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Induction and Descent: Complementary Princi-
ples

Everyone knowsthe principle of mathematical induc-
tion (PMI for short); it isnow standard fare even at the
high-school level. Curioudy, very few seem to know its
close relative { the principle of descent (PD for short);
curious, because the two principles are complementary
to one another. In this article we study some typical
applications of this principle.

The PMI states the following. Let S be a subset of the
set of natural numbers N with the property that (a)
12 S,and (b) ifk 2 S, thenk+ 12 S too. Then
it must be the case that S = N. It can be stated in
‘contrapositive form' too. Let S be a subset of the set
of natural numbers N with the property that (a) 12 S,
(b) ifk 2S forsomek 2 N, k> 1, thenkij 12 S.
Then it must bethe casethat S = N. The PMI looks
‘obvious' but it possesses surprising power, and a great
many non-trivial results owe their proofs to it. For a
survey of some applications, see [1].

The principle of descent, which was rst enunciated and
used by Fermat, may be stated in various equivalent
ways, eg.:

1. It is not possible to have an in nite, monotonically
decreasing sequence of positive integers.

2. Let S be a non-empty subset of the set of natural
numbers with the property that for any positive integer
k greater than 1, if k 2 Sthen kj 12 S too. Then it
must ke the case that 12 S.

3. Let S be a subset of the set of natural numbers with
the property that 1 8 S, and for any positive integer Kk,

a2
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ifk2 Sthenkj 12 Stoo. Then S is the empty set.

The close relationship of these statementsto the PMI is
easy to see.

Inasmuch asthe PMI and the PD are equivalent, it may
be wondered whether it is worth our while making a
separate study of proofs based on the PD. The answer
is: most assuredly, yes! { one must not conceal the
richness of the particular under the cloak of the general!
Accordingly, we now present various case studies that
show the descent principle in action.

The Unit Fraction Algorithm

Fractions with unit numerator are known as unit frac-
tions, or (more exotically) asEgyptian fractions, because
of the practicein ancient Egypt of representing fractions
as sums of distinct unit fractions. Thus, 5=13 would be
written as

5 1 1 1

— = -+ —+ —:

13 3 20 780
It is easy to show that every positive rational number
between 0 and 1 can be written in this way, and the
algorithm to do so is particularly nice; we simply peel
o® the largest unit fraction not greater than the given
fraction, then do the same for the portion remaining,
and so on, recursively. We shall show via the PD that
this process necessarily terminates, and so yields the
desired representation. (For example, for the fraction
5=13, we rst peel o®1=3. The portion left is2=39, from
which we peel o® 1=20. Now the portion left is 1=780,
itself a unit fraction. So 5=13 = 1=3+ 1=20+ 1=780, as
given above.)

The validity of the algorithm may be shown as follows.
Let r be any rational number between O and 1, say r =
a=b, where a;b are integers with 0 < a < b. Let the

Every rational
number between 0
and 1 can be
represented as a
sum of distinct
Egyptian fractions.
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The algorithm
described here for
expression as a sum
of Egyptian fractions
is called the greedy
algorithm. There are
many algorithms of
this kind to be found
in mathematics e.g.,
some implemen-
tations of the simplex
method used to
solve linear
programs.

positive integer n be (uniquely) xed by the condition
1 a 1

< :
n b njl

If equality holds on the left side, then there is nothing
more to bedone. If not, let s=r j 1=n; then

_a 1 _naib
b nT Tnp
By de nition 0< naj b< a, sothe numerator of s is
strictly less than that of r. If s is a unit fraction, then
we are through. If not, we repeat the process with s in
place of r and obtain another fraction t with a smaller
numerator; and so we proceed. As the numerators of
r;s;t;::: form a strictly decreasing sequence of positive
integers, the descent must cometo a halt sooner or later.
The desired representation is now at hand.

We make the following remarks before moving on. (a)
While the above algorithm certainly yieds a representa-
tion in the desired form, it does not always do so in the
most economical way, i.e., with theleast number of sum-
mands. (Work out the algorithm with r = 47=60 and
check for yourself!) (b) The above algorithm, for ob-
vious reasons, is called a ‘greedy algorithm'. There are
many algorithms of this kind to be found in mathemat-
ics (e.g., some implementations of the simplex method
used to solve linear programs). (c) A smilar analysis
can be made for the well-known algorithm of Euclid's
that yields the GCD of two given whole numbers; here
the step carried out repeatedly is

(D7 (bRem(a¥ b);

(Rem(a¥ b) refersto theremainder when aisdivided by
b). The remainders form a strictly decreasing sequence
of non-negative integers, which therefore must reach O
at some stage; termination of the algorithm is assured
because of this.

a4

‘\I\/\/\/\/\’ RESONANCE | February 2003



GENERAL | ARTICLE

Proofs of Irrationality of Certain Numbers

The classic proof of the irrationality of P 2, due to the
Pythagorean school, iswell known; it dependsultimately
on the fundamental theorem of arithmetic (‘prime fac-
torization in N isunique’). Much less well known isthe
proof by descent; its surprising feature is that unique
factorization isnot used anywhere. Here arethe details.

Assuming that p§ is rational, let p§ = a=hwhere a;b
are positive integers. The equation yidds b 2 = a, so
it follows that the set

n p_ [0}
S= n2N : n 2isaninteger
isnon-empty. Now observethat if b2 S then bpii b2
S too, because

p-° p- P- . . .
2 b 2i b =2bj b 2=integeri integer = integer;

also, bIo 2i b= b(Io 2i 1) islessthan b. It follows that
for each number in S, there exists another one, smaller
than itsdf. Now we invoke bh_e PD to deduce that S is
empty, in other words that ~ 2 isirrational.

Other square-root irrationalities may be shgwn in like
manner. Thus, to show the irratiﬁnglity of K, where
K2N isrpt_square, welet c=[ K];thenif b2 N is
suchthat b K 2 N, thenumber b K j cbtoo hasthe
same property, ang it is a positive integer smaller than
b. So, by the PD, K isirrational.

It may not be too obvious how one could show the ir-
rationality of, say, the cube root of 2 using descent; but
see the section on polynomials with integral coet cients.

Irrationality { Through Geometry!

In some cases a descent proof of irrationality has an
elegant gpgmetric analogue. Consider for example the
number = 2
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Figure 1.

Figure 2.
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Suppose that P 2 is ratjonal; then there exist postive
integers n such that n 2 is integral, so the set S of
positive integers n such that the diagonal of a square of
side n hasintegral length is non-empty. Let b2 S, and
let ABCD heasquarewith sideb; then thediagonal DB
haslengthb 2= a, say (seeFigurel). Locateapoint E
on DB suchthat DE = bythenBE = aj b. Construct a
square BEFG on sideBE; then EF = aj b. Triangles
DEF and DCF are congruent, so CF = EF = aj b,
therefore BF = bj (aj b = 2bj a It follows that
BEFG is an integer-sided square whose diagonal has
integral length, and it is smaller than the square we
started with. Now we invoke the PD to conclude that
such a gdtuation is untenable; the irrationality of = 2
follows.

Here is another such proof, even smpler thap the one
above (it was featured in [3]). Supposethat 2= a=b
where a;b 2 N. Let ABCD be a square of side a.
Draw squares BPQR and D STU each with sidebinside
square AB CD (seeFigure?2). Theequation a? = 27 im-
pliesthat the area of square ABCD isthesum of thear-
eas of squares BPQR and DSTU. Thismeansthat the
area of the central square, with sidebj (aj b) = 2bj a,
equals the sum of the areas of trﬁlwo small squares at
the corners (with sideaj b); so 2= (2bj a)=aj b).
Now we invoke the PD as earlier to reach the same con-
clusion.

Irrationality of the Golden Ratio

The same idea can be used to show theﬂ)rgationality of
the "golden ratio' { the number ¢, = "ZL( 5i 1). Here
we use the fact that in a regular pentagon, the ratio of
the diagonal to the sideis¢,. Supposethat ¢ isrational,
say ¢ = a=b, wheea;b2 N. Le ABCDE be a regu-
lar pentagon with side b; then each diagonal has length
a. Let the diagonals AC;BD;CE;DA;EB be drawn.
Each diagonal getsdivided into three parts, with lengths
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X;Y; X, say, wherey < x (thelength of the small portion
inthemiddleisy). Weseethat b= x+yanda= 2x+y.
Solving for X;y weget x = aj bandy = 2bj a; sox
and y areintegers! The (small) inner pentagon is now
seen to be integer-sided (with side y), and its diagonal
has integral length (equal to x). Now using this obser-
vation recursively, we get an endless sequence of smaller
and smaller integer-sided regular pentagons, clearly an
impossibility.

Regular Polygonsin Lattices

We shall show the following non-existence resultsin this
section.

(a) An equilateral triangle cannot be imbedded in the
square lattice L = Z2. In other words, it is not possible
to nd distinct lattice points A;B; C in the coordinate
plane R? such that triangle ABC is equilateral.

(b) A square similarly cannot be imbedded in an equi-
lateral lattice.

To prove (@), we usethe observation that a quarter-turn
centered at any point of the square lattice L maps the
lattice back onto itself.

Suppose that there exists an equilateral triangle ABC
with A;B;C distinct points of L. Let its side be s.
Consider the squares erected on sides BC; CA;AB re
spectively, each one overlapping with the given triangle;
let their centers be P; Q; R (see Figure 3). The vertices
of the squares lie at lattice points, so the coordinates of
P; Q; R are half-integers. Triangle PQR is cIeaH\L equi-
lateral. Computations show that itssidetis2( 3 1).
An enlargement about the origin by a factor of 2 now
yields a lgjtice point equilateral triangle PR with
sdet’= ( 3j 1)s¥0:73s. Wethus get another lattice
point equilateral triangle, with sideslessthan 3=4 of the
original one. Recursively continuing this process, we get
an in nite sequence of lattice point equilateral triangles,

Figure 3.
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Figure 4.

with side tending to 0. Thisis clearly not possible. We
conclude that such triangles do not exist at all.

The proof of (b) is similar; now we use the observation
that a 60" turn about any point of an equilateral lattice
E maps the lattice back onto itsdlf.

Suppose that ABCD is a square with A;B;C;D 2 E;
let its side be s. We locate points P; Q; R;S within
the square such that trianglesPAB, QBC, RCD, SDA
are equilateral (see Figure4); then P; Q;R; S arelattice
points, andpP_QRS i%a_square. Computations show that
itssdeis( 3j 1)s= 2% 0:52s. Now arguing as we did
earlier, we conclude that a square cannot be imbedded
in E.

We leave it to the reader to nd a proof by descent
showing that the lattice L does not contain a regular
n-sided polygon for any n > 4.

In the three-dimensional lattice Z*, equilateral trian-
gles do indeed exist; e.g., the triangle with vertices at
(1,0;0), (0;1;0) and (0;0;1) is equilateral! The reader
should nd out why and where the proof given above
fails in this case.

Diophantine Equations

There are many diophantine equations which possess no
solutions in integers and sometimes the non-existence of
solutions may be shown in a nice manner via the PD.
We consider two examples.

(a) T he equation x2+ y?+ z2 = 2xyz possesses no solution
in positive integers.

Suppose that there exist postive integers x;y;z such
that x2+ y?+ z> = 2xyz. Then either just one or all
three of x;y;z are even. If just one of them were even,
then we would have 2xyz ~ 0 (mod 4), x?>+ y? + 72~

2 (mod 4), an absurdity; so all of x;y;z must be even.
Write (x;y;z) = 2(a;b;c); then a;b;c are positive inte-
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gersand 4(a?+ b+ ) = 16(abx), so a’+ b*+ ¢ = 4abx.
The argument just given can now be repeated verbatim
to conclude that a; b; cthemseves are even integers. Us
ing this step recursively and invoking the PD, we deduce
the stated assertion.

(b) The equation x? + y? = 3z2 possesses no solution in
positive integers.

Suppose that x;y;z are positive integers satisfying the
given relation. Since 3j 3z, if one of x;y is a multiple
of 3, then the other one must be, too. If neither of x;y
is a multiple of 3, then we get x>+ y?> = 2 (mod 3),
which cannot be; so 3j x;y and therefore 9j x + y2.
This implies that 3j z, so 3] x;y;z. Writing (x;y;2z) =
3(a; b;c), where a; b c are positive integers, we get a? +
> = 3¢, and now the same reasoning applies all over
again, verbatim. The stated assertion follows.

Polynomials with Integral Coet cients

Here is a proposition about polynomials over Z that we
prove using descent: If ® is a rational root of a monic
polynomial f with integral coet cients, then ® is an in-

teger.

Suppose not; let ® be arational but non-integral root of
amonic n'" degree polynomial with integral coet cients.
The following statements may now be made: (i) ®" and
all higher powers of ® areintegral linear combinations of
® fori =0,1,2 ...,ni 1 (ii) there exists a positive
integer k such that k® isintegral fori = 0, 1, 2, ...,
ni 1; (iii) the set of natural numbers k such that k@& is
an integer for all natural numbersi is nonempty; (iv)
for any element k of this set, the number k°= k(®; [®)])
is a positive integer smaller than k, and with the same
property. Now, via the PD, we are done.

Animmediate corollary of thisresult isthat any number
of the form n¥™, with n;k 2 N, iseither an integer or is
irrational; it cannot be a non-integral rational number.

Any number of the
form n*, with n, k
€ N, is either an
integer or is
irrational; it cannot
be a non-integral
rational number.
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Two IM O Problems

We top o®this survey of case studies with two challeng-
ing and pretty problems from the International Math-
ematical Olympiads of 1986 and 1988 (held in Poland
and Australia, respectively). The latter problem was
considered for long to be the most dix cult problem ever
to be asked in an IMO. (However, it has since lost this
title!)

IMO 1986/ 3.

To each vertex of a regular pentagon an integer is as
signed in such a way that the sum of all the ve num-
bersis positive. |f three consecutive vertices are assigned
the numbers x;y; z respectively and if y < 0, then the
following operation is allowed: the numbers x;y;z are
replaced by x+ y;i y;z+y, respectively. Such an opera-
tion is performed repeatedly as long as at least one of the
~ve numbers is negative. Determine whether this proce-
dure necessarily comes to an end after a nite number
of steps.

We note rstly that the sum s of the numbers at the
vertices stays the same all through, because (x + y) +

(iy)+(z+y)=x+y+z

Experimentation suggests that the procedure cannot be
continued inde nitely. If we areto prove that the proce-
dure necessarily terminates, we must nd a non-negative
integer-valued function of the vertex numbersthat stric-
tly decreases at each stage. Finding such a function en-
tails a bit of hit-and-trial, but in the end we obtain the
following candidate for the function, f : if the numbers
at the vertices are x;y; z; u;v, read in cyclic order, then

fOGY;ziuv) = (Xi 2)%+(Yi u)®+(zi V)2 (Ui X)%+ (Vi y)*

Observe that f is non-negative and integer-valued, as
required.

Assuming that y < O, let the step (X;y;z;u;v) 7 (x +
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Vii V;Z+ y;u;Vv) be performed. Let us now see what
it hason f. We have,

f(X+y,iy;z+y,uv)= (Xi 2)°+ (u+ y)*+

(Z+yi V)2+ (X+yi u’+ (v+y)

Simplifying, we get the following expression for ¢ f , the
changein f:

¢f = 2y(x+y+z+u+v)=2ys< 0 (sinces> 0y < 0):

It follows that the f -value strictly decreases as a result
of the operation. So the operation cannot be performed
in nitely often; sooner or later the numbers at the ver-
tices will all be non-negative.

Remark. What happensif the numbers placed at the
start at theverticesarenot integers? Solongasthey are
rational, exactly the same idea works (we smply scale
up everything by the LCM of the denominators). But
what happens if some of the numbers are not rational?
It turns out that in this case too the procedure must
terminate; however, the proof has to be worded very
di®erently now. Here is a possible approach. Let the
vertices be numbered 0, 1, 2, 3, 4, let the label on vertex
i bexj,andfori=0,1,2 3 4andj > i let the sums
a; be computed as follows:

with Xs = Xo, X = X1, and so on. Note that there are
in nitely many such sums, but only a nite number of
them can be negative, because on cycling around the full
set of vertices we add s to the sum, and s is positive.

Now suppose that X, < 0 and (Xr; 1;Xr; Xr+1) ¥ (Xrj 1
+Xr; i Xr;Xr+1 + X;. Let us check what happensto the
various sums a;;;. For convenience we write bh;; for the
updated sums.
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If all threeindicesr i 1;r;r + 1 are part of the range
[i;]], or none of them is, then b;; = & . Now suppose
that either one or two of the indicesr | 1;r;r + 1 are
part of the range[i;j]. We now get:

by = air + Xr = @ir+1; Br+1= air;
B 1re1= Xrp 1= & 1r; Bir1= 0 Xr = § @+

We observethat in thein nite multiset of thesums a;;,
most of the elements stay unchanged, some elements
swap places with others, and precisely one element is
replaced by its negative. As a negative number is re-
placed by a positive number each time, the sequence of
operations necessarily terminates. Indeed, we can say
more: the number of steps needed for termination does
not depend on the order in which the steps are carried
out! { it equals the number of negative elementsin the
initial multiset of values of a;;;. An elegant and pretty
result indeed.

Is this a proof by descent? Oh yes! { but the descent
principle has been used in a rather more subtle manner.

IMO 1988/ 6.
Let a and b be positive integers such that the quantity

_at+ K
~ ab+ 1

is an integer. Show that cis a square.

Solution. We shall prove a stronger statement: Let
a; b, ¢ be positive integers such that 1 - a?+ b?j abc -
c+ 1; then the quantity a®> + ? | alc is a square.

Let d denotethevalueof a®+ b abc; thus1l- d- c+ 1.
Ifc=1thend= 1or 2. Ifd= 1, thereis nothing to
prove; and d = 2 cannot happen at all, for a>+ ¥ | ab
isodd if at least one of a, bis odd, and is a multiple of
4 if a, bare both even. If c= 2, then the result follows
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trivially, with d = (aj b)2. In the discussion below we
assumethat c> 2.

Ifd= 1, thereisnothing to prove. If d > 1, we consider
the curve j ¢ %2 R? de ned by

ia:=f(xy) @ X2+ y?i oxy= dg:

This is the equation of a hyperbola symmetric in the
linesy = 8§ x. Our interest liesin the lattice points on
i d, of which (a;b) is one such. The crucial observation
that we make is this. from a single lattice point of j 4
one can by descent generate in nitely many such points.
The descent is accomplished as follows.

Let A (u;v) be a lattice point on the upper branch of
i d; then v > u. We move vertically down from A to
the liney = x (see Figure 5), meeting it at B (u;u);
then we move horizontally (to the left) from B to j g,
meeting it at C. To nd the coordinates of C, note that
the image of A under re°ection in theliney = x isthe
point A°(v;u). So one point of intersection of the curve
and the liney = u is (v;u); that is, one root of the
guadratic equation

x?i cux+ (u*j d)=0

isx = v. Since the sum of the roots of the equation is
cu, the other root must be x = cu i v, implying that
C = (cuj v;u). Sincec;u;Vv areintegers, it follows that
C isalattice point. Notethat C and A lie on the same
branch of the curve.

So we have moved from the lattice point (u;v) to the
lattice point (cuj Vv;u); thisisthedescent step, which we
iterate. Each such step carries us from one lattice point
of j 4 to another one, on the same branch. Asthe curve
has positive slope at every point, the movement results
in a strict decrease in both coordinates. The descent
resultsin an eventual passage into the third quadrant.

Figure 5.
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The proof that the
continued fraction
approach yields all
possible non-
negative integral
solutions to Pell’'s
equation is another
example of a task
that can be
accomplished

elegantly via the PD.

Sinced - c+ 1, thecurve cannot have any lattice points
in the interiors of the second and fourth quadrants; for
if (X;y) were such a lattice point, then xy - j 1 and
x2+y?, 2 andsn2- x?+y*=cxy+d- 1, whichis
absurd.

Now it follows from the nature of the descent that we
cannot jump from the interior of the rst quadrant to
the interior of the third quadrant in a single step; for
if v> u > 0 then the signs of the second coordinates
in (u;v) and (cuj v;u) are both positive. Also, we are
barred from entering the interior of the second quad-
rant. Therefore in order to reach the interior of the
third quadrant, we must step upop both tBe_x-axis and
the y-axis, i.e, on the points (0; d), (i d;0), which
consequently must be lattice points. It follows that dis
a square.

Here is another (rather short) proof of the above asser-
tion. We start with natural numbers a;b; c with a2 +
b’ | abc (= t;say) between 1 and c+ 1.

If t isnot asquare, thena 6 by for a= bgivesa®(2j ¢) =
t which givesin turn c= 1and t = a°, a square.

Assumethat it is possible to havet non-square; assume
that the corresponding a > bhasbtheleast possible (of
course, b> 0). Then the ‘other' root d of the equation
a’+ P abc = t, viewed as a quadratic equation in
a, satis es the relationsa+ d = bc, ad = P t. In
particular, d is an integer.

If d < O, then we get, in turn, dbo - j 1, doc - | c
c- jdoc,c+1- 1j dbc. Sod?+ kP doc=1t- c+1-
1j d, e, d®+ 2 - 1, an impossibility; sod, O.

If d= 0, then we get t = I, a contradiction; so d > O.

Nowd= bcj a. Ifd, b, thenweget, inturn, bcji a, b,
bc, at+b abc, a?+ab> a?+ . Thatis, a?+ b?j abc <
0, which is not possible. Henced < h.
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Sncel: PP+d?j doc=1t- c+ 1, weobtain a smaller'
solution (I d) in place of (a; b), the value of t being non-
square (it isthe samet). Now PD leadsto a contradic-
tion. It follows that t is a square.

Family connections

There are many cousins to IMO 1988/ 6 (in its original
form). Thereader may enjoy trying to prove the follow-
ing. (@) If a; bare positive integers such that the number
c= (a®+ P)=abj 1) is an integer, then c = 5. (b)
If a and b are positive integers such that a®> + ¥ a s
divisible by 2ab, then a is a perfect square.

Concluding Remarks

We have certainly not exhausted thelist of applications
of the principle of descent! Other elegant applications
include the proof by Fermat of his claim that the equa-
tion x* + y* = z2 has no solutions in positive integers;
the proof by Euler of Fermat's theorem stating that any
prime of theform 1 (mod 4) isa sum of two squares; and
the proof by Lagrange of his own theorem that every
prime is a sum of four squares. (Euler knew of this re-
sult but was not ableto proveit. Ironically, the method
used by Lagrange is practically the same as that used
by Euler to prove Fermat's claim.) (See [2] for details
of both proofs.) The proof that the continued fraction
approach yields all possible non-negative integral solu-
tionsto Pdl's equation is another example of atask that
can be accomplished elegantly via the PD. More appli-
cations could be catalogued, but we leave the task to
the reader.
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