Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised
in a classroom situation. We may suggest strategies for dealing with them, or invite
responses, or both. “Classroom” is equally a forum for raising broader issues and
sharing personal experiences and viewpoints on matters related to teaching and

learning science.

‘hat isa Hilbert Space? L

When I was an undergraduate (aeons ago!), I overheard my
seniors (exalted PhD students) discussing a mysterious ob-

ject called a Hilbert space. It was many years later that

I found out what it was, and then it occurred to me that
stripped of all the jargon I could quite easily have absorbed
this concept even as an undergraduate. Of course, under-
graduates have come a long way since my days, and these
days they know basic linear algebra and the theory of metric
spaces. So my task of explaining the concept of a Hilbert
space becomes infinitely simpler!

For simplicity we consider vector spaces over IR, the field
of real numbers. Actually, to begin with, we need to know

only the familiar space JR™, the vector space of n-tuples of -

real numbers.

Apart from the algebraic operations of addition and scaling
of vectors, we also have the notion of dot product of two
vectors. If = (z1,-++,2,) and y = (y1,---,yn) are two
vectors, the dot product z - y is defined as the real number

E z;yi. Notice that £-y = y -z and if Ay, Ay are scalars,

(/\1:v +Xy) z=Mz 2+ A2y - z. This number can be used
to calculate the angle 6 between two vectors via the formula
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cosf = ﬂ;ﬁl%/ﬂ’ where ||z|| denotes the length of the vector

zie. |z|| = /224 - + 2% = (z-z)/2. Thus two vectors
are perpendicular or orthogonal to each other if z - y = 0.
We can define the distance between, two vectors z and y by
d(z,y) = ||z — yll. (See Boz 1.) An important property of
IR"™ is completenessi.e. if z(¥) is a Cauchy sequence of vec-
tors (see Boz 1), then there exists a unique vector z such
that %) — g as k — co. As everyone knows, the dimension
of IR™ as a real vector space is n. A basis {e;,---,e,} of R"
is said to be an orthonormal basis if each ¢; has length 1 and
e; is orthogonal to g if j # k. Thus the ‘standard’ basis
(1,0,0,--+,0),(0,1,0--) ...... is an example of an orthonor-
mal basis. (Ezercise : In IR3, if fi= (1/4/3,1//3,1//3),
find f, and f,, so that {f,s £, f5} is an orthonormal basis
of IR3. Note that we are not claiming that f and f are
unique!) If all you are interested in is an n—dlmensmna,l real

A get )’ equipped with a map
space it the following aXIOms hold !

D1 ; d(w,'y) d(y,0), Vo, €
D2: d(z,y) 2 0, Vm,y e X
D3 : (The trlangle 1nequahty)

d(z, y) +d(y,z) z d(:z: z), ‘ ‘v’m,y,‘z-ev-X'f: S

d(z,y) is called the distance between x and Y.

A sequence {w(’“)} in X is sald to converye to win X if and only if d(m’“) m) - O os

A sequence {:v(”)} in X is said to be a Cauchy sequence in X ;1f glven £> 0 El N(e )
such that V&, £ 2 N(e), (w(k) m@)) <e. ,

A metrlx space X is saud to be complete 1f every Cauchy sequence {m(k } necessamly
converges to a (umque) z in X
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Hilbert: space, you don’t have to go any further. Every real
n-dimensional Hilbert space can be ‘identified’ (in a suitable
sense) with IR™. '

What about infinite dlmensmnal real Hilbert spaces? Let us
denote the set of all real sequences z = (%1, %9, ) with the
added proviso that a7 < oo, by £2(Zt). (This i is quite a
natural restriction since one wants the ‘length’ of a vector to
be finite!) £2(Z*) becomes a vector space over R with the
usual operations of addition of two vectors and the scaling.
of a vector by a real number. Unlike IR™, a vector z in
thls space may have 1nﬁn1te1y (but countably) many non
zero components Once again define the dot product of two
vectors z = (a:l,mz, ) -and y = (yl,yz, Dby zey =

Z TiYi. (Thls series converges absolutely (Why")) Thus,

as m the case of IR™, wre can talk about the angle between two
vectors and also about two vectors being orthogonal The
length of z is denoted by ||z|| and is just the non negative
number (g- w)l/ 2, The distance d( ,4) between two vectors
and y is defined to be ||z — y||. Equipped with d(-, ), 2(Z*)
is a complete metric space (see Box 1). Note that the vectors
€ = (1 0,0, ) (0 1,0, ),_6_3 :v(oiﬂo)l)"')a"'a’re
pairwise orthogonal le. g;-e, = 0if j # k. Also, any vector
z = (x1,Z2,-++) can be symbohcally represented as z-

El zje;. More precisely, if a:(N = (@1, 22, -+ N,0,0, )
j= ,

then z™) = Z zje;, and the z®™) form a Cauchy sequence
7j=1

in the space £2(Zt) with z®™) = g as N — oo.

Any sequence of unit vectors f in 2(Z) w1th f = O

if j # k, and with the property that any ¢ € 22(Z+) can

be symbohcally expressed asg = Z Aj f (1n the sense de-

Sc;rlbed above) is called an mthonormal ba&s In that case,
it can be shown that A; must be necessarily z - f Note that

an orthonormal basis of £2(Z*) is not an algebmzc basis of

Zz(ZJF) considered as a vector space over JR. (Why not?)

Another interesting fact is that, if W is the n-dimensional
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space spanned by [, f,, - f,., then for any given z, the vec-
. : n :
- tor closest to z in W is the unique vector (™ = . (z- fj) f .
j=1

(™ is called the projection of z onto the subspace w.)
Once again, the length of z is given by ||z||? = Z (z-f; )2

Note that, if V;, is the linear subspace of £2(Z "') cons1st1ng
of those vectors (= sequences) which are zero after the n*-
stage i.e. of the form (z1, %9, +,24,0,0,0,--), then V, can
be identified with IR™. (Exercise; How ?) Thus, all finite di-
mensional Hilbert spaces ‘sit inside’ £2(%*) ! Finally, just
as a finite dimensional real Hilbert space of dimension n can
be identified with IR™, any infinite dimensional ‘separable’
real Hilbert space can be identified (in a suitable manner)
with 2(Z*). (See Boz 2 for a definition of the term separa-
ble. Most of the Hilbert spaces of interest to physicists and
mathematicians are separable!)

Here is an exercise for the more ambitious student who al-
ready knows a little bit about Fourier series: Let Lf)er(R)

Box 2.

A vector space V over IR is Sald to be an inner product space lf it is equlpped w1th
amap <,>:V xV = IR, satisfying. the followmg axioms : .

IP1 < zy>=<y, 1>, Vw,yGV

IP2-: <aw+by,z>—a<mz>+b<y,z>,' me,ze y Oy

IP3: <zyx> 20, and<w w>:z01fandonly1fm—-0

(Very often < x,y > is denoted by -y and is referred t0 as the dot product of T
and y.) . '

We define a metric d by deﬁnmg the dzstance d(w ) be’oween w,y eV by d(m, y)
<z —y,z—y>"= |z -y|. Forve V,<vu>72is denoted Jlvl) v becomes a
metric space with this notlon of dlstanoe (See Box. 1 ) b

If V is complete with respect to this metrlc, then V 1s ca,lled a

A Hilbert space which contains a countaeble and dense subset is called sepamble
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‘be the space of (measurable) real valued 2m-periodic square
integrable functions (i.e. f ( f(z))*dz < o) on IR, where
the ‘dot product’ of two peI‘lOdlC functions f and g is defined
by f f(x) (z)dz. Question: How will you ‘identify’ this

space with £2(Z+)7 (Hint : What do the Fourier coefficients

of a function with respect to sinkz,k > 1, and coskz,k >
0, have to do with an element of ¢2(Z*)?) If you are not
familiar with this jargon, skip this paragraph. If you have
some familiarity and are still unable to solve this exercise,
pester your mathematics/physics teacher for help!)

Having found out what a Hilbert space is, the natural ques-
. tion to ask is: What does one do with this object? Well,

that is an entirely different story, or as they say, an entirely .

different ball game altogether! Another kind of object that
you may have heard of is a Banach space. Just as a Hilbert
space is a generalization of IR™, one could say that a Banach
space is a generalization of a Hilbert space. If you want to
learn more about these fascinating subjects, we urge you to
consult the excellent book of V' S Sunder, Functional Analy-
sis, Hindustan Book Agency, 1997.

Finally, a question that might still be nagging the histori-
cally minded reader is: Does the concept of a Hilbert space
have anything to do with David Hilbert? The answer is both
‘yes’ and ‘no’! Hilbert and many other mathematicians of
his time were interested in certain concrete Hilbert spaces.
_In fact, many important results about Hilbert spaces can be
traced back to the early work of Hilbert — but the axioma-
tization of a Hilbert space, as we know it today, is due to
another great mathematician, John von Neuman.

We quote from Constance Reid’s biography of Courant:”

to students and faculty as “the Hilbert space”

Here is Another Definition of a Hilbert Space!

The new building [Mathematics Institute of the University of Gottingen] — a three level T-shaped structure =
provided everything the mathematicians had ever needed or wanted in their physical surroundings-... . The
basement contained such requirements as a bicycle room, a book bmdery, and a room for refreshments. The
double stairs of the main entrance led to a spacious lobby, which today contains a bust of Hllbert and is known'
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