thereare q such facesatany vertex,
it follows from lemm a3 thatq(lj 2=p)% < 2% which,on
sim pli cation, becom es exactly 2p j pq+ 2q > 0. Now
the conclusion follow sasin lemma 8. 2

Now,ifthereisaregularsolid with Schla®isym bol(p;q);
then (p;q) can take only the ve values stated in the

40
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preceding lem m a. Using the equalities displayed in the
proofof lemma 8 (or by direct counting), it is easy to
“nd the num bersofvertices, edges and faces in each of
the above ve cases. Finally it can be shown, as for a
foothall, that a regular solid w ith Schla®i sym bol any
one ofthe ve referred to above, isunique. This shows
that the platonic solids are the only ‘regular solids® as
stated by Euclid at the end ofBook X IlI.

Incidentally, a plane tessellation is a covering of the
planew ith nonoverlapping (exceptfor the edgesbetw een)
polygons. A tessellation is a regular tessellation if the
polygons are all reqular p-gons for som e p. If a regu-
lar plane tessellation exists w ith p-gons and if there are
g such polygons at som e vertex, then we have q(1 j
2=p)h = 2%;s0 (pi 2)(qi 2) = 4. It follows that
(P;0) = (3:6);(4;4) or (653). Each of these is actually
possib ke as the tessellations in Figure 15 show . (Note
that,now ,p determ inesq and the sam e num ber ofpoly-
gonsoccurs at every vertex;thiswasnotassum ed in the
de nition).

W emention in passing thata beehive looks quite like a
3-dim ensionalconvex polytope w ith every face a regular
hexagon and with three faces m eeting at every vertex.
However, this cannot really be, since the sum of the
angles atany vertex will then he 360*and the polytope
has to be planar by lemma 3. Thus the polytope w ith
the stated propertiesdoesnotexistand abeehive isonly
a cleverapproxim ation. Thisshowsthe need forproving
the existence ofa foothall.

W eend the rstparthere. In the next part, we shall
iden tify the group ofsym m etries ofa foothall. Thatw ill
also contain a discussion on the groups ofsym m etries of
som e other ob jects in 3-space.

;;' 4]
n Cad s T
Figure 15.
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